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This paper considers inference based on a test statistic that has a limit distribution
that is discontinuous in a parameter. The paper shows that subsampling and m out
of n bootstrap tests based on such a test statistic often have asymptotic size—defined
as the limit of exact size—that is greater than the nominal level of the tests. This is
due to a lack of uniformity in the pointwise asymptotics. We determine precisely
the asymptotic size of such tests under a general set of high-level conditions that are
relatively easy to verify. The results show that the asymptotic size of subsampling
and m out of n bootstrap tests is distorted in some examples but not in others.

1. INTRODUCTION

When the bootstrap is pointwise inconsistent it is common in the literature to
consider using subsampling or the m out of n bootstrap instead (see Bretagnolle,
1983; Swanepoel, 1986; Athreya, 1987; Beran and Srivastava, 1987; Shao and
Wu, 1989; Wu, 1990; Eaton and Tyler, 1991; Politis and Romano, 1994; Shao,
1994, 1996; Beran, 1997; Bickel, Gotze, and van Zwet, 1997; Andrews, 1999,
2000; Politis, Romano, and Wolf, 1999 (hereafter PRW); Romano and Wolf,
2001; Guggenberger and Wolf, 2004; and Lehmann and Romano, 2005). (Here
n denotes the sample size, b denotes the subsample size, and m denotes the boot-
strap sample size.) Minimal conditions are needed for subsampling and m out
of n bootstrap tests and confidence intervals (Cls) to have asymptotically correct
rejection rates and coverage probabilities under pointwise asymptotics, e.g., see
Politis and Romano (1994) and PRW. Given these results, subsamplingand the
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m out of n bootstrap have been viewed in the literature as cure-all methods that
are asymptotically valid under very weak assumptions.

This paper considers subsampling and the m out of n bootstrap in a broad class
of problems in econometrics and statistics in which a test statistic has a discon-
tinuity in its asymptotic distribution as a function of the true distribution that
generates the data. These are precisely the sorts of scenarios where one may want
to employ subsampling or the m out of n bootstrap. We show that subsampling
and the m out of n bootstrap are not necessarily asymptotically valid in a uniform
sense in these problems. Specifically, the asymptotic sizes, i.e., the limits of the
exact (or finite-sample) sizes, of subsampling and m out of n bootstrap tests can
exceed their nominal level—in some cases by a lot.!2 This is a serious problem
because it implies that in such cases the size of the test is far from its nominal
level even for large n. Correct size is the standard measure of validity of a test
in finite samples. Asymptotic size is a large sample approximation to exact size.
Our results determine when a problem concerning asymptotic size arises, when it
does not, and the magnitude of the problem. The latter is provided by an explicit
formula for asymptotic size, which is the main contribution of this paper. The
reason for distorted asymptotic size, when it occurs, is a lack of uniformity in the
asymptotics.

We now briefly illustrate the problem with subsampling by considering a sim-
ple boundary example. Suppose X; ~i.i.d. N(fp, 1) fori=1,...,n and Gy > 0.
The maximum likelihood estimator of &y is é\n = max{X,,0}, where X,, = n!
>, Xi. The distribution of the normalized estimator, T}, is

T, = n'/2(@, — 6p) = max{n'/>(X,, — ), —n/%60} ~ max{Z, —h}, 6))

where Z ~ N(0, 1) and h = n'/26y. The jth subsample estimator based on a sub-
sample of size b = o(n) starting at the jth observation is 8, ; = max{X,_ ;,0},
where X j = b~} 2{:;’_1 X;. The distribution of the normalized subsample esti-
mator, Tj ;, is

Ty.; =b"*@,j —00) = max{b'>(X_j — o), —b"*60)
Nmax{Zs_(b/n)l/zh}. (2)

