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ESTIMATION WHEN A PARAMETER IS ON A BOUNDARY

By DonaLD W. K. ANDREWS!

This paper establishes the asymptotic distribution of an extremum estimator when the
true parameter lies on the boundary of the parameter space. The boundary may be linear,
curved, and /or kinked. Typically the asymptotic distribution is a function of a multivariate
normal distribution in models without stochastic trends and a function of a multivariate
Brownian motion in models with stochastic trends. The results apply to a wide variety of
estimators and models.

Examples treated in the paper are: (i) quasi-ML estimation of a random coefficients
regression model with some coefficient variances equal to zero and (ii) LS estimation of
an augmented Dickey-Fuller regression with unit root and time trend parameters on the
boundary of the parameter space.

KEYWORDS: Asymptotic distribution, inequality restrictions, random coefficients regres-
sion, stochastic trends, unit root model.

1. INTRODUCTION

TO OBTAIN THE ASYMPTOTIC DISTRIBUTION of an estimator, a standard assump-
tion in the literature is that the true parameter is in the interior of the
parameter space. This assumption is convenient because it allows one to make
use of the fact that first order conditions hold, at least asymptotically. There are
numerous cases of interest, however, in which the true parameter is on the
boundary of the parameter space. Examples are given below.

In this paper, we provide results that establish the asymptotic distribution of
an extremum estimator when the true parameter may be on the boundary of the
parameter space. In such cases, the first order conditions do not hold with
positive probability for all sample sizes. We provide general high level assump-
tions under which the asymptotic results hold, we provide sufficient conditions
for the high level assumptions, and we verify these conditions in two examples.
A sequel to this paper, Andrews (1997a), provides additional sufficient condi-
tions for the high level assumptions and considers six additional examples.

We start by outlining the steps used to obtain the asymptotic distribution. In
the process, we describe the asymptotic distribution itself. Let 6 be an estimator
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that maximizes a function /() over a parameter space @ C R’, where T is the

sample size. First, one establishes that 6 converges in probability to some value
0, as T — . The case of interest is when 6,, is on the boundary of @. Second,
for 6 € O close to 6, one approximates the estimator objective function #,(6)
via —1/2 times a quadratic function of 6, denoted ¢,(B(0— 6,)), whose
coefficients are random and are normalized such that they converge in distribu-
tion to some limit. Here, B, is a deterministic normalization matrix. For
nontrending data, often B,=T'/?[,. Third, one shows that the quadratic
approximation implies that BT(O 00) =0,(D.

Fourth, one considers the shape of the parameter space for 6 near 6,
because only such values are relevant asymptotically. We treat the case where
the shifted and rescaled parameter space B;(® — 6,)/b; is a convex cone A
centered at 6, (at least locally to 6,), or can be approximated by A, where b, is
a sequence of scalar constants such that b, — « as T — «. For example, this
includes cases in which 6, is on a boundary defined by linear and /or nonlinear
equality and /or inequality constraints.

Fifth, one shows that maximizing /,(6) over 6 € O is asymptotically equiva-
lent to minimizing g;(A) over A € A in the sense that B (6—0,) = A, + 0,(1),
where A, is defined to minimize ¢,(A) over A € A.

Sixth, one obtains the asymptotic distribution of /\T using the convergence in
distribution of the coefficients of g;(A) and the continuous mapping theorem.
Let g(A) =(A—Z)T(X — Z) denote the limit of g;(A), where Z is a random

s-vector, and 7 is a (p0551b1y random) s X s matrix. Let A minimize g(\) over

A € A. The random vector )\T is a continuous function of the coefficients of
q-(+) and the latter converge in distribution. In consequence, )A\T converges in
distribution to A. For example, in the case of nontrending data, Z typically has a
normal distribution and .7 is a positive definite nonrandom matrix.

Seventh, the results of the fifth and sixth steps combine to show that

T(O 6,) converges in distribution to A We provide conditions under which
certain subvectors of A have simple expressions and we obtain closed form
solutions for subvectors of A.

In sum, we find that the asymptotic distribution of 0 is given by that of a
random vector that minimizes a stochastic quadratic function over a convex cone
A that approximates the shifted and rescaled parameter space. The asymptotic
distribution often depends on (estimable) nuisance parameters. It is easy to
simulate.

As discussed below, there are numerous antecedents in the literature to the
approach outlined above. For example, the use of a quadratic approximation to
the estimator objective function, rather than the reliance on first order condi-
tions, has been made by Chernoff (1954), LeCam (1960), Jeganathan (1982),
Pollard (1985), Pakes and Pollard (1989), and van der Vaart and Wellner (1996),
among others.

Our results are designed to cover a wide variety of estimators and models.
The estimators covered by the results include least squares (LS), quasi-maxi-
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mum likelihood (QML), generalized method of moments (GMM), minimum
distance, two-step, and semiparametric estimators among others. The estimator
objective function can be smooth or nonsmooth, so that simulated method of
moment (MSM) and least absolute deviation estimators are covered. This
feature is obtained by using stochastic equicontinuity or stochastic differentia-
bility conditions, as in Pollard (1985), Pakes and Pollard (1989), Andrews (1994a,
b), and van der Vaart and Wellner (1996).

The results apply when the estimator function is not necessarily defined in a
neighborhood of the true parameter. In consequence, the results cover random
coefficient models in which some coefficient variances are zero. This contrasts
with many testing papers that consider tests when the true parameter is on the
boundary of the maintained hypothesis, but the estimator objective function is
assumed to be well-defined in a neighborhood of the true boundary point, such
as Chernoff (1954), Gourieroux and Monfort (1989), and Andrews (1996, 1998a),
among others. To obtain these results we use a generalization of Taylor’s
Theorem that does not require the function to be defined in a neighborhood of
the point of expansion.

The models covered by the results include cross-sectional, panel, and time
series models. The results allow for deterministic and stochastic trends in linear
time series models. In consequence, the results can be applied to obtain the
asymptotic distributions of estimators of unit root and cointegration models
when there are binding equality and /or inequality restrictions on the parame-
ters. The results also can be applied to least squares and other estimators in
models with heavy tails when there are binding constraints on the parameters.

We note that the assumptions employed here are such that one often can use
existing results in the literature (that are designed for the case where the true
parameter is an interior point) to help verify the assumptions. This is particu-
larly useful for semiparametric estimators. One does not need to re-prove
results regarding the effect of preliminary nonparametric estimators on the
properties of the estimator objective function.

By approximating the parameter space by a cone, we allow the boundary
to be linear, curved, and/or kinked. The parameter space may have empty
interior, as occurs when there are equality restrictions. This approach was
used by Chernoff (1954) in the context of likelihood ratio tests. Our approxima-
tion condition extends that of Chernoff (1954) to allow for models with trends.
In addition, we provide primitive sufficient conditions for the approximation to
hold when the boundary is determined by nonlinear equality and /or inequality
constraints.

Several papers in the literature consider the asymptotic properties of estima-
tors when the true parameter lies on the boundary of the parameter space.
Aitchison and Silvey (1958) consider ML estimators for iid models with smooth
likelihoods when the parameter is subject to smooth equality constraints. Moran
(1971) considers ML estimators for iid models with smooth likelihoods with one
or two parameters restricted to be nonnegative when the true values of these
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parameter(s) are zero. Chant (1974) generalizes Moran’s results for the same
model to cover more than two nonnegativity restrictions. Self and Liang (1987)
generalize Chant’s results for the same model, but there are problems with their
results. Gourieroux and Monfort (1989, Ch. 21) consider an extremum estimator
based on a smooth objective function when the true parameter is on a boundary
defined by smooth inequality constraints. They provide the asymptotic distribu-
tion of some functions of this estimator, but not the asymptotic distribution of
the entire estimator. Added in press: two additional references are Geyer (1994)
and Wang (1996). Judge and Takayama (1966), Lovell and Prescott (1970),
Rothenberg (1973, Ch. 3), and Liew (1976) consider the finite sample behavior
of the LS estimator of the linear regression model when it is subject to linear
equality and inequality restrictions. Rothenberg (1973, Ch. 3) also provides some
finite sample efficiency results that apply to a general class of inequality
restricted estimators.

The asymptotic results derived here are useful for a number of purposes: (i)
They provide insight into the finite sample behavior of estimators when the true
parameter is on the boundary of the parameter space. (i) They establish
conditions under which the asymptotic distribution of the estimator of a subvec-
tor of the parameter is not affected by the true values of another subvector
being on a boundary of the parameter space; see Section 6.1. (iii) They provide
conditions under which the usual formulae for the asymptotic standard errors of
extremum estimators are conservative when the true parameter is on a bound-
ary; see Section 6.3. (iv) The results can be used to formulate several methods of
generating consistent estimators of the asymptotic standard errors and/or the
whole asymptotic distribution of extremum estimators that apply whether or not
the true parameter is on a boundary; see Section 6.4. (v) The results can be used
to show that the standard bootstrap does not generate consistent estimators of
the asymptotic standard errors of extremum estimators when the true parameter
is on a boundary; see Andrews (1999). (vi) The estimation results of this paper
are useful for constructing Wald-type tests when the null and alternative
hypotheses are more complicated than just nonlinear equality restrictions and
unrestricted parameters, respectively; see Andrews (1998b). (vii) A by-product of
the estimation results is the determination of the asymptotic distribution of the
estimator objective function. This can be used to determine the asymptotic
distributions of quasi-likelihood ratio test statistics for nonstandard testing
problems; see Andrews (1998b). (viii) The results can be used to analyze the
properties of model selection procedures for general extremum estimators
including cases where smaller models result from the specification of the
parameter as a point on the boundary of the parameter space of a larger model.
(ix) The results can be used to determine the asymptotic behavior of items that
are of interest from a Bayesian perspective, including the (nonstandard) asymp-
totic distribution of the posterior distribution in likelihood contexts when a
parameter is on a boundary. Research on several of the topics above is in
progress.
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We now discuss examples. This paper and its sequel, Andrews (1997a),
consider eight examples. We treat the first two in this paper. The first example is
a random coefficient regression model in which some random coefficient vari-
ances are zero. The second example is an augmented Dickey-Fuller regression
model (i.e., an AR(p) model with a time trend and a root that may equal one)
with the largest root restricted to be less than or equal to one and the time
trend parameter restricted to be nonnegative.

The third example is an iid regression model with nonlinear equality and /or
inequality restrictions on the regression parameters. We note that nonlinear
inequality restrictions arise in demand, utility, cost, and profit function estima-
tion when Slutsky conditions, convexity, quasi-convexity, concavity, or quasi-con-
cavity is imposed. The fourth example is the same as the third except that the
regressors are integrated. The fifth example is an iid nonlinear median regres-
sion model with nonlinear equality and /or inequality restrictions. This model is
estimated using the restricted least absolute deviations estimator. The sixth
example is a multinomial discrete response model estimated via a MSM estima-
tor. We consider the case where the model includes random coefficients,
random effects, or measurement errors and the variances of some of these
random terms are zero. The seventh example is a GARCH(1,g¢*) or
IGARCH(1, ¢*) model in which the GARCH MA parameters are restricted to
be nonnegative and some of the true GARCH MA parameters equal zero. The
eighth example is a partially linear model estimated by the semiparametric LS
estimator of Robinson (1988), but subject to nonlinear equality and /or inequal-
ity constraints.

The remainder of the paper is organized as follows. Section 2 describes the
two examples considered in this paper. Section 3 considers the quadratic
approximation of the estimator objective function. Section 4 provides conditions
under which the parameter space, suitably shifted and rescaled, can be locally
approximated by a cone. Section 5 establishes the asymptotic distribution of the
extremum estimator. Section 6 introduces a partitioning of the parameter vector
0 that yields a simplification of the asymptotic distribution of the extremum
estimator, discusses LAN and LAMN conditions, and provides methods for
obtaining consistent asymptotic standard error estimates. An Appendix of Proofs
provides proofs of the results given in the paper.

All limits below are taken “as T — %” unless stated otherwise. Let “wp — 17
abbreviate “with probability that goes to one as 7 — .” Let “for all y; — 0”
abbreviate “for all sequences of positive scalar constants {y;: T > 1} for which

vr— 0.” Let % and 4 denote convergence in probability and distribution
respectively. Let A,; (A) and A, (A) denote the smallest and largest eigenval-
ues, respectively, of a matrix A. Let dA denote the boundary and cl( A) denote
the closure of a set A. Let S(0, ¢) denote an open sphere centered at 6 with
radius €. Let C(6, ¢) denote an open cube centered at 6 with sides of length
2¢e. Let := denote “equals by definition.”
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2. EXAMPLES
2.1. Random Coefficient Regression

Example 1 is a random coefficient regression model. The variances of the
random coefficients are nonnegative. We determine the asymptotic distribution
of the Gaussian QML estimator when one or more of the random coefficient
variances are zero.