The distributions in (1) and (2) can be quite different. For example, when &
is large and (b/n)"/ 2 h is small, the distribution in (1) is approximately that of
Z while that in (2) is approximately that of max{Z, 0}. Clearly, in such cases,
the subsampling distribution gives a very poor approximation of the full-sample
distribution in the left tail. Hence, a lower one-sided subsampling confidence in-
terval (C.I) for §y performs poorly. Furthermore, equal-tailed and symmetric two-
sided subsampling confidence intervals also perform poorly. Note that these are
finite-sample results. The asymptotic sizes of these confidence intervals detect the
problems. With nominal level .95, the asymptotic sizes for lower, equal-tailed,
and symmetric Cls are found to be .50, .475, and .90, respectively.
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In spite of the clear finite-sample problems with subsampling in this exam-
ple, pointwise asymptotics fail to detect any problem. The reason is that for g
fixed at zero, one has & = n'/26y = 0 in (1) and (b/n)"/*h = b'/?6y = 0 in (2)
for all n. For 6y fixed at a positive value, one has h = n'/20y — oo in (1) and
(b/n)'?h = b'/26y — oo in (2) as n — oco. These asymptotic results, however,
do not hold uniformly. This is seen by considering the sequence of parameter val-
ues g = h/n'/?, where h # 0 is fixed, which approaches zero as n — oco. For such
a sequence, the difference between the asymptotic distributions of the full-sample
and subsample statistics becomes apparent. In consequence, the asymptotic size
exceeds the nominal size, which reflects the finite-sample situation. (We use this
CI example because of its simplicity. The results of the paper concern tests. Gen-
eral results for CIs are given in Andrews and Guggenberger (2009b).)

More generally, the idea behind problems with subsampling is as follows. Sup-
pose (i) one is interested in testing Hy : @ = 6, (ii) a nuisance parameter y € R
appears under Hp, (iii) we have a test statistic 7, for which large values lead to re-
jection of Hy, and (iv) the asymptotic distribution of 7,, when 6 = 6 is discontin-
uous at y = 0. Typically in such situations the asymptotic distribution of 7;, under
6 = Oy and under any drifting sequence of parameters {y, = (h+o(1))/n" :n > 1}
depends on the “localization parameter” & € R. That is,

T, —>a4J, as n— oo under =060y and {y,=(h+o(1))/n" :n>1},

3

where Jj, is some distribution. (The constant » > 0 is the smallest constant such
that the distribution of 7}, under y,, is contiguous to its distribution under y = 0.
Usually r = 1/2, but not always, for example, in an autoregressive model with a
discontinuity at a unit root, r = 1.)

We assume that the subsample size b satisfies b — oo and b/n — 0. By (3),

T, >4 Jo under =6y and {y,=h+o(1))/n" :n>1} @

because y, = (h+0(1))/n” = (b/n) (h4+0(1))/b" = 0(1)/b". Subsample statis-
tics with subsample size b have the same asymptotic distribution Jy as 7 has.
In consequence, the subsampling critical value converges in probability to
co(1 —a), the 1 —a quantile of Jy. In contrast, 7,, converges in distribution
to J, and T, requires the critical value c;(1 — a), the 1 — a quantile of Jj, in
order to have an asymptotic null rejection probability of o under {y, : n > 1}.
If co(1 —a) < cp(1 —a), the subsampling test over-rejects asymptotically under
{yn : n > 1}. This implies that it has asymptotic size greater than a. On the other
hand, if co(1 —a) > ¢, (1 —a), then the subsampling test under-rejects asymptot-
ically and is asymptotically nonsimilar in a uniform sense.

There are other (noncontiguous) sequences of drifting parameters that can cause
problems for subsampling. Suppose y, = (g +0(1))/b" for g € R. Then, by (3),
T, has asymptotic distribution J, and the subsampling critical value converges
in probability to cg(1 —a). On the other hand, y, = (n/b)" (g +0(1))/n" and
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(n/b)" — o0, so the full-sample statistic 7,, converges to J, (when g # 0),
which is assumed to be the asymptotic distribution of 7;, when y, is farther from
0 than O(n™") (i.e., when the distribution of 7, under y,, is not contiguous to its
distribution under y = 0). If c,(1 —a) < coo(l —a), where ¢ (1 — a) denotes
the 1 — a quantile of J, the subsampling test over-rejects asymptotically under
{yn:n>1}.