The model is

Y, =05+ Xy, + 031/2‘9t
2.1 =05+ X0, + (05%,+X/0'/2(0,,0%)n,),  where
Y =0, + 91/2(01’ 02)77:'

The vector y, € R is the random coefficient vector. The observed variables are
{(Y,, X,): t <T}. The regressors are X,:=(X],, X},) €R", where X,, € R” and
X,, €R". 0(0,,0,) is a diagonal matrix with the random coefficient variance
parameters (67, 6,) on the diagonal. The vector 6:= (0}, 65, 05, 6;,05) is the
unknown parameter to be estimated. The random variables n, € R® and &, € R
are unobserved errors that satisfy Eg, =0, Eg? =1, E(n,|X,) =0 as., E(nn/1X,)
=1, as., and E(n,¢|X,) =0 as. The random variables {(Y,, X,, ,,1,): t < T}
are iid.

The parameter 6, € R? contains the random coefficient variances that are on
the boundary (i.e., the true value of 6,, 6, is 0). The parameter 6, € R
contains the random coefficient variances that are not on the boundary (.e.,
each element of the true value of 6,, 6,,, is positive). The parameter 6, is the
idiosyncratic error variance. The true value of 65, 65, is positive. The parameter
6, € R’ is the deterministic part of the regression coefficients. The parameter
05 € R is the intercept.

2.2. Dickey-Fuller Regression Model

Example 2 is a Dickey-Fuller time series regression model with estimated
constant and time trend. This is an autoregressive model of order b + 1 that has
at most one unit root and all other roots in the stationary region. We consider
the case where the parameter space restricts the coefficient on the first lag of
the time series (i.e., the potential unit root) to be less than or equal to one and
the coefficient on the time trend to be greater than or equal to zero. Thus, the
model precludes the possibility of an explosive series and/or of a series with
negative growth.

We determine the asymptotic distribution of the LS estimator when the time
series has a unit root and a zero coefficient on the time trend. In this case, two
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parameters are on the boundary of the parameter space. The true process is the

process that defines the null hypothesis of most unit root tests. Most unit root

tests, however, impose at most one of the two restrictions on the parameters.
The model is

Y,=0,Y,_, +0,t+60,+AY 60, +¢,
where —-1<6,<1, 6,>0,
(22)  AY,_,=(A4Y,_,,AY, ,,...,AY,_,), AY,=Y,-Y,_,,
E(gl7_)=0 as., E(g}F_)=0c* as,

F=0(g,..., &),

", &,0.,0,,0, €ER, and A)_’,,l, 0, € R’. The observed time series is {Y: —b<t
< T}. The parameter vector to be estimated is 0= (6, 0,, 65, 6,).

3. QUADRATIC APPROXIMATION OF THE OBJECTIVE FUNCTION
3.1. Definition of the Extremum Estimator and Consistency

Let Y, denote the data matrix when the sample size is T for T=1,2,.... We
consider an estimator objective function #,(6) that depends on Y;. Maximiza-
tion of /,(6) over a parameter space ® CR’ yields the estimator 6 that we
analyze in this paper. The estimator objective function /,(6) can be a log-likeli-
hood function, a quasi-log likelihood function, a least squares criterion function,
a GMM objective function, a minimum distance objective function, an objective
function that depends on finite or infinite dimensional preliminary estimators,
etc. A A

By definition, the extremum estimator 6 satisfies 6 € @ and

(3.1 Z,(8) = sup/(0) +0,(1).
0O

We only require that / T(é) be within 0,(1) of the global maximum of #,.(6)
over f € O, rather than the exact global minimum, because this circumvents the
question of existence and eases the computational burden.

Let 6, denote the pseudo-true value of the parameter 6. By assumption,
0, € cl(O).

We assume consistency of 6 for 0,:

ASSUMPTION 1: §= 6, + 0,(1).

A well-known sufficient condition for Assumption 1 that often holds when the
data do not involve trending variables is the following:
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ASSUMPTION 1*: (a) For some function /(0): @ —> R, sup,.olT '/ (0) —
P
Z(0)| > 0. (b) For all £>0, supyc g /59, -4 (8) </(6,), where ©/S(6,, &) de-
notes all vectors 0 in O but not in S(6,, &).

Note that here and below a superscript #, 2%, or 3% on an assumption
denotes that the assumption is sufficient (sometimes only in the presence of
other specified assumptions) for the unsuperscripted assumption.

Assumption 1*(a) is a uniform convergence condition that can be verified by
using a uniform law of large numbers; see Andrews (1992) and references
therein. Assumption 1*(b) is an asymptotic identification condition. Sufficient
conditions for Assumption 1*(b), which we call Assumption 1*(b*), are (i) Z(6)
is uniquely maximized over @ at 6, (ii) Z(6) is continuous on @, and (iii) O is
compact.

A second sufficient condition for Assumption 1 that allows for the case where
T°'/,(0)—, Z(0) for all 6€ O and /(0) = — for some 6+ 6, is given by
Pfanzagl (1969, Theorem 1.12). An extension of Pfanzagl’s result is used in
Andrews (1997a) for the IGARCH(1, ¢g*) Example.

When the data involve trending variables no generally applicable proof of
consistency is available. Usually, one has to establish consistency on a case by
case basis. For linear models this is often straightforward, but for nonlinear
models it can be difficult. See Andrews and McDermott (1995) and Saikkonen
(1995) for some results regarding the latter models.

3.2. Quadratic Approximation of the Objective Function

We consider the case where the estimator objective function /(6) has a
quadratic expansion in 6 about 6,:

(32  /,(0)=,/,(6,) + D/ (6,)(6—6,)

+3(0—0,) D*/;(0,)(60—0,) +R;(6).

The remainder term R;(0) specifies the sense in which the expansion holds.
When /,(0) has partial derivatives of order two with respect to (wrt) 6,
D/(6,) and D*/,(6,) typically are the s-vector and s X s matrix of first and
second partial derivatives, respectively, of #(6) with respect to 6 evaluated at
6, We do not require /;(6) to have partial derivatives of order two wrt 6,
however, for two reasons. First, /,(8) is not defined on a neighborhood of 6,
for some of our applications of interest. Thus, at best, D/;(6,) will consist of
left or right partial derivatives for some of its elements. Second, #,(6) involves
absolute value or sign functions in some applications of interest, so pointwise
partial derivatives (or even left or right pointwise partial derivatives) do not exist
in some cases. Nevertheless, /,(60) is often differentiable in a stochastic sense,
which is the case considered here.
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We introduce a norming matrix B, for DZ;(8,) and D*/(6,) so that each
is 0,(1) but not o0,(1) (as indicated in Assumption 3 below). B is a determinis-
tic s X s matrix. In most cases with nontrending data, B, = T'/*I_. In some cases
with nontrending data, however, it is useful to take B=T"?M, where M is a
nonsingular nondiagonal matrix. By appropriate choice of M, one may be able
to obtain a block diagonal normalized “quasi-information” matrix .7, defined
below. This yields a simplified expression for the asymptotic distribution of the
extremum estimator. This occurs with the GARCH(1, ¢*) Example of Andrews
(1997a).

With trending data, B, is always more complicated than T'/%I,. For example,
in the Dickey-Fuller Example 2, B; is an asymmetric matrix of the form
B, = T, M, where T, is diagonal, A;,(1;) — %, and M is nonsingular.

Let

min

(33) J=-B;'D*/(6,)B;' and Z,.=9;'B;' D/;(6,),
where B! denotes (B;!). The quadratic expansion of (3.2) can be rewritten as

£(0)=01(00) + 3205121 — 59 (Br (80— 0,)) + R, (),  where

G4 gr(N)=W\-2,)9,(A—2Z;) for AER"

The terms in the quadratic expansion of /,(#) are assumed to satisfy the
following assumptions:

ASSUMPTION 2: For all 0 <y <%, SUPy c g5, (o- o,) <y R (0 = 0,(1) for some
nonrandom matrices By for which A, (B;) — .

ASSUMPTION 3: (B; ! DZ,(0,),5;) =, (G,5) for some random variables G €
R’ and € R*** for which 9 is symmetric and nonsingular with probability one.

A sufficient condition for Assumption 2 that we often employ is the following:

ASSUMPTION 2*: For all yz — 0, 8up, c g.19— 0,
=o0,(1) for some nonrandom matrices By for which A

| < y.IlRT(e)'/(l + ”BT(0 - 00)”)2
min(BT) - .

In the next subsection, we give a sufficient condition for Assumption 2*. It
relies on the existence of left and /or right partial derivatives of /.(6). Andrews
(1997a) gives two additional sufficient conditions for Assumption 2*. The first
relies on a stochastic differentiability condition that generalizes that of Pollard
(1985) and van der Vaart and Wellner (1996, Theorem 3.2.16). The second
applies specifically to GMM and minimum distance estimators and generalizes
the stochastic equicontinuity condition of Pakes and Pollard (1989). Andrews
(1997a) also gives a condition that is sufficient for Assumption 2, but not for
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Assumption 2*. It covers the case where /() is the sum of Lipshitz functions
of 6. None of the sufficient conditions referred to above requires the parameter
space O or the domain of /;(6) to include a neighborhood of 6,,.

Assumption 3 allows the normalized “information” matrix .7; to be random
even in the limit as 7 — oo. This is necessary to cover models with stochastic
trends, such as unit root and cointegration models. In models with no stochastic
trends (but possibly with deterministic trends), 77 converges to a nonstochastic
limit . In this case, one can take 9, to be the nonstochastic limit 7 in the
quadratic expansion of (3.4) and the remainder term R, (#) can absorb the
difference. Thus, a sufficient condition for Assumption 3, that is applicable in
models with no stochastic trends, is the following:

AssUMPTION 3*: B; ' D/(6,) >, G for some random variable G € R*, 7, €
R*** is nonrandom and does not depend on T, and 7 (=97) is symmetric and
nonsingular.

In quasi-log likelihood cases, Assumption 3 is implied by the convergence in
distribution of the normalized score function and the convergence in distribu-
tion or probability of the “Hessian” of the likelihood. In such cases, Assumption
3 usually follows from the central limit theorem (CLT) and the law of large
numbers (LLN) in models without stochastic trends and from an invariance
principle in models with stochastic trends. In GMM cases, Assumption 3 usually
follows from the CLT and several convergence in probability results. In some
cases, such as with Han’s (1987) maximum rank correlation estimator (see
Sherman (1993)), Assumption 3 follows from a CLT and LLN for U-statistics. In
minimum distance, semiparametric, and other cases that rely on preliminary
estimators, verification of Assumption 3 requires asymptotic results for the
preliminary estimators. Results already in the literature often can be used.

We describe the limit quantities G and & in more detail in Section 6.

3.3. A Sufficient Condition for the Quadratic Approximation of the
Objective Function

Here, we provide a sufficient condition for Assumption 2* that relies on
smoothness of #,(6). It uses a Taylor expansion of #,(6) about 6,, but does
not require /;(6) to be defined in a neighborhood of 6. The requisite Taylor’s
theorem is established in the Appendix.

First, we introduce some terminology. Let f be a function whose domain
includes ZC R’. Let a €2. We want a Taylor expansion of f(x) about f(a) to
hold for points x €2°. We suppose 2— a equals the intersection of a union of
orthants and an open cube, C(0, ), centered at 0 with edges of length 2& for
some ¢ > 0. (Thus, £ — a is locally equal to a union of orthants.) As defined, 2
is a cube centered at a with some “orthants” of the cube removed.

We say f has left /right (I/r) partial derivatives (of order 1) on £ if it has
partial derivatives at each interior point of 2% if it has partial derivatives at each
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boundary point of 2 with respect to (wrt) coordinates that can be perturbed to
the left and right; and if it has left (right) partial derivatives at each boundary
point of 2 wrt coordinates that can be perturbed only to the left (right). Note
that the shape of 2 is such that for all x €2” and for all coordinates x; of x it is
possible to perturb x; to the right or left or both and stay within 2. Thus, it is
possible to define the left, the right, or the two-sided partial derivative of f wrt
x;at x Vj<sand Vx €2

We say f has //r partial derivatives of order k on 2 for k> 2 if f has I/r
partial derivatives of order k — 1 on £ and each of the latter has //r partial
derivatives on 2. We say f has continuous //r partial derivatives of order k on
& if f has [/r partial derivatives of order k on 2, each of which is continuous
at all points in 2, where continuity is defined in terms of local perturbations
only within 2.