As stated above, we are interested in the asymptotic size of a test because it
can be used to approximate the exact size of the test. In this paper, we show
that sequences of the two types discussed above determine the asymptotic size
of the subsampling test. Specifically, the asymptotic size equals the maximum of
1 — Ju(cg(1 —a)) over those pairs (g,h) € (RU {00})? such that g = 0if & < o0
and g € RU{oo} if h = o0.

In many models, the test statistic 7,, depends on more than just a scalar nuisance
parameter y . For example, in some cases 7,, depends on two nuisance parameters
(71, y2) and its asymptotic distribution is discontinuous in y{, depends on y;, but
is not discontinuous in y;. In such cases, the asymptotic distribution of 7,, depends
on a localization parameter /1 analogous to & above and the fixed value of y,. The
asymptotic behavior of subsampling tests in this case is as described above with
h1 in place of h except that the conditions for the asymptotic size to be a or less
must hold for each value of y,. The results given below allow for cases of this
type, including cases where y; and y, are vectors. The results given below also
allow for the common case where a third nuisance parameter y3 appears and has
the property that it does not affect the asymptotic distribution of 7;,. For example,
y3 may be an infinite-dimensional parameter such as the distribution of an error
term that is normalized to have mean zero and variance one.

The paper gives asymptotic results for subsampling tests with subsample size b.
Such results also apply to m out of n bootstrap tests with bootstrap size m = b
when the observations are i.i.d. and 52/n — 0. (This holds because the difference
between sampling with and without replacement goes to zero as n — oo in this
case, see PRW, p. 48.) In consequence, in the remainder of the paper, we focus on
subsampling procedures only.

The results of the paper are shown below, in Andrews and Guggenberger (2005,
2009a, 2009b, 2009c¢), and in Guggenberger (2007, 2009) to apply to a wide va-
riety of examples. In these examples, the asymptotic sizes of subsampling tests
and CIs are found to vary widely depending on the particular model and statistic
considered and on the type of inference considered, e.g., upper or lower one-sided
or symmetric or equal-tailed two-sided tests or ClIs.

In this paper, the general results are used to show the following. (i) In a model
with a nuisance parameter near a boundary, lower one-sided, upper one-sided,
symmetric two-sided, and equal-tailed two-sided subsampling tests with nomi-
nal level .05 have asymptotic sizes of (approximately) .50, .50, .10, and .525,
respectively. (ii) In an instrumental variables (IVs) regression model with po-
tentially weak IVs, all nominal level 1 — a one-sided and two-sided subsam-
pling tests concerning the coefficient on an exogenous variable and based on the



430 DONALD W.K. ANDREWS AND PATRIK GUGGENBERGER

two-stage least squares (2SLS) estimator have asymptotic size equal to one (for
both partially- and fully-studentized test statistics).

Results established elsewhere using the approach of this paper are as follows:
(iii) In an autoregressive model with an intercept and an autoregressive root that
may be near unity, as considered in Romano and Wolf (2001), equal-tailed and
symmetric two-sided subsampling CIs of nominal level .95 based on least squares
estimators are found to have asymptotic sizes of (approximately) .60 and .95,
respectively, see Andrews and Guggenberger (2009a). When conditional hetero-
skedasticity is present, the same asymptotic sizes are obtained for subsampling
procedures based on generalized least squares estimators and heteroskedasticity-
consistent standard error estimators. (iv) In models where (partially-identified)
parameters are restricted by moment inequalities, subsampling tests and CIs
based on suitable test statistics have correct asymptotic size, see Andrews and
Guggenberger (2009b). (v) A subsampling CI of nominal level 1 — o based on a
post-consistent-model-selection estimator (such as one based on BIC), a shrink-
age estimator, or a super-efficient estimator is found to have asymptotic size of
zero, see Andrews and Guggenberger (2009¢).