A sufficient condition for Assumption 2* is the following:

ASSUMPTION 22*: (a) The domain of /() includes a set O that satisfies (i)
O — 0, equals the intersection of a union of orthants and an open cube C(0, &) for
some &> 0 and (i) © N S(6,, £,) € OF for some &, > 0, where O is the parameter
space of Assumption 2*.

(b) Z(0) has continuous 1 /r partial derivatives of order 2 on ©* VYT > 1 with
probability one.

(c) For all y;— 0,

2 2

, J J B
B;l (—/T(H) — W/T(GO))BTI

su
P 30 30’

0 @:110— 0,ll< vy

=o0,(1),

where (9/30)/,(0) and (3% /36 90')/ (6) denote the s vector and s X s matrix of
1 /r partial derivatives of /;(0) of orders one and two respectively.

Assumption 2?*(a) specifies a set @ with a special shape on which Z.(0)
must be defined. For each 6 € O, /,.(6) has a quadratic approximation via the
Taylor’s theorem in the Appendix. On the other hand, Assumption 22* does not
require that near 6, the parameter space @ is a union of orthants centered at
6,- What Assumption 2?* requires is that ® be contained in such a set near 6,,.
If ®— 6, happens to be a union of orthants local to 0, then one can take
0= 0N C(h,, &) in Assumption 2%*,

Assumption 22#(b) is designed to hold in cases in which 6, is on the boundary
of the set where the objective function can be defined, such as in the random
coefficient regression example. Of course, it also holds in cases in which 6,, is on
the boundary of the parameter space, but the objective function can be defined
on a neighborhood of 6. In such cases, one can take ®* to be an open cube
C(6,, &) for some &> 0.

Assumption 22#(c) can be verified in the case of nontrending data as follows.
Suppose By =T"/*M, (9%/3690')/1(0)/T —,(3%/36 96')/(6) uniformly over
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e O®n SOy, £,) for some &, >0 and some nonrandom function
(92/0630')/(6) that is continuous at 6,. Then Assumption 22#(c) holds. The
uniform convergence of (9%/3036')/(0)/T can be established via a uniform
LLN; e.g., see Andrews (1992).

When stochastic or deterministic trends enter the objective function in a
linear fashion, then part of the matrix (/960 30')/(6) does not depend on
and Assumption 2?#(c) holds trivially for that part of (92/d60 36")/(6).

LEMMA 1: (a) Assumption 2°* implies Assumption 2% with D/,(6,) and
D*7/.(8,) of (3.2) given by (9/30)/,(6,) and (9*/3096')/(8,) (i.e., by the | /r
partial derivatives of /;(6) at 6, of orders one and two) respectively.

(b) If Assumption 2°* holds and —B;"(3%/3090')/ (0,)B;" =, T for some
nonrandom matrix , then Assumption 2* holds with D/ (6,) of (3.2) given by
(3/90)7(0,) and with D>/ (0,) of (3.2) given by either (3?/3030')/(6,) or
—B,IB,.

CoMMENT: The proof of the Lemma and other results below are given in the
Appendix.

3.4. Rate of Convergence of the Extremum Estimator

To obtain the asymptotic distribution of the extremum estimator, we first
establish its rate of convergence.

ASSUMPTION 4: B,(6— 6,) = O,(D).

Sufficient conditions for Assumption 4 are given in the following theorem.
Alternative sufficient conditions are given by Andrews (1997a) and van der
Vaart and Wellner (1996, Theorems 3.2.5 and 3.2.10).

THEOREM 1: Assumptions 1, 2*, and 3 imply Assumption 4.

CoMMENTS: 1. This Theorem shows why it is often useful to employ Assump-
tion 2* rather than Assumption 2—Assumption 2* not only delivers the desired
quadratic approximation of the estimator objective function, but it delivers
Assumption 4 as well. There are some occasions, however, where it is preferable
to employ Assumption 2 and use a different argument to verify Assumption 4;
see Andrews (1997a).

2. The Theorem holds even if o,(1) is replaced by O, (1) in (3.1) and
Assumption 3 is replaced by B;" DZ;(6)) = O,(1), A,,,(77) = 0,(1), A;1(T7)
=0,(1), and 77 is symmetric wp — 1.

3. The proof of the Theorem is similar to numerous proofs in the literature;
e.g., see the proof of Lemma 1 of Chernoff (1954).

max
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3.5. Quadratic Approximation of the Objective Function (Continued)

Let 0:1 denote an (approximate) maximizer of the quadratic approximation to
/(6) or, equivalently, an (approximate) minimizer of g,(B;(6— 6,)). By defi-
nition, 6, satisfies 6, € cl(®) and

3.5 ar(Br(6,-6,)) = inf q;(B;(0=0,)) +0,(1).

Note that
inf g (B;(0—0,)) = inf  g;(A),  where
(36) e O AEBH(O-6,)

B;(@—6,) ={reR’: A=B;(0— 6,) for some § € O}.

Our next result shows that éq is B;-consistent and the objective function at 6
is a simple shift of the quadratic function — 3¢,(B;(6 — 6,)) evaluated at 6.

THEOREM 2: Suppose Assumptions 2—4 hold. Then,

(a) B,(6, — 6,) = 0,(D),

(b) 2,(0) =£(0y) + 52y T3 Zy — 3q1(Br(— 6))) + 0,(1),
© Z1(8,) =/1(0)) + 2y T3 Z1 — 3qr(B(8, — 6,)) + 0,(D),
(d) 2,(0) =£,(8,) + 0,(D),

(&) qr(By(8— 6))) = q(B;(§,— 6)) +0,(1),  and

(D £,(0) =£1(0y) + 524 T Zp — 5qp(B(8, — 6,) + 0,(D).

ComMENT: Part (a) holds even if 0,(1) is replaced by O,(1) in (3.5), Assump-
tion 3 is replaced by B;'D/,(6,) = 0,(1), A7) = O, (1), Api(F7) = O, (1),
and 9} is symmetric wp — 1, and Assumption 4 is replaced by the assumption
that 6, is in the closure of 6.

3.6. Examples (Continued)

In this section, for the two examples of Section 2, we specify the estimator
objective function /;(6), the parameter space @, and assumptions that are
sufficient for Assumptions 1, 2*, and 3 (which imply Assumptions 2-4). We
verify Assumptions 2* and 3 for both examples. Verification of Assumption 1 for
both examples is given in Andrews (1997b).

3.6.1. Random Coefficient Regression

In Example 1, we consider the Gaussian QML estimator, which is based on
the supposition that &, and 7, are normally distributed and independent of X,.
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The Gaussian quasi-log likelihood function is

T 1T
37 /(0)=— Eln(zw) -5 Y. In(6, + X,0(6,,0,)X,)

t=1

(Y, — 0, —X0,)°/(0, + X/02(6,,0,)X,).

M~

1
2t1

The true parameter vector 6, is
(38) 00 = (010 5 Glzo > 0307 04{05 050 ), = (0,> 0;05 0307 04{0 > 050)’ >

where 6,, > 0 (element by element) and 6,,> 0. The parameter space O is a
bounded subset of R’ that restricts all elements of 6, and 6, to be nonnegative
and that bounds 6, away from zero:

(39 O={0R":0=1(0],05,05,0;,05),0,>0,0,>0,0,>c,

6l <M, Vj <5}

for some ¢ >0 and 0 <M; < Vj<5.
The quadratic approximation of /,(68) at 6, is defined as follows. Let

X, =(X,...X,),  XP=(X}.. X},
(3.100  W,=(X,,1), W2=(X,1),
res,(0) =Y, — 0 —X)6,, and  var,(6):=0,+X/0(0,,0,)X,.
Define
T

D/ (8y) =},

t=1

resf(@o) —Var,(OO) . rest(eo) !
2 t VVt, >
2var/(6,) var,(0,)

D*/.(6,) = — 17,

311 T=9;,:=

LEWW? var(6,) 0
0 EWW, /var,(6,) |
By=TY?I, and  Z;=5 'T"'2D/.(6,).
With these definitions, the quadratic approximations of (3.2) and (3.4) hold (in

particular, Assumption 22* holds) under the assumptions above and the moment
conditions below.
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We assume that

(3.12)  EleX|*<=,  Elnl*IXI* <,
(3.13)  EW?W7? /var}(6,) >0 and  EW,W//var,(6,) >0,

where “> 0” denotes “is positive definite.”

We verify Assumption 2* for this example using Assumption 2?* and Lemma
1(b). Let O@"= O N C(h,, &) for some 0 < & <min{M;: j < 5} (where the M, are
specified in the definition of ©). Then, ® — 6, equals the intersection of the
orthant A:=(R*)? X R*"? and the open cube C(0, &), as required by Assump-
tion 22*(a)(i). Also, @ N S(h,, &,) C O for 0 < &, < &, as required by Assump-
tion 2%*(a)(ii). The quasi-likelihood function #,(6) of (3.7) has continuous //r
partial derivatives of order two on @*, as required by Assumption 22*(b).

The matrix of //r partial derivatives of order two of #,(6) is

2

Jd
(.14  ——/(0)

6 96’
2resj(0) —var(6)  ~ res,(6) ,
-y var}(9) CUC varf(9) !
—1 res,(6) e 1 —
var?(0) ' var(9) "'

By a uniform LLN (e.g., see Andrews (1992, Theorem 4) using Assumption
TSE-10), sup,colT '(9%/9036")/(0) — T~ 'E(9°/36036')/1(6) —, 0. Also,
T 'E(3%/9636')/,(6) is continuous at 6,. In consequence, Assumption 2%#(c)
holds. By a LLN, —T'(9%/3096')/,(6,) -, 7, where 7 is defined in (3.11).
In consequence, Lemma 1(b) is applicable and Assumption 2* holds with
D/ (6,) and D*Z,(6,) of (3.2) as defined in (3.11).

In this example, 97 does not depend on T and I(=97) is symmetric and
positive definite by (3.11) and (3.13). Thus, Assumption 3* holds provided
T-'2D/(6,) >, G for some G. By the definition of DZ,(6,) in (3.11) and the
moment assumptions of (3.12), the CLT for iid mean zero finite variance
random variables yields

T-'°D/,(0,) > G~N(,T), where

2
e (res?(6,) — var,(6,)) S 1 res;(6,) WRW
(3.15) 7 4 var}(6,) o *Tvar}(9) !
B res>(6,) ,
IE—— w2 EWW/' /var,(6,)

*Tvar(9,) U
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3.6.2. Dickey-Fuller Regression

In Example 2, we consider the LS estimator. The estimator objective function
is

T
(3.16) /;(8)= -3 Y (Y,—X;0)’, where X,=(Y,_,,1,1,4Y ).
t=1

The parameter space @ is given by

317 O:={cR:—-1<60,<1,0,>0,g(z)=1—0,z— - —0,,z°

has roots outside the unit circle, where 6, == (6,;,...,6,,)}.

The true parameter 6, corresponds to a unit root model with nonnegative
drift:

(3.18) 0y = (019, 029, 0395 94,0)’ = (1,0, 65, 94’0),,

where 6,, >0 and 6,, has a characteristic equation with roots outside the unit
circle. Note that the latter implies that 1 — 16, > 0, where 1:=(1,...,1) €R".
We could consider the case of negative drift (i.e., 65, < 0) with little extra work.
But, this case is not of great practical importance. We assume that o2 > 0. As
defined, 6,, and 6,, are, and 65, and 6,, are not, on the boundary of 6.

The quadratic approximation of (3.2) and (3.4) holds with

T T
D/T(OO) = Z &X,, DZ/T(OU):= - ZXtX;’
t=1 t=1

R;(0)=0, Bp=T;M,

1 0 0 o
w 1 0 0
M = R
—mo 01 pl
0 0 0 I,
(3.19) ,
L —uy Ko 0
110 1 0 0’
L=M 0 0 1 0|
0 0 -l I,

fo = 03/(1 = 16,),  Tp:=Diag(T, T2, T"?,...,T"/?),  and

T
Tr=—B;'D*/1(0)Br ' = Tr' L LX, (LX) T7".

t=1
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(The matrix M is determined via M =L, where L is chosen such that
(T7'2 e, X LX,, T3 'Y\ LX(LX,)T;") converges in distribution to (G,9")
in (3.21) below.) Assumption 2* holds because R;(6)=0.

To verify Assumption 3, we impose the following mild tail condition on the
errors: For some random variable &, some 0 < ¢ <, and some 1 > 0,

(3200 P(lgl=x)<cP(lel>x) Vx>0 and  Elel*"" <.
Under the assumptions given, we have
(B7 "D/ (6,),97)

T T
=|T;'Y e LX, Ty Y, LX,(LX,)T;1
t=1 t=1
4 (G,9),  where
soAW2(1) — 1)
oW — [{w(r)dr)

G:= , G4~N(0,V),
oW (1)
G,
(3.21) N[IW2 () dr  AjrWw(r)dr  A[JW(r)dr O
e AorW(r) dr 1/3 1/2 0’
ASW(r) dr 1/2 1 o
0 0 0 Vv
A=0/(1-16,), v=Cov(AY,, AY, ) Vj=0,...,b-1,
Yo Y1 Y2 I
Ve 71 Yo 71 'Yb‘—z ,
’Yb.—l Yo-2 Vh'—3 3;0

and W(-) is a standard scalar Brownian motion on [0, 1] that is independent of
G,. Note that v, is the jth order autocovariance of a bth order autoregressive
process with autoregressive parameter 6,, and error variance o 2. Thus, Y
depends only on 6,, and o 2. The matrix V is nonsingular and .7 is nonsingular
with probability one. Thus, Assumption 3 holds.

The proof of (3.21) is given in Exercise 17.6 of Hamilton (1994, p. 540)
extended to allow for errors {g;: ¢>1} that form a martingale difference
sequence, rather than an iid sequence, using the invariance principle for linear
processes in Theorem 3.15 of Phillips and Solo (1992, p. 983) in place of the one
used by Hamilton.
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4. THE PARAMETER SPACE
4.1. Local Approximation to the Shifted and Rescaled Parameter Space

This section provides conditions on the parameter space under which we can
derive the asymptotic distribution of 6. It is apparent from Assumption 4 that
the asymptotic distribution of # depends on the features of the parameter space
O only near 6,. In particular, we find that the asymptotic distribution of 6
depends on a local approximation to the shifted and rescaled parameter space
B;(®—06,)/b;, where {b;: T>1} is some sequence of scalar constants for
which b, — .

If @ includes a neighborhood of 6, then
4.1 inf  q;(A\) = inf g;(A) +0,(1),

AEB(0-6) A€A
where A = R*. This follows because B;(0 — 6,) = R’ (provided A,;,(B;) — ).

Our interest lies in the case where @ does not include a neighborhood of 6,,.
Thus, we do not require (4.1) to hold with A = R®. Rather, we find sufficient
conditions for (4.1) to hold with A given by a cone. By definition, a set A CR*® is
a cone if A € A implies al € A Ya € R with a > 0. Examples of cones include
R’, linear subspaces, orthants, unions of orthants, and sets defined by linear
equalities and /or inequalities of the form I;A =0 and I',A <0, where [} is a
k; X s matrix for j =a,b.

Define the distance between a point y € R® and a set A CR® by

(4.2)  dist(y, A) = inf [ly — All.
AEA

We say that a sequence of sets {®, C R*: T > 1} is locally approximated (at the
origin) by a cone A CR* if

dist( ¢y, A) =o(lldI) V{¢; € @;: T> 1} such that ||| > 0

(4.3) and
dist(A;, @;) = o(lIA.]D V{A; € A: T > 1} such that ||A.]| > 0.

This definition extends a definition of Chernoff (1954), who considers the local
approximation of a single set by a cone. The extension is necessary to cover
cases where the normalization matrix By is not of the form w; M for w; €R.
Thus, the extension is necessary to cover cases where some variables possess
deterministic and /or stochastic trends. We note that condition (4.3) is the same
as requiring that the Hausdorff distance between @, N S(0, ;) and A N S(0, &)
goes to zero at a faster rate than &;, where ¢, >0 as T — .

ASSUMPTION 5: For some sequence of scalar constants {by: T > 1} for which
by > wand by <ch,,;, (By) for some 0 <c <o, {B:(@— 0, /bs: T =1} is locally
approximated by a cone A.

LEMMA 2: Suppose Assumptions 3 and 5 hold. Then, inf,c p o_,q7r(A) =
inf, ¢ ,q7(M) +0,(D).
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CoMMENTS: 1. Assumption 5 holds with A = R* if @ contains a neighborhood
of 6,, which is the standard case considered in the literature, provided A,,;,(B;)
— oo, This follows because (B;(@— 6,)/A,,;,(B;)NS0,e)=50,e)=AN
S(0, &) for some > 0.

2. Theorem 2(f) and Lemma 2 give

4.4)  26)=/.(0,) + 12,57, %AianqT(A) +0,(1).

min

4.2. Sufficient Conditions for Assumption 5

We now give two easily verifiable sufficient conditions for Assumption 5.
Andrews (1997a) provides alternative sufficient conditions. We specify the
conditions in terms of the parameter space @ shifted to be centered at the
origin rather than at 6, i.e., in terms of ®— 6,. We say that a set I'CR’ is
locally equal to a set ACR* if 'n C(0, &)= AN C(0, ) for some &> 0.

ASSUMPTION 5*: (a) @ — 6, is locally equal to a cone A CR".
(b) By =b; I, for some scalar constants {by: T > 1} for which b, — .

Assumption 5*(a) covers many cases of interest. For example, it covers the
common case where for some &> (0

@mC(00,3)={06R3:0—006 XIj,HEC(HO,s) and
i=1

(4.5) !

A= X1, where I;={0}, R, R",or R™ forj<s.

Here, R*:'={x€R: x>0} and R™:={x € R: x <0}. Assumption 5* also allows
for parameter spaces ® — 6, that are defined by multivariate equality and/or
inequality constraints. For example, one could have

(4.6) @={9cR: [ 6=r, I,0<r, 6] <c<o},

I,0y=r, and I',6, <r, with equality for zero or more elements of r,, where I;
is an /3 X s matrix, r; is an /j-vector, and 0 s/j <s for j=a, b. In this example,

(47)  A={A€R:T,A=0, T, A<0),

where I, denotes the submatrix of I, that consists of the rows of I', for
which I, 6, <r, holds as an equality. In most cases where Assumption 5% is
applicable, By = T'/*I..

Assumption 5* is not applicable in dynamic models with deterministic and /or
stochastic trends, such as in the Dickey-Fuller Regression Example 2, because
B;#b;I, in these models. Assumption 5* also is not applicable in the
GARCH(1, g*) Example of Andrews (1997a) for which B, =T'*M with M
nondiagonal. For such cases, we introduce a more general sufficient condition
for Assumption 5.

A cone is uniquely determined by the elements of the unit sphere that it
contains. The maximal distance between two cones can be defined as the
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maximal distance between the subsets of the unit sphere that correspond to the
two cones. That is, for two cones A, and A,, we define

48)  dist (A, A,) = max{ sup inf 1A, /1A = Ayl

MEA MEA

sup inf ||A1/||A1||—A2/||A2||||}.

e, MEA

Note that dist (A, A,) is the Hausdorff distance between the subsets of the
unit sphere contained in A, and A,.

ASSUMPTION 52*: (a) @ — 0, is locally equal to a cone A* CR®.
(b) B; = T, M, where T, is diagonal, A, (T;) — ©, and M is nonsingular.
(c) For some cone A CR®, dist (T, MA*, A) — 0.

For example, Assumption 5**(a) holds with @ defined via equality and/or
inequality constraints, as in (4.6). The verification of part (c) of Assumption 52*
is typically straightforward, though it can be somewhat tedious.

LEMMA 3: Each of Assumptions 5* and 5** is sufficient for Assumption 5.

COMMENT: Assumptions 5% and 5%* do not allow for any curvature in the
boundary of ® near 6,. See Andrews (1997a) for sufficient conditions for
Assumption 5 that allow for curvature.

4.3. Examples (Continued)
4.3.1. Random Coefficient Regression

Assumptions 5* holds in Example 1 with

49  A=(R")'xR7.

4.3.2. Dickey-Fuller Regression

We verify Assumption 5 in this example using Assumption 5%*. Assumption
5%* holds because @ — 6, is locally equal to the cone

(4.10)  A*={A* €R*: M =5, X5, A5, 0%, AT <0, A5 >0, \f €R, X €RY}.
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Assumption 5**(b) holds because B;= T, M. Assumption 52*(c) requires
dist (T, M A*, A) — 0 for some cone A. In the present case, we have

T 0 0 0’
T3/2M0 T3/2 0 0
BT = TTM =1 _ Tl/Z[.LO 0 T|/2 T]/ 1, and
0 o o TV

411)  T,MA*={AER: A\, =TX, A\, =T u At + T3,
Ay= =TV 2 Xt + TV2% + TV, 1A%, and
A, =TV2\% for \* € A*}
={AER: A\, <0, \, > T2 A, A\;ER, A\, ER"}.

From (4.11), A depends on u, = 65,/(1 —16,y). That is, it depends on the
value of the drift parameter 6, of the unit root process. If 6;,= 0, then
(412) A=B;A*={A€R: A, <0,1,>0,\;€R, \,€R"}.

If 65, > 0, then dist (7 M A*, A) = 0 for
(413) A={A€R: )1 <0,N,ER, \;ER, A\, R"}.

In consequence, when the true unit root process has positive drift, the limit
distribution of BT(O 6,) is the same whether or not the time trend parameter
is restricted by @ to be nonnegative or not.

5. ASYMPTOTIC DISTRIBUTION OF THE EXTREMUM ESTIMATOR
5.1. Asymptotic Distribution

In this section, we determine the asymptotic distribution of BT(0 0).
We show that BT(O 6,) is asymptotically equivalent to A, provided A is
convex. By definition, A, € cl( A) and

G.D  gr(Ar)= AingqT()\).

The random variable A, is a version of the projection of Z, onto the cone A
with respect to the norm [[All; = (X7 M2 see Perlman (1969, Sec. 4). If A is
convex, AT is uniquely defined. Whether or not A is convex, the following
orthogonality property holds: A, 9;(A; — Z,) = 0; see Perlman (1969, Lem. 4.1).

For example, if A is a linear subspace of R’, as occurs with linear or
nonlinear equality constraints, then A, is a linear function of Z;: A, =P, Z,,
where P, is the projection matrix onto A with respect to the norm |[|-||z. For
instance, if A:={A€R’ I'A=0}, where I' is full row rank, then P, =1 —
7' I'(I'77 'I'")~'T". (We note that for most of our examples, A is not a linear
subspace.)
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ASSUMPTION 6: A is convex.

Assumption 6 holds for all examples in this paper and Andrews (1997a).

The asymptotic distribution of /\T and, hence, of BT(H 6,) is given by that
of A. By definition, A € cl(A) and

g = 1nf q(/\),
(5.2
where q()\)—(/\ ZYF(A—Z)and Z=9'G.

As with XT, A is not necessarily uniquely defined. It is unique, however, under
Assumption 6.
The asymptotic distribution of B,(6— 6,) is given in the following theorem.

THEOREM 3: (a) Suppose Assumptions 2—6 hold. Then, By (6—0,) = A, + 0,(1).
(b) Suppose Assumptions 2—6 hold. Then, Ay —, A and B (6 — 00) -,
(c) Suppose Assumptions 2—5 hold. Then,

£p(0) =£1(8,) - —(Zyz - inf q(/\)) — 137,

CoMMENTS: 1. In the classical case in which 6, is not on a boundary, A =R*
and A=9"'G. Thus, if G is Gaussian and 5~ is nonrandom (as typically occurs
in models without stochastic trends), then B (0 6,) has a Gaussian distribu-
tion. The case of primary interest in this paper is when 6, is on a boundary and
A # R’ In this case, the distribution of A is more complex. Section 6 analyzes its
distribution in detail.

2. The proof of Theorem 3(a) is easy if A= R’, which is the standard case
considered in the literature and which corresponds to the case where 6, is not
on a boundary. The proof is as follows. By Theorem 2(e) and Lemma 2,
q.(B,(0— 6,) =inf, _ , gr(M) +o0,(D. If A=R’, then Ay =Z,, inf, . g7 (N)
=0, and

(53)  qr(Br(0—6,)) = (Br(6—0,) = Ar |77 (Br(6-6,) = Ay ) = 0,(D).
In view of Assumption 3, this gives the result of Theorem 3(a). When A # R°,
the proof of Theorem 3(a) is more complicated.