The results of the paper also are shown in Andrews and Guggenberger (2005,
2009a) to apply to inference for (vi) post-conservative model-selection procedures
(such as those based on AIC), (vii) models with lack of identification at some
point(s) in the parameter space, such as models with weak instruments where the
focus is on tests concerning the coefficient of an endogenous variable, and (viii)
parameters of interest that may be near a boundary. In all of the examples listed
above except (iv), some types of subsampling procedures (such as equal-tailed
ones) do not have asymptotic size equal to their nominal level, although other
types sometimes do. The results of the paper can be applied with some modifi-
cations to inference in linear instrumental variables models when the instruments
are locally nonexogenous; see Guggenberger (2009).

The results of the paper also can be applied to inference for (ix) predictive
regression models with nearly-integrated regressors, (x) threshold autoregressive
models, (xi) tests of stochastic dominance, (xii) nondifferentiable functions of
parameters, (xiii) differentiable functions of parameters that have zero first-order
derivatives, and (xiv) tests for a breakpoint with small magnitude.

The testing results of the paper extend to CIs with some adjustments, see
Andrews and Guggenberger (2009b). Adjustments are needed because a CI for
6 requires uniformity over the nuisance parameters and the parameter of interest
6, whereas a test concerning 6 only requires uniformity over the nuisance param-
eters (because 6 is fixed by the null hypothesis).

Problems arising from lack of uniformity in asymptotics have long been rec-
ognized in the statistical literature. For example, see LeCam (1953), Bahadur
and Savage (1956), Rao (1963, 1973), Hajek (1971), Pfanzagl (1973), and Sen
(1979). More recent references include Loh (1985), Gleser and Hwang (1987),
Sen and Saleh (1987), Stock (1991), Cavanagh, Elliot, and Stock (1995), Hall and
Jing (1995), Kabaila (1995), Dufour (1997), Staiger and Stock (1997), Potscher
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(2002), Anatolyev (2004), Imbens and Manski (2004), and Leeb and Pé&tscher
(2005, 2006). For the bootstrap, different types of uniformity are discussed in,
e.g., Bickel and Freedman (1981), Beran (1984), Romano (1989), Giné and Zinn
(1990), and Sheehy and Wellner (1992).

In the specific context of subsampling and the m out of n bootstrap, however,
the only other papers in the literature that we are aware of that raise the issue
of uniformity in the sense discussed in this paper are as follows: (i) Diimbgen
(1993) shows that under drifting sequences of true parameters the asymptotic
distribution of the m out of n bootstrap estimator of the distribution of a non-
differentiable function of a statistic need not equal the asymptotic distribution of
the nondifferentiable function of the full-sample statistic. The latter property in-
dicates that caution is warranted. However, this property does not imply that an
m out of n bootstrap test or CI necessarily has incorrect asymptotic size. Exam-
ples where it holds, but subsampling and m out of n bootstrap tests and CIs have
correct asymptotic size, include symmetric two-sided Cls in an autoregressive
model with a possible unit root, see Andrews and Guggenberger (2009a), and
tests and CIs in the moment inequality model, see Andrews and Guggenberger
(2009b).

(i1) Beran (1997, p.15) notes that the pointwise m out of n bootstrap conver-
gence typically is not locally uniform at parameter points that are not locally
asymptotically equivariant, but does not discuss the consequences. In particular,
results in Beran (1997) do not show that an m out of n bootstrap or subsampling
test or CI has incorrect asymptotic size.

(iii) Andrews (2000, p.403) notes that subsampling is not consistent for the
distribution of an estimator when the true parameter converges to a boundary at
rate 1/n'/2,

(iv) Samworth (2003) shows by simulation that the m out of n bootstrap can
perform poorly when estimating the distribution of Hodges estimator, but does
not provide any asymptotic results.