3. Theorem 3(a) still holds when Assumption 3 is replaced by By 'D/,(6,) =
0,(), Ay (T7) = O,(1), A1 (97) = O,(1), and 77 is symmetric wp — 1.

4. The result of Theorem 3(c) can be used to obtain the asymptotic distribu-
tion of a quasi-likelihood ratio statistic, as is done in Andrews (1998b).

min

5.2. Examples (Continued)
5.2.1. Random Coefficient Regression

Assumption 6 holds in this example by (4.9). By Theorem 3, 7"/ 26— 6,) =, A,
where A satisfies (5.2) with (G,.9") defined in (3.15) and (3.11) and A deﬁned in
(4.9).
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5.2.2. Dickey-Fuller Regression

In this example, Assumption 6 holds for all values of the drift parameter 65,
by (4.12) and (4.13). By Theorem 3, B;(6 — 6,) =, A, where A satisfies (5.2) with
(G,9) defined in (3.21) and with A defined in (4. 12) or (4.13) depending on the
value of 6,,.

6. ASYMPTOTIC DISTRIBUTIONS OF SUBVECTORS OF THE
EXTREMUM ESTIMATOR

6.1. A Partitioning of 6 into (B, 8, )

In this section, we simplify the asymptotic distribution of BT(é 6,) by
partitioning 6 into three subvectors and providing separate expressions for each
of the three corresponding subvectors of A We partition 6 as follows:

6.1)  0=(0,,¢')=(p,8,¢')Y and 6,=(B,8",

where BER?, 6€R?, y€R,0<p,q,r<s,and p+q+r=s.

Below we assume that the asymptotic “quasi-information matrix” .7 is block
diagonal between 6, and . We also assume that §, is a parameter that is not
on a boundary (where 6,= (B, 8,, ;)). These features characterize the sub-
vectors B, 8, and . The results given below cover cases where no parameters &
and/or ¢ appear simply by setting q and/or r equal to 0.

We partition 6, 6y, By, G,.7, Z, A;, A, and DZ,(6,) conformably with 6. Let

P 6.0 |2
=15 a=|,"|=|%]
0 0 W

Bgr  Bgsr  Bgyr

Byr  Byyr
B, = B B =|Bsgr Bsr  Bsyr |,
W xT oT B B B
YBT wST oT
G (7, 75 9,
G ’ T Tal| |2
62) G= G, |~ Gs|, I= e 7| Tos T5 Ty |,
G, T T
Z A XBT
Zy g A Asr A
Z= zZ, |~ Zs |5 Ar=1x = st [»
v 7 Ayt “
¥ A
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>

and

o>
Il
—_—
> S
< *
~—
Il
> >
»

Dy /1 (6,)
D;/(6,)
D,/ (6y)

D,/ (8,)

DA = e g

The defining features of the parameters ¢ and &, respectively, are the
following:

ASSUMPTION 7: (a) 7 is block diagonal between 0, and . That is, 7. , =7,
=0. (b) The cone A of Assumption 5 is a product set AgX AsX A, where
AgCR?, Ay CRY, and A, CR" are cones.

ASSUMPTION 8: Ag= R

Assumptions 7 and 8 require that the asymptotic information matrix is block
diagonal between 60, and ¢ and that §, is not on a boundary respectively. We
note that Assumption 7(a) often can be made to hold by reparameterization
when .7 is nonrandom. Suppose we start with a parameter 8= (8}, 7'), where
0, €R?*? and neR’, and 6, is the parameter of interest. Suppose that
Assumptlons 2 and 3 hold with 7 equal to

Te  Tpx
'7*71 ‘771

Let 6=7—9,,9,'0, and 6=(0,8). Then, Assumptions 2, 3, and 7(a)

typically hold for the parameter § with 9 equal to Diag(7,.,7, — 7, .7 ‘T ,)-
Under Assumption 7,

Z,=9.'G,, Z2,=9,'G,, and
-1
(63)  Zy=HZ, =95 'Gy+95 F35(%~TspT5 Tps) (%75 'Gs—Gs),
where H:=[I,:0] € RP*(#*0,
Define
/ _ " -1
(6.4) qB(/\B):z (/\ﬁ_ZB)(Hy* D8] ()\B_ZB) and
a,(\) =\, = Z,)T, (A, — Z,).

Given Assumptlons 7 and 8, we can spht the terms of the quadratic approxi-
mation to /. (6) and, in consequence, A into separate terms involving S, 6,
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and ¢:

THEOREM 4: Suppose Assumptions 3, 7, and 8 hold. Then,

(a) qB(A )= inf, ¢ 4, qﬁ(/\ ),

() Ay = JS_IG -5 1‘/65)‘13’

© q,(%,) = nfy < 4, 44(Ay),

(d) 292 = Z’( ]H) 'Zy+ Gy, Gy + 2,9, Z,,

(e) 1aneAq()\) 1an ca, qB()\B)+1an e a, 9y(A,), and

() Z9Z —in AeAq(A) Z’( T+ 'H')™ 1Z —infy 4, qB(/\ﬁ)+Gé</°‘5*1G
+2,9,Z,—inf) c 4, q,(A, )—,\’ (Hy 'H')" 1)\ + Gy 16, + X, T, A,

ComMENTS: 1. If Ag= -R?, which holds if B, is not on a boundary, then
inf, < 4, qﬁ(/\ )=0and /\ = Zg. Similarly, if A, =R’, then inf, ., q,(A,) =0
and /\ =2Z,=9, ]G Our interest here is in cases where one or the other or
both of these 51mp11ﬁcat10ns does not hold.

2. If Ag is a linear subspace of R”, which holds in the case of linear or
nonlinear equality constraints as considered by Aitchison and Silvey (1958), then
)‘B Py Zg, where P, is the projection matrix onto Az with respect to the
norm IIABIIB = N;(H7,'H')"'\;. For example, if A —{)\BERP I\, =0},
then P, =1, —HG‘*HT (FHZ;lHT) T

Theorems 3 and 4 combine to give the following corollary:

COROLLARY 1: (a) Suppose Assumptions 2—8 hold. Then,

Byr( B Bo) + Basr (8= 80) + Bayr (- ) > A5,
where ’\B solves qB(X ) ing1 qB(AB),
BE

AgE Ag

Bsgr(é‘ﬁ )+BST(5 50)+Bs¢r(¢ %)i Is IGB_%_]%BX;;,
Bysr (=) + Buor (8= 80) + Byr (=) 5 A,
where )A\l!, solves qw(xd,) = inf ¢,(A,),

Ay E A,,,

and the convergence of these three terms holds jointly.
(b) Suppose Assumptions 2—8 hold. Then,

A d ~ .

BBT( B- BO) - Ag provided Bgsr =0 and By, =0,
~ d R

Byr(8—8)) > 9% 'Gy—F Taghs  provided Bygyr =0 and By,r =0,
A d ~

Bl,,T(l!f— 1!10) = A, provided Bz =0 and B,s; =0,

and the convergence holds jointly, where }\LB and )A\l,, are as in part (a).
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(¢) Suppose Assumptions 2-5, 7, and 8 hold. Then,
210 =10 S 4z 1) 2, it g, (0))
B B
GGy + ;(zmz{p— in qw()\(,,))
AEA,
= (X (H7 1Y R+ GG+ R4 ).

CoMMENTS: 1. Each of the three results of Corollary 1(b) is applicable in the
examples of this paper and Andrews (1997a) except in the Dickey-Fuller
Regression Example considered in this paper and the GARCH(1, ¢*) Example
of Andrews (1997a). In these two examples, only the first and third results of
Corollary 1(b) are applicable.

2. Corollary 1(b) shows that the asymptotic distributions of 8 and & do not
depend on whether i, is on a boundary. Similarly, the asymptotic distribution
of ¢ does not depend on whether B, is on a boundary. For example, in the
Random Coefficients Regression Example, the Gaussian QML estimator of the
regression slope coefficients does not depend on whether the variances of the
random coefficients are positive or zero.

3. Corollary 1(b) shows that the asymptotic distribution of & depends on
whether B, is on a boundary if and only if J;;+#0. For example, in the
Regression with Restricted Parameters Example of Andrews (1997a), where
some slope coefficients are restricted, the asymptotic distribution of the LS
estimator of slope coefficients that are unrestricted does not depend on whether
the true restricted coefficients are on a boundary if and only if the asymptotic
“information” matrix is block diagonal between the restricted and unrestricted
slope coefficients.

4. Corollary 1 reduces the dimensionality of the minimization problem
inf,_ , g(A) by splitting it up into three separate minimization problems of
lower dimensions, one of which is solved analytically. This facilitates the solution
of the minimization problem whether one uses analytics or simulation.

6.2. LAN and LAMN Conditions for ( B, §)

We now concentrate on the asymptotic distributions of B and 5. The
parameter ¢ is considered to be a nuisance parameter. The following results for
B and 8 can be applied to ¥ by re- labeling ¢ as 6, =(B',8').

We specify three conditions that indicate the form that the limit random
variables (G ,,7,) (which determine the asymptotic distributions of 8 and ),
take in typical cases. The first condition is applicable in models in which
B.}' D./,(6,) and 7, may depend on deterministic and stochastic trends,
but none of the elements of 6, ,=(p{, ;) are unit roots. This includes the
Regression with Restricted Parameters and Integrated Regressors Example of
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Andrews (1997a). It excludes the Dickey-Fuller Regression Example. (Note that
i, may contain unit roots.) Models covered by the first condition are locally
asymptotically mixed normal (LAMN) models (with respect to the parameters

(B,6)).

ASSUMPTION 32*: (a) Assumption 3 holds.

(b) G, ~N(u, I,) conditional on some o-field &, for some nonrandom
(p + g)-vector u and some ( possibly) random (p + q) X (p + q)-matrix I, that is
F measurable.

The second condition covers the locally asymprotically normal (LAN) case
(again, with respect to the parameters ( 3, §)). It is applicable in cross-sectional
contexts and in time series contexts in which B} D, /,(0,) and J,, may
depend on deterministic trends but not on stochastic trends.

ASSUMPTION 3°*: (a) Assumption 3 holds.
(b) G, ~N(, I..) for some nonrandom (p + q) X (p + q)-matrix I,.
(¢) 9 is nonrandom.

Next, we consider the case where Z,, of Assumption 3** or Assumption 33* is
proportional to 77 .

ASSUMPTION 3**: (a) Assumption 3** holds.
(b) Z,, =c7, for some scalar constant ¢ > 0.

It is apparent that Assumption 3°* = 3?* = 3 and Assumption 3** = 3%* = 3,
If /,(6) is a correctly specified log-likelihood function and Assumption 3%*
holds, then the information matrix equality implies that Assumption 3** holds
with ¢ = 1. Assumption 3** holds for LS estimators of regression models with

c=oc? provided Assumption 3** holds and the regression errors are ho-

moskedastic conditional on the regressors with variance o 2.

6.3. A Closed Form Expression for XB

We now consider an assumption on A; under which we have a simple closed
form expression for Az and, hence, for Az as well.

ASSUMPTION 9: Ag={\; ERP: I, A;=0, I,Ag <O}, where I':=[I} . I'}] is
a full row rank matrix. '

Note that Assumption 9 allows for the case where I, or I', does not appear.
Assumption 9 holds in all of the examples of this paper and Andrews (1997a).
For Ag as in Assumption 9, A is the solution to a quadratic programming (QP)
problem with mixed linear equality and inequality constraints.
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The following lemma provides a characterization of )A\B when Assumption 9
holds.

LEMMA 4: Suppose that Assumptions 3 and 7-9 hold. Then, "B =P, Z; for
some linear subspace L of the form L -=={/€ R?: I,/=0, I',,/= 0}, where I',, is
comprised of some ( possibly zero) rows of Iy and P, is the projection matrix onto
L with respect to the norm II)\BII% = /\’B(HY*_IH’)”/\B. That is,

P, =1,—HF; 'HT/(I'\HT; '"HT}) ' T

where TI'y=[I): I}y

CoMMENTS: 1. The number of different linear subspaces of the form L is 27,
where p, is the number of inequality constraints in Ag, i.e., the number of rows
of I,.

2. Lemma 4 still holds if I" is not full row rank provided one replaces I'} in
the definition of P, with a matrix that equals I} but has any redundant rows
deleted. N

Lemma 4 yields the following closed form expression for Ag4.

THEOREM 5: Suppose that Assumptions 3 and 7-9 hold. Then:

(@) A =P Zs , where | minimizes CF,=Z, I (ILHT 'H'T;) "I, Z; overj =
1,. 2” for Wthh PLyZs € Ag. Here L(]) —{/eRP r./= 0 Fb]/ 0},

-—[F" LY, Pyy=1, HY"HT(FHY"HT) T, and {I,;: j=
1,...,27%)} consists of all the different matrices comprzsed of some (possibly zero)
rows of I,.

(b) Ay = T2\ Py Zs X WPy, Zg € Ag) X T122 1 (CF, < CF, or Py Zy & Ap).

(¢) For any pXxp( posszbly random) matrzxA that is symmetric and nonsingular
with probability one, )‘B AP, (Zg 4, where J is as in part (a), Zy,=A""Zy, and
P, y=1,—A"'H7'H'T/(I;H7 . 'H'T})"'T; A.

CoMMENTS: 1. In part (a), j indexes the constraints, I, that are binding,
given Z; and 7. Given the constraints [ )\B is obtained 51mply by an oblique
projection of Z, onto the linear subspace, L( ]) defined by the constraints. Part
(b) provides a closed form expression for )\ based on the characterization of )\
given in part (a).

2. Part (c) shows that ’\B can be expressed in terms of a vector Z;, rather
than Z;. One can choose A such that Z,;, has fewer nuisance parameters than
Zg. If Z; has a normal distribution, this is done by taking A to be the inverse of
the square root of the covariance matrix of Z;. By expressing Az in this way,

one can minimize the number of nuisance parameters on which A, depends.
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As an example of Theorem 5, suppose Ag=R"X R?~ !. Then,

AZ,, if Z,, >0,
B A0, Zg s — p1aZpars- > Zgap = PiZsar) otherwise,
6.5) where
A =Diag2(HT;'H),  Zgy=(Zairoor Zpn,) = A 'Z,,

and
pij=lAT'H7'H'A™'];;,  for i,j=1,...,p.

Our choice of 4 minimizes the number of nuisance parameters. The formula
for )\B also is valid for any positive definite diagonal matrix A4 > (0. When
Ag=R™XRP™, the inequality in (6.5) is reversed.

Results of Lovell and Prescott (1970, Sec. 4) for the normal linear regression
model imply that the mean squared error of each element of ’\B as an estimator
of 0 is less than or equal to the mean squared error of each corresponding
element of Z;, when AB=R+><RP_1. This implies that the conventional
asymptotic standard errors that are based on the assumption that no parameters
are on a boundary are conservative estimators (i.e., estimators whose probability
limits are greater than or equal to the true asymptotic standard errors) when
one element of B is on a boundary and Assumption 3** holds (or Assumption
3%* holds with uw =0 and EZ, < ). It also implies that the estimator 6 has a
smaller mean squared error of its asymptotic distribution than does an unre-
stricted version of the estimator that is based on a parameter space that
contains a full neighborhood of 6,.

Rothenberg (1973, p. 57) conjectures that Lovell and Prescott’s (1970) result
for the normal linear regression model with one parameter on a boundary
extends to the general case where the parameter is on the boundary of a convex
set. We agree that this is probably true, but we do not have a proof. If true, then
the conventional asymptotic standard errors that are based on the assumption
that no parameters are on a boundary are conservative estimators whenever
Assumptions 3** and 6 hold (or Assumptions 3%* and 6 hold with w =0 and
EZT, <), which covers the vast majority of cases in the literature.

As a second example, suppose Ag=(R*)> X R”~2. Then,

=AP, (yZg4,  Where

PLA(f)ZﬁA
=1(Zg4,>0,Z5,4,>0)Z,
(6.6) +1(Zg41 — P21 2342 > 0,254, <0)

X (ZBAI - pZIZBA27O’ ZBA3 - pZSZBA27 SRR ZBAp - prZﬁAZ),
+1U(Zg 4y <0, Zg 45 — p12Zp01 > 0)

X0, Zg45 = P12 Zpars-- Zgap — P1pZsar) »
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where A4 and p;; are as in (6.5). The formula for XB also is valid for any positive
definite diagonal matrix A. For the case where Az =R~ X R X R?~? (as occurs
in the Dickey-Fuller Regression Example with p = 2), (6.6) holds but with the
first of the two inequalities reversed in each of the indicator functions in the
definition of P, (Zg,. Adjustments of (6.6) for the cases where Ag=R"X R~
XRP™? and Ag=(R7)*> X R?~? are analogous. .

For the case where AB is of the form A = {)\ € RP: )‘Bl >0, I, )\ =0}, ’\B is

as defined in (6.5), but with Zg, replaced by Pr4Zg4, where Pr a=1,-
A HT'H'T(I,H7 . 'HT,)"'I,,A. For the case where Ag is of the form
—{)\BERP Ag1 =0, A5, >0, FAB 0}, )‘B is as defined in (6.6), but with
ZBA replaced by P 4Zg 4.

One can simulate the distribution of )\ when A, is as in Assumption 9 by
simulating Z; or Zg, and computing )‘B usmg a standard quadratic program-
ming algorithm; e.g., see Gill, Murray, and Wright (1981). The programs GAUSS
and Matlab have built-in procedures for doing so, called QPROG and QP
respectively. The GAUSS procedure QPROG is very quick. For example, 10,000
simulation repetitions with p = 15, four equality constraints, and ten inequality
constraints take about 63 seconds using a PC with Pentium 90 processor.

Alternatively, one can use the formulae of Theorem 5 or the equations above.
These are easy to program because they only involve computing CF,; for
Jj=1,...,27, finding the value ; that maximizes CF;, and then computing
’\B PL( ])Z or ’\B APy, (1Zg4- This method is not to be recommended if p, is
large, but for small values of p, it works well. It is easy to program and is quick.

6.4. Consistent Standard Error Estimates

In this section, we describe three procedures for obtaining standard error
estimators that are consistent whether or not the true parameter is on a
boundary. Each actually provides a consistent estimator of the whole asymptotic
distribution of B;(0— 6,).

The first method is described as follows. Suppose the parameter space O is

6.7) O={0eR*: g,(0)=0,m(0) <0}.

Assume that m(-): ® > R’ is continuously differentiable at 6,. Let m(6)=
(m(6),...,m;(8)). For j=1,...,J, let {nTj: T > 1} be a sequence of random

variables (possibly constants) that satisfies 77;A,;,(Br) 5, We specify a rule

based on m j(é ) and My, to determine which (if any) of the inequality constraints
are binding at the true parameter. If

(68) mj(é) > —777;7
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then we conclude that the jth constraint is binding. (Because this rule is
essentially a one dimensional one-sided Wald test for some significance level a;
such that a;— 0, the mz;’s could be chosen to be the critical values for such
tests multiplied by an estimate of the standard error of m ((9) based on the

usual formulae that assume that m (0) is not on a boundary)

Let j,,...,Jj, index the constramts that are found to be binding. Let g,(0) =
(m;(6),...,m;(6)). Our estimate of the asymptotic distribution of B (6 — 00) is
based on the supposition that the constraints that are found to be binding, i.e.,
g.(0)=0 and g,(6) <0, actually are binding. Then, we can obtain standard
error estimators by simulating the asymptotic distribution with any unknown
parameters replaced by consistent estimators.

This method is consistent given Assumptions 2—4, because

(i) m;(6) =m j(00) +((3/36")m (6 B DB - 6,) + 01§ — 6,1,

(i) 1f m (6, ) 0, P(m, (6)> — nr) =P(3/ 30" )m(0,)B; ' O,(1)A

(1)> ”’IT, mm(B ))—>1 and

@iii) if m (6, <0, P(mj(é) > =) =P(m(0y) +0,(1) > —ns;) = 0.

The second method is a subsample method introduced by Wu (1990) and
extended by Politis and Romano (1994) to cover cases where the statistic of
interest has some asymptotic distribution, not necessarily normal, such as those
considered in this paper. The method is applicable in iid contexts (see Politis
and Romano (1994, Sec. 2)), as well as in stationary time series contexts (see
Politis and Romano (1994, Sec. 3; 1996, Sec. 3)). A random subsampling variant
of the procedure is also available; see Politis and Romano (1994, Sec. 2.2).

The third method is a version of the bootstrap in which bootstrap samples of
size T; (< T), rather than T, are employed. One uses the bootstrap distribution
of BT(éT 6,) to estimate the distribution of B (6, — 0,), where 6, de-
notes the estimator @ constructed using 7 observations and BT denotes the
bootstrap estimator of 6 constructed from T, observations. In an iid context, 0*
is constructed from 7' iid draws with replacement from the original sample of T
observations. This version of the bootstrap is consistent when By = T'/*M (for
any matrix M), if T,/T — 0 as T — . Typically, one approximates the distribu-
tion of B (67 — 6;) by taking a number of simulation draws of it. Consistency
of this procedure and the others above rely on the existence of an asymptotic
distribution for By ( 6— 6,), which is established in this paper.

(By) +

min

6.5. Examples (Continued)
6.5.1. Random Coefficient Regression
In Example 1, we partition 6 as in Section 6.1 with
0, =1(01,0,,0,), ¢=10(6,,65), B=26,, and

(6.9) 8:=1(05,0;).
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With this partitioning, Assumptions 7 and 8 hold. In particular, by (3.11), 7 is
block diagonal between 6, and . The set A is a product set Ag X A; X A,
with

(6.10)0 Ag=(R*)",  A;=R""', and  A,=R"""

Thus, Assumption 9 also holds.
With this partitioning, from (3.11) and (3.15), we have

Tw = 3EWW? fvar}(6,),  I,:=EWW, /var,(6,),
G=(G},G) ~NO0,I), G,~NO,L,), G,~NO, L),
(6.11) | (res?(6,) —var,(6,))"

1E W2Ww?,  and
N var}(6,) to

T, =
Z,=EWW, /var,(6,).

Assumption 3°* holds with T, as above. Assumption 3** holds with ¢ = 1 if the
errors &, and 7, are normally distributed.

By Theorem 3, T'/%(6 — 6,) 4 A, where A = ()A\’B, A, X,gu),- By Theorem 4(c),
ql/,():w) =inf, 4, q,(A,), where q,(A,)=(A,—Z,)7, (A, —Z,). Because A,
=R%*1 this gives

A

A=2Z,=9,'G,~N(0,7,")  and

A A N d oo , -
TV2((05, 05) = (04, 05) ) > &, ~ N(0, CEWW, /var,(8,))").
Thus, the QML regression parameter estimators 54 and 55 are asymptotically

N(O,Zp‘l) whether or not some random coefficient variances are zero.
The matrix B; = T'/?I, obviously is block diagonal. Hence, by Corollary 1(b),

A d ~ A
T'?(6,—6,) > Ag,  where ), satisfies
gs(As) = inf g (),

(6.13) slhe) = dnf. asCh

05(Ag) = (A, — Z,Y (H7; 'H) (A~ Z,),  and
Zy=H7,'G, ~N(0,H7, 'T,7,'H").

For example, if p =1 (i.e., there is one random coefficient with zero variance),
then by (6.5), \g=A4Z;,1(Z;,>0)=Z;1(Z;>0) and Ag has a half-normal
distribution. If p > 1, then A is given in closed form by (6.6) or Theorem 5.
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Also by Corollary 1(b),

A

7'72((82,65) = (839,030 ) > A5,

)A\.s =95 'Gy =y %BXB’

g.— 1 X22t Xzzz 2 _ 2 2y b,
3= 1E ) ) var/(6,), X} = (sz+1’ .,Xth) €R™,

X2 /
(6'14) 95[3 = %E( 12[)X12t’ Xlt - (Xzzl’ Xti)) 5

B
G, = G, ~N(0, Z,), and
2 '
G, ~N|0.1E (res7(0,) —var,(6,))" [ x2\( x2 '
3k var;(6,) 1 1

6.5.2. Dickey-Fuller Regression
In this example, we partition 6 as in Section 6.1 above with
(6.15) 6, =(6,,0,,65), =0, B=1(6,,6,), and 8:=0;.