(v) Romano and Shaikh (2005, 2008) provide high-level sufficient conditions
for uniform validity of subsampling, but do not discuss invalidity in any contexts.
Their conditions have been verified in the context of inference based on moment
inequalities for a simple test statistic that is not scale equivariant, but to the best
of our knowledge have not been verified in any other models.

(vi) Mikusheva (2007) presents a counterexample to the uniform asymptotic
validity of an equal-tailed subsampling CI in the context of an autoregressive
model.

Romano and Shaikh (2005, 2008) and Mikusheva (2007) were written inde-
pendently of and at about the same time as the present paper. As far as we are
aware, the first explicit counterexample to the uniform asymptotic validity of a
subsampling or m out of n bootstrap test or CI was given by the present authors
for a boundary example in early work on this paper in November 2004.

The remainder of the paper is organized as follows. Section 2 describes the ba-
sic testing setup. Sections 3 and 4 specify the general assumptions and asymptotic
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results of the paper for one-sided and symmetric two-sided tests. Section 5 ex-
tends the results to equal-tailed two-sided tests. Section 6 discusses two examples
of the general results. Section 7 gives sufficient conditions for a technical assump-
tion used in the paper. Section 8 provides proofs.

2. TESTING SETUP

We now describe the general testing setup. We are interested in tests concerning
a parameter € R in the presence of a nuisance parameter y € I', where T
is specified below. The null hypothesis is Hy : 8 = 6y for some 6y € R?. The
alternative hypothesis may be one-sided or multi-sided. Let 7},(6p) denote a real-
valued test statistic for testing Hy based on a sample of size n. The leading case
is when T},(6p) is a ¢ statistic, but the results cover other test statistics. The focus
of this paper is on the behavior of tests when the asymptotic null distribution of
T,,(6p) depends on the nuisance parameter y and is discontinuous at some value(s)
of y.

A test rejects the null hypothesis when T, (6y) exceeds some critical value. We
consider two types of critical values for use with the test statistic 7, (6p). The first
is a fixed critical value (FCV) and is denoted cr;x (1 —a), where a € (0, 1) is the
nominal size of the FCV test. The FCV test rejects Hy when T, (6) > cFix(1—a).
A common choice when T7;,(6p) has the same asymptotic distribution for all fixed
y that are not points of discontinuity is cpjx (1 —a) = coo (1 — @), Where coo (1 — 1)
denotes the 1 — a quantile of J, and J is the asymptotic null distribution of
T,,(6p) when y is fixed and is not a point of discontinuity.

The second type of critical value that we consider is a subsampling critical
value. Let b denote the subsample size, which depends on n. The number of dif-
ferent subsamples of size b is g,. With i.i.d. observations, there are g, = n!/
((n — b)!b) different subsamples of size b. With time series observations, there
are g, = n — b+ 1 subsamples, each consisting of b consecutive observations. The
subsample statistics that are used to construct the subsampling critical value are
denoted by {1y, p,;: j=1,...,qs}.

Let {T,5,j(6o) : j =1,...,q,} be subsample statistics that are defined exactly
as T,,(0p) is defined, but are based on subsamples of size b rather than the full
sample. The empirical distribution of {T}, 5 ;(60) : j =1,...,qn} is

qn
Unp () =g, Y, 1T p,;(00) < x). 5)

j=l1

In most cases, the subsample statistics {Tn,;,,j :j=1,...,q,} are defined to
satisfy one or other of the following assumptions.

Assumption Subl. ?n,b, i =Tup, j(@l) for all j <g,, where §n is an estimator
of 6.

~

Assumption Sub2. T, , =T, ; ;(6) for all j < g,.
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The estimator 8, in Assumption Subl usually is chosen to be an estimator that
is consistent under both the null and alternative hypotheses.