With this partitioning, Assumptions 7 and 8 hold by (3.21), (4.12), and (4.13).
The set A is a product set Az X A5 X A, with

R™XR*  if 05, =0,

_ _ pb
R XR if 0, >0, Ae=Rand o A=R

(6.16) A= {

With the above partitioning, from (3.21), we have
N[oW?2(r)dr MW (r)dr  AfgW(r) dr

Ty = | AJrW(r)dr 1/3 1/2 . =V,
oW (r) dr 1/2 1
(6.17) G LA A(1) - 1)
G:(Gz)’ Gy =|oWQ) - [(W(r)dr) |, and
oW (1)
G,=G,,

where G, is independent of G and T -

By Theorem 3, T, M(6— 6 )—> A, where A = ()\B,Aa,)\ Y. By Theorem 4(c)
and the fact that A, =R’ we ﬁnd that

6.18) A, =Z,=9'G,~N©,V ).
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By Theorem 4(a), X solves qﬁ(): ) =inf) q5(Ap), where Ay is defined in
(6.16). Closed form expressions for )‘B are given in (6.6) (with the first inequality
reversed in each indicator function) when 65, = 0 and by /\ =Z 1(ZB < 0) when

05, > 0. Given )\B, Theorem 4(b) gives a closed form expression for )\5
A= Gy— T Fg Ay = aW(1) — ()\le(r) dr,l/z))iﬁ, where
0
(6.19) .
Fy=1, = (/\f w(r) dr,1/2), and  G,=oW(Q).
0

Note that ()A\B, A;) is independent of X,,,.

We have
T, M(6-06,)
T(él - 010)
T3/? 0(01 —0,) + T3/2(‘92 — 0y)
= _Tl/ZlulO(o1 _ 010) + 7‘1/2(03 _ 930) Tl/ 1’(0 — 04())
(6.20) T'2(6, = 0u)

ABI
a | Ag2
i A 2

As

Xl//

where /\ = ()\Bl, A s2)'- Equation (6.20) provides the asymptotic distribution of
the unit root estlmator 01 and of the short-run dynamics parameter estimator 04
directly. Note that the latter is asymptotically normal even though the unit root
and time trend parameters, 6,, and 6,,, are on the boundary of the parameter
space.

Equation (6.20) also provides the asymptotic distributions of nondegenerate

linear combinations of the estimators él, cees (§4 that include the time trend and
intercept parameter estimators (52 and 53. From these, the asymptotic distribu-
tions of 52 and (33 can be determined. First, the second row of (6.20) implies
that T;uo(é’1 6,,) + T(6,— 6,,) % 0 and the first row implies that Tu,(8, — 6,,)
4 Mo ’\B - Hence,

A d A
(621)  T(60,— 0y) = — moAg
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Thus, the asymptotic joint distribution of (T(8, — 6,,), T(6, — 6,,)) is ()A\Bl,
— M )\Bl)’, which is singular. Second, by the first, third, and fourth rows of (6.20),

A d ~ 0
(6.22)  T'V2(0;— 05) = As— pol'A,,

because — T/ 2uy(6, — 6,,) = 0,(1). Hence, (6.20) yields the asymptotic distribu-
tions of all the elements of 6 and their convergence holds jointly.

Cowles Foundation, P.O. Box 208281, New Haven, CT 06520-8281, U.S.A.
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APPENDIX
A. A Taylor Expansion for a Function with Left /Right Partial Derivatives

The following Taylor’s Theorem is used to prove Lemma 1. Let f be as in Section 3.3. For x €2,
let (9/dx;)f(x) denote the //r partial derivative with respect to x; (the jth element of x) of f at x.
Let («?k/ax,-],..., dx; )f(x) denote the kth order //r partial derivative of f at x with respect to

X x;,, where i, is a positive integer less than s + 1 V/<k.

i

THEOREM 6: Let f be a function whose domain includes 2 C R®. Let a €2. Suppose Z— a equals
the intersection of a union of orthants and an open cube C(0, &) for some &> 0. Suppose f has
continuous | /r partial derivatives of order n + 1 on 2 for some integer n > 0. Then, for any x €%, there
exists a point ¢ on the line segment joining x and a such that

n

1 1
= — Dk -a,...,x—a) + ———D"*1 —a,..., X —
f(x) kgo o fla)x—a,...,x—a) CEE fe)x—a,...,x—a),
where D°f(a)(x —a,...,x —a)=f(a) and for k=1,...,n+1 D*f(a)(x —a,...,x —a) denotes the
k-linear map D*f(a) applied to the k-tuple (x — a, ..., x — a) defined by
K &kf(a)
D* —a,....x—a)= —
fla(x—a,...,x—a) Yy p o

ipyeig=1 OFipee OXig

(x;, —a;) X X (x;, —a;,).

CoMMENT: If the [/r partial derivatives of f of order k are continuous with respect to £ at a
(i.e., they are continuous where continuity is defined in terms of local perturbations only within 2),
then they are symmetric (i.e., (92/dx, dx,)f(a) =(9%/dx, dx,)f(a) for k =2, etc.). This holds by
the same argument as used to prove the symmetry of mixed (two-sided) partial derivatives; e.g., see
Courant (1988, Ch. II, Sec. 3.3, pp. 55-56).

PrROOF OF THEOREM 6: When s =1, 2 is either an open interval that contains a or a half-closed
interval with a at the closed end. The Theorem holds in the former case by the standard one
dimensional Taylor’s Theorem. It holds in the latter case because standard proofs of the one
dimensional Taylor’s Theorem (e.g., see Apostol (1961, p. 366)) go through with x allowed to be an
endpoint of 2 provided the derivative of order k of f is redefined to be the //r derivative of order k
of f. The reason is that Rolle’s Theorem (or the mean value theorem), upon which the proof
depends, does not require f to be differentiable at the endpoints of 2.

When s > 1, standard proofs of Taylor’s Theorem (e.g., see Courant (1988, Ch. II, Sec. 6, pp.
78-82)) apply Taylor’s Theorem for s =1 to the function F(A) =f(a + Mx —a)) for A €[0,1] and
use the chain rule for multi-variable functions to verify the necessary differentiability conditions on
F and to yield the form of the Taylor expansion.
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The main condition of the chain rule is that the functions involved are differentiable at the
appropriate points. In place of the condition of differentiability, we use the condition of [/r
differentiability. We say that a function f is //r differentiable at x if it can be approximated at x by
a linear function and the approximation holds for all perturbations within £ That is, f(x + &) = f(x)
+A'h + &,h and |lg,ll = 0 as [|All - 0 Vx + h €2 for some vector A that is independent of 4. Now,
standard proofs of the chain rule (e.g., see Courant (1988, Ch. II, Sec. 5.1, pp. 69-73)) go through
straightforwardly with partial derivatives and differentiable functions replaced by [/r partial
derivatives and [/ /r differentiable functions.

To show that the functions F(A), dF(A)/dA,...,d"F(A)/d\" are l/r differentiable for A €[0,1]
(which is needed to apply our generalized chain rule), we use a generalization of the result that a
function with continuous partial derivatives at a point is differentiable at that point. Standard proofs
of this result (e.g., see Courant (1988, Ch. II, Sec. 4.1, pp. 59-62)) go through straightforwardly to
show that a function with continuous //r partial derivatives at a point is //r differentiable at that
point. In consequence, under the assumptions of the Theorem, the chain rule for //r differentiable
functions is applicable and the proof of Taylor’s Theorem for continuous //r partially differentiable
functions is the same as that for continuous partially differentiable functions, which is referenced
above.

B. Proofs for Quadratic Approximation Section 3

PROOF OF LEMMA 1: We prove part (a) first. By the Taylor expansion of Theorem 6, /;(6)
satisfies (3.2) with

1 3? 3*
7.1 R(0)=—(0—0)) | ——¢/7(6") — ———/1(6,) | (6— 9
(7.0 r(0) 2( 0)((96(?6/ 7(07) YT 7 ( U))( )
where 67 lies between 6 and 6, when 6+ 6, and R;(6) =0 when 6= 6,. Thus,
(7.2) sup IR (0,)] /(1 +11 By (6— 6,11
0€ 0:116—0yll<yr
1 2 9*
< sup —|(Br(6— 90))’13;"(—,4(9*) - —,/T(ao))B;‘
0 0:110— 6,ll< vy 96 99 96 90
XBT(O*OU) /“BT(HHU)HZ
! B-l’( 7 /1(0) ” /(0 ))B‘l
= sup 5 Pr o\ — 74 r\0o) | bt
oc @410 8yll< vy 2 9099 9090
=0,(1),

where the equality holds by Assumption 22%(c).

Part (b) follows from part (a) because the difference between the third summand on the
right-hand side of (3.2) when defined with D*/,(8,) =(92/3036')/(6,) and when defined with
D?/(0,) = — B} 7By can be absorbed in the R;(6) term without affecting Assumption 2*, due to
the 1/(1 +|B;(6 — 6,)I)? factor in Assumption 2*.

PROOF OF THEOREM 1: Let x; :=F;/2B(6— 6,). 6, is in the closure of @ (by Assumption 1).
Thus, by (3.1), (3.2), (3.3), and Assumptions 1, 2*, and 3,

(7.3) 0,(1) </7(8) =/1(8,)
=k T Zp = Ser® + Ry (6)
=0,(llxrlh) = Hlwrl® + (1 + \I%’l/zxrll)zop(l)

= 0,(lir D = Mgl + 0,1z D + 0, Ul P + 0, (1.
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Rearranging this equation gives ||:<TH2 < 2||KTHOp(1) + op(l). Let ¢, denote the Op(l) term. Then,

(7.4) (Ikrll = £7)° < €2 +0,(D) = 0,(D.

Taking square roots gives || k|l < 0p(1). Given Assumption 3, this establishes Assumption 4.

PROOF OF THEOREM 2: Let k7 =57/ *B( éq — 60,). By (3.5) and Assumption 3, we have
(75) ”KqT 7«%‘1/227“2 = qT(BT(éq - 60)) < qT(O) + Op(l)
=Zp T Zy+0,(1) = 0,(D).

Thus, k.7 =97'/>Zs + 0,(1) = 0,(1). By Assumption 3, this establishes part (a).
Parts (b) and (c) hold by (3.4), Assumptions 2 and 4, and part (a).
Parts (d) and (e) hold by parts (b) and (¢), (3.1), and (3.5):

(7.6) 0,(1) <£7(8) =/1(6,)
= %qT(BT(éq - 00)) - %qT(BT(é_ 00)) + Op(1) < Op(l)-
Part (f) holds by parts (b) and (e).

C. Proofs for Parameter Space Section 4

PROOF OF LEMMA 2: Let Zy, = Z;/by. By Assumption 3, [|Zy,/l = O,(b;"). For any set I'CR*
and z € R’, let

1.7 dist;(z, I') = infr(()\fz)'(%()\fz))l/z.
AE

Note that dist;(Z;, A) = inf, . 4 ¢1/*(A). Because A is a cone,
dist;(Zgp, A) =b7! inf gi/*(A).
AEA

Also,
(7.8) dist;(Z,, Br(@— 8,) /b)) = inf (A= Z; /by Y T2 (N = Zy /b)) >
NEB(O—00)/by
—b;! inf (bph—Z YT (byph = Z)'?
NEB(O—0y)/by
=by! inf qi/2(Bp (60— 6,)).
0 0
Let
(7.9) Cpo=disty(Zyy, A) — disty(Zyy, By (O — 6,) /br).
By the results above, Cr-= bz '(inf, c 4 g7/ (M) —inf, c 5 (o_ 4,y 97/ >(V) and it suffices to show that
Cr=o0,(br").

Let Zgy, €Bp(O— 6,)/b; be such that disty(Zy,, B(O— 0,)/by) = dist(Zyy,{Zers}) +
0,(by"). Define Z,r, € A analogously with B;(©— 6,)/b; replaced by A. By Assumption 5,
dist(Zgry, A) = 0(|Zg 7, |D. This and Assumption 3 give dist7(Zg 7, A) =0,(IZg 7, l). Analogously,
dist7(Z, 7y, Br(® — 0y)/by) = 0,(IZ;73|D. (To make the above argument utilizing Assumption 5
really precise, we need to use an almost sure representation argument based on the fact that
Zgrp =0,(1), as proved below. For brevity, we do not give the details.)

By the triangle inequality,

(7.10) Cyp <distp(Zy,,{Zg 1)) + disty (Zg gy, A) — dist(Zy,,, Br (O = 6,) /by)
=dist;(Zgyy, A) +0,(b7")
= OI,(HZ@Tb”) + Op(bfl ).

Analogously, Cr = 0,(1Z,7 ) + 0,(b7 ).
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By assumption, 0 belongs to the closure of ® — 6, and, hence, to the closure of B;(@— 6,)/b;.
This gives
(7.11D) dist;(Zyy, {Zgrp}) = disty(Zry,, By (O = 6,) /br) +0,(br ")
<1722y I+ 0, (b5 1),
Using Assumption 3, we then obtain
(7.12) 1Zors = Zrpll < distr(Zyy, {AZo s 1) / AminT7/?)
< (772 Zy |l + 0, (b7 ")) / Ayin( 7/
<NZ 7l (T7 ) / Ain(T7 /) + 0, (b7 ') = O, (b ").
Thus,
(7.13) 1Zorsll <1 Zo7y = Zrpll +11Z15ll = O, (b7 ).
Analogously, |Z 7, = Op(b}l). Combining these results gives Cr=o0,(b7").

PROOF OF LEMMA 3: Assumption 5* implies Assumption 5 because (i) By = b, I, implies that
B (O—0y))/by=0-0,, (i) for ¢; (0 —6,) NS0, &), dist(¢p;, A) =0 for some >0 by As-
sumption 5*(a), and (iii) for A; € AN S0, &),dist(Ay, ©® — 6,) =0 for some &> 0 by Assumption
5%(a).

We now show that Assumption 52* implies Assumption 5 with by == A;,(77). Assume Assump-
tion 52* holds. A sequence {¢p; € R*: T > 1} with [|¢; |l — O satisfies
(7.14) ¢r€B(O—0)) /by VT large  iff ¢peBpA* VT large.
This holds because Ty;/br=1 V¥T=1, Vj<s (where Tr:=diag(Ty,..., Tr,)) implies that
by M~ Tl < IM~ V[l llp7ll = 0. Suppose ¢ € By (O — 6,) /by VT large; then by M~ 17 ¢, €
(O—-60,)NS0,e)=A*NSO, &) cA* VT large and ¢, < By A* VT large. Conversely, suppose
¢y € By A* VT large; then by M~ 'T5'd, € A* NS0, ) =(O— 0,) NSO, s)cO— 6, VT large
and ¢ € B (O —6) /by VT large.

Using (7.14), for any sequence {¢ € B;(® — 6,)/by: T = 1} with || ¢ |l = 0, we have ¢, € By A*
VT large. For such a sequence,
(7.15) dist(dz, A) =l pldist(r/I drll, A) <l p7ldist (By A*, A) =olld7ID,
where the first equality holds because A is a cone, the inequality holds by the definition of dist (-, )
and the fact that ¢, € By A* and By A* is a cone, and the last equality holds by Assumption 52*(c).

For any sequence {A; € A: T > 1} for which [[A;|| = 0,
(7.16) dist(Ag, By A*) = ||AzIldist(Ar Az, By A*) < |[Azlldist (A, By A*)

=o(llA7ID

by the same argument as above. Now, for some ¢, € By A* VT > 1,
(7.17) diSt()\T, BT A¥) = ”)‘T - ¢TH + O(H)‘T”) > diSt()\T, BT(@ - 00)/b7)

VT large, where the inequality holds because ||A;||— 0 implies [|¢7 |l — 0 implies ¢, < B (O —
6y) /by using (7.14). Equations (7.15)—(7.17) combine to verify Assumption 5.

D. Proofs for Asymptotic Distribution Section 5

PrOOF OF THEOREM 3: First, we establish part (a). Let A} € cl(A) be such that 1B, (6— 6,) —
Nl = dist(B;(0 — 6,), A). A% is unique because A is a convex cone; see Perlman (1969, Sec. 4). By
Assumptions 4 and 5, | B,(6 — 6,) /by — Nj /byl = dist(By(§ — 6,) /by, A) = o By(6— 6,) /b, ) =
0,(by") and so
(7.18) 1By (6—6,) — X5l = 0,(1).

Thus, it suffices to show that [|A} — XTII = op(l).
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Define [|-ll7 by lIAlly = (X7 M2 By Assumption 3, it suffices to show that || A% — XTHT = 0,,(1).
By Assumption 3, (7.18) holds with ||-|| replaced by ||-[l7. This, the triangle inequality, and Lemma
2 give

(719 X5 = Zllr =11Br (8= 09) = Zyllr + 0,(1) =lIAr — Zllr + 0, (1).
In consequence,

er =18~ Zzlr — 1Ay = Z7llr =0,(1)  and
720 Fe= N = Zp = llAy — Zp 13 =
7 =UWAr = Zplir —llAp — £y T—O,,(l).

First, suppose Z, € cl(A). Then, Ay =Zp, X = Apllr =X = Zollr =1A; = Zyllr + 7= 7 =
0,(D.

Alternatively, suppose Zj & cl( A). (We now use a geometric argument that is most easily
followed by drawing a picture.) /\T is on the boundary of A, because /\T mmlmlzes IA— ZTHT over
red(A) and Z;&cl(A). Let L(Ap,Z;) denote the line through A; and Z,. L(A;,Z;) is
perpendicular (with respect to the norm ||-]l7) to the ray through A, starting at the origin. Let P,
denote the projection onto L(XT,ZT) with respect to the norm ||-|l7. Because A% € A and A is
convex, P, Xi € A. By definition of Ay, |[A; — Zzllr <|IP, A% — Z;|l7. In consequence, A, lies on the
line segment joining P, A% and Z;.

By the orthogonality of projections,

(7.21) A% — RPN =05 — P AENF + 1P A — Ap N7

We claim that () |[Xf — P, Xjll7 < &} and (i) [P, A% — A/ll7 < &2, These two claims and (7.21)
combine to yield [|A5 — Ayllr < &5 + 2 when Z; & cl(A), which gives the desired result.
Claim (i) follows from

(7.22) X5 — P X7 = 1IX% = Z |17 = 1P, A — Zo N7

=||/‘T_ZT”%+ 8? _“PLX;_ZT”%

because XT lies on the line segment joining P, A% and Z;.
Claim (ii) is established as follows. The first equality of (7.22) implies that

(123) 1P X = Zpllr <IN = Zpllr = Ay — Zrllr + &7
This result and the fact that )A\T lies on the line segment joining P; A% and Z; give
(24 PN = Agllr =IPL NS = Zpllr = 1Ay = Zgllr

< ”)‘T _ZT”T + Er — H/\T _ZT”T
= ey,

which completes the proof of part (a).

Next, we establish part (b). In part (b), A; is uniquely defined because A is a convex cone. We
can write A, = =h(B; "D/ ;(6,),97), where the function # is defined implicitly in (5.1). The function
h is continuous at all points (B 'DZ;(6,),7;) for which 7 is nonsingular. Because 7 is
nonsmgular with probability one, the continuous mapping theorem gives Ar=h(B7 VD21 (6,),97)

4 h(G,97) = A. The second result of part (b) holds by the first result and part (a) of the Theorem.

The convergence result of part (c) holds by (4.4), Assumption 3, and the continuous mapping
theorem. The equality in part (c) holds by the orthogonality property X.7(A — Z) = 0, which does not
require Assumption 6; see Perlman (1969, Lemma 4.1), and some algebra.
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E. Proofs for Asymptotic Distribution of Subvectors Section 6

PROOF OF THEOREM 4: First, we break up g(A) and Z'7Z into terms involving 6, and 4. For
Ay € Ag X Ay, define

(7.25) Gxs(A) =y —Z, )T, (A —Z,).
By Assumption 7,
gD =g, (X)) +q,(A,)  for A=(X,,X,),

(7.26) inf g(A) = inf g,(A,)+ inf g,(),), and
AeA Ay EAX Ag AyEA,

Z92=2,5,Z, +Z,9,Z,,.

Next, we have

727 0<q.,(A,)— inf g,(\y)
Ay EAgX A
Sq*(;\*)_ inf LI*()‘*)"‘L].//(X(/,)_ inf CI¢,()‘¢/)
Ay EAXAs AyE Ay
=q(h) - inf  g(A)

AEAgX AgX A,
=0,

where the first equality uses (7.26) and the second holds by the definition of A In consequence, we
obtain

(7.28) g.(A,) = inf  g.(A,).
Ay EAgX Ay

Part (c) of the Theorem follows from (7.26) and (7.28).
We now use Assumption 8 to break ¢,(A,) and Z,.9,Z, into terms involving B and §. Let

I,

7y T

e R(PHDXp, Pt =AH e RPTD*X(r+a), and
(729

— _ L
P=1,, ,—P".

Define the norm ||-|l, on RP*4 by |lAll, = (KT, h)/? for h € RP*4. Let L be the linear subspace
of R?*4 defined by L :={(0', 8'): for some 6 € R7}. Let L* denote the orthogonal complement of
L with respect to ||-|l,. P and P+ project onto L and L™, respectively, with respect to [|-|l,.. Thus,
(Ph))TP*hy=0VYh,,h, € RP*9. By some algebra,

. 0
(730) AT, A=(H7.'H) ' and PG, = [0__1 }
)

(For the second result, note that I,, , = (4] for F:=[0 : 1,]€ RI*(P+D, HPg 1G . = 0 because
HA=1,, and FP7.' G, =9 'G; because 93 F7, 'G, = G5 by some algebra.)
The above results give

(113)  ZWFuZ.=(P 2V, P Z, + (PZ)T, PZ,
= Z(H7; 'H) ' Z3=G}% G,

Equations (7.26) and (7.31) establish part (d) of the Theorem.
For A, = (X3, X;) € Ag X A;, we have

0
(732)  PA, = (Aﬁ%{%w).
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For A, = (X3, X5) € Ag X A, define
(7.33) a5(Ags As) = (A + T3 Fop g — T3 LGy T3(As + T3 Taphg — T3 1Gy).
Then, using (7.30) and (7.32), we have
(738 g (A )=(P A, —P*Z )T, (PN, —P*Z,) + (P\, — PZ,)T,(P\, — PZ,)
=q(Ag) +q5(Ng, A5).
Under Assumption 8, for any Az € R”, we have

(7.35) inf g5(Ag,A5) = inf g5(Ag,4;)=0
As€E As As€ERY

Thus, using (7.34) and (7.35), we obtain

(7.36) inf  g.(A)= inf ggz(Ag).
Ay EAgX Ag AgE€ Ag

Equations (7.26) and (7.36) establish part (e) of the Theorem.
Part (a) of the Theorem follows from

(7.37) OSqB(XB)—Ainf 45 (Ag) <ap(Ag) +a5(As, A ) — inf g()
€ Ap AgEAg

=LI*()A‘*)_ inf g+ (1) <0,
Ay EAX Ag
where the equality holds by (7.34) and (7.36) using Assumption 8.
By equation (7.34),

(7.38) q*():*)=qﬁ():ﬁ)+q§(;\,g,;\5)-

By equations (7.28) and (7.36), ¢, (A,) = inf A< Ag qp(Ag). This, (7.38), and part (a) of the Theorem
give qS(/\B, As) = 0. The latter and (7.33) yleld part (b) of the Theorem.

The first equality of part (f) of the Theorem follows from parts (d) and (e). The second equality of
part (f) holds by the orthogonality properties X’B(HY*’ H)~ I(XB —Zg)=0and X’w%():‘/, -Z,)=0;
see Perlman (1969, Lemma 4.1), and some algebra.

PROOF OF LEMMA 4: For any linear subspace L C R” and any z € R?, /, € L is the projection of
z onto L with respect to the norm ||-|lg if and only if #, minimizes ||/~ z|lz over /€L N S(Z,, &)
for some &> 0. Necessity of the latter holds by the definition of a projection. To prove sufficiency of
the latter, suppose the latter holds but the former does not. Then, P, z #/,, and every point on the
line segment joining P; z and /, yields a smaller criterion function value than the endpoint /. But
this is a contradiction.

Now, given )\ﬁ € Ag, we can construct two matrices I5,; and I}, such that I}, )‘B 0 and
I, bz)\p <0 (element by element), where I,; and I}, are comprised of different rows of I b and
together they include all the rows of I',. In addition, I )‘B 0.Let L:={/€RF: I,/=0, T, /=0}
For some ¢>0, L N S(/\ﬁ, g)=AgN S(/\B, ¢), because the restrictions I,/ < 0 are satisfied for /
close to ’\B By definition, )‘B minimizes II)\B ZB”B over Ag € Ag ﬂS(/\B,e) Hence, ’\B mmlmlzes
the same function over A\g€L ﬂS()\B, £) as well. By the first paragraph of the proof, then, /\ﬁ

equals the projection of Z; onto the linear subspace L.
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