Let L, 5(x) and ¢, 5 (1 —a) denote the empirical distribution function and 1 —a
sample quantile, respectively, of the subsample statistics {/T\,,,h, jri=1,.,q.}.
By definition,

ql‘l ~
Lyp(x)= qn_1 Z 1(T,p,j <x) for xeR and
j=1

cnp(l—a)=inf{x e R: L, p(x) > 1—a}. 6)
The subsampling test rejects Hp : 0 = 6 if

T, (00) > cu (1 —a). ™
The exact and asymptotic sizes of FCV and subsampling tests are

ExSz,(6o) = sup Pgy,, (T,(6) > c1—,) and
yell

AsySz(6p) = limsup Ex Sz, (0p), 8)
n— 00
where ¢1_q =cFix(1 —a) or cj—4 = ¢, (1 —a) and Py, (-) denotes probability
when the true parameters are (@, y ). Uniformity over y € I', which is built into
the definition of AsySz(6p), is necessary for the asymptotic size to give a good
approximation to the finite-sample size. Obviously, the specification of the pa-
rameter space [ plays a key role in the exact size of a test. We are interested here
in problems in which the elements of I" at which discontinuities of the asymptotic
distribution of the test statistic occur are parameter values that are empirically
relevant. In addition to asymptotic size, we also are interested in the minimum re-
jection probability of the test and its limit: Min RP, (6p) = inf, 1 Py, (T, (60) >
Cl1—q) and AsyMin RP(6y) = lirgioréf Min RP,(6p). If o —AsyMin RP(6p) > 0, then
the test is not asymptotically similar in a uniform sense and, hence, may sacrifice
power.
We now introduce a running example that is used for illustrative purposes.

Example 1

We consider a testing problem where a nuisance parameter may be near a bound-
ary of the parameter space under the null hypothesis. Suppose {X; € R? :i < n}
are i.i.d. with distribution F'. Then

X; 0 o2 0102
X,‘ = a . EFXi = 5 and Varp(Xi) = ! 12 p . (9)
Xi2 M 0102p 0

The null hypothesis is Hyp : @ = 0, i.e., 8y = 0. (The results below are invariant
to the choice of §y.) The parameter space for the nuisance parameter u is [0, 00).
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We consider lower and upper one-sided tests and symmetric and equal-tailed two-
sided tests of nominal level a. Each test is based on a studentized test statistic
T, (60), where T,(6) = T;} (6), —T;} (6o), or |T;; (60)], and T;} (6) = n'/2(0, —
00) /G )

The estimators (6, 5,,1) of (8, 01) are defined as follows. Let 6,1, 6,2, and p,
denote any consistent estimators of o1, o3, and p. We suppose that g, is scale
equivariant, i.e., the distribut/i\on of 6,1 /01 does not depend on o7, as is true of
most estimators of o. Let (6, ii,,) be the Gaussian quasi-maximum likelihood
(ML) estimator of (6, ) under the restriction that # > 0 and under the assumption
that the standard deviations and correlation of X;| and X;, equal 6,1, 0,2, and py,.
This allows for the case where (5,,, Ln,0Onl,0n2, Pn) is the Gaussian quasi-ML
estimator of (0, u, o1, 02, p) under the restriction x > 0. Alternatively, 6,1, 5,2,
and p, could be the sample standard deviations and correlation of X;{ and X;;.
A Kuhn-Tucker maximization shows that

Oy = X1 — (Pnn1) min(0, X,2/G,2),  where
Ynj =n! Z?:l Xij for j=1,2. 10)

The FCVs employed in this example are the usual standard normal critical val-
ues that ignore the fact that x may be on or near the boundary. They are z;_,,
Z1-a» and z1_q/2, respectively, for the upper, lower, and symmetric versions of
the test. The subsampling critical values are given by ¢, (1 —a) obtained from
the subsample statistics {7}, j(é\n) : J < qn} that satisfy Assumption Subl. (The
same results as given below hold under Assumption Sub2.)

3. ASSUMPTIONS
3.1. Parameter Space

The model is indexed by a parameter y that has up to three components: y =
(71,72, 73). The points of discontinuity of the asymptotic distribution of the test
statistic of interest are determined by the first component, y; € R”. We assume
that the discontinuities occur when one or more elements of y; equal zero. The
parameter space for y; is ' C R”. The second component of y, y» (€ R?), also
affects the limit distribution of the test statistic, but does not affect the distance
of the parameter y to the point of discontinuity. The parameter space for y; is
I' ¢ RY. The third component of y, y3, does not affect the limit distribution of
the test statistic. It is assumed to be an element of an arbitrary space 73. Infinite
dimensional y3 parameters, such as error distributions, arise frequently in exam-
ples. Due to the central limit theorem (CLT), the asymptotic distribution of a
test statistic often does not depend on the specific error distribution—only on
whether it has certain moments finite and uniformly bounded (and for nonstu-
dentized statistics on its scale). The parameter space for y3 is I'3(y1, y2) (C T3),
which may depend on y; and y».
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The parameter space for y is

I'={(y1,y2,73) 1 y1 €1, y2 €, y3 € 3(y1, y2)} aan

Let | denote the left endpoint of an interval that may be open or closed at the
left end. Define | analogously for the right endpoint.

Assumption A. (i) T satisfies (11) and (ii)) I'1 = Hr’;:l I't,m, where I'y ,, =
Lyfm,yf‘mj for some —oo < yfm <7, < oo that satisfy yfm <0<y, for
m=1,...,p.

Assumption A(ii) is satisfied in many examples, including all of those con-
sidered in Andrews and Guggenberger (2005, 2009a, 2009b, 2009¢) except the
moment inequality model when restrictions arise such that one inequality cannot
hold as an equality if another inequality holds as an equality. The results in An-
drews and Guggenberger (2009b) do not require Assumption A(ii). Neither do
the results in Romano and Shaikh (2008) (but the latter do not cover any cases in
which subsampling does not have correct asymptotic size).

In the “continuous limit” case, in which no discontinuity of the asymptotic
distribution of the test statistic occurs, no parameter y; appears and p = 0.

Example 1 (cont.)

In this example, the vector of nuisance parameters y = (y1, y2, y3) is defined by
y1 = u/o2, y2 =p, and y3 = (01, 02, F). In Assumption A, set I'| = R, where
Ry ={xeR:x>0},,=[-1,1], and

[3(y1,72) = (61,02, F) : 61 € (0,00), 02 € (0,00), Er[|X;|I*T0 < M,
ErX; = (0, 1), Varp(X;1) = o, Varp(Xi2) = 02,

Corrp(Xi1, Xi2) = 72, & y1 = u/02} 12)

for some M < oo and J > 0. Given these definitions, Assumption A holds. The
condition Ef|| X;| |2+‘5 < M in I'3(y1, y2) ensures that the Liapunov CLT applies
in (15)-(17) below. In T'3(y1, 2), EF X;1 = 0 because the results given are under
the null hypothesis.

The null distribution of T, () is invariant to 012 because 0,1 is scale equiv-
ariant. Hence, for simplicity and without loss of generality, when analyzing the
asymptotic properties of the tests in this example, we assume that 012 =1 for all
n and I'3(yy, y2) is restricted correspondingly.

3.2. Convergence Assumptions

In this section, the true value of € is the null value 6y and all limits are as
n — oo. For a sequence of constants {x, : n > 1}, let k;, = [k1,00,k2,00] denote
that xj o < liminf, 500k, < limsup, .,k < k200. For an arbitrary
distribution G, let G(-) denote the distribution function (df) of G, let G(x—)
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denote the limit from the left of G(-) at x, and let C(G) denote the set of con-
tinuity points of G(-). Define the 1 — a quantile, g(1 — «), of a distribution G
by ¢(1 —a) =inf{x € R: G(x) > 1 —a}. The distribution J, considered be-
low is the distribution of a proper random variable that is finite with probabil-
ityone. Let Ry ={x e R:x >0}, R ={xe R:x <0}, Ry o =Ry Ufoo},
R_ oo = R_U{—00}, Reoc = RU{=£o00}, RY = Ry x ... x Ry (with p copies),
and R%, = Roo X ... X Roo (With p copies).

Let » > 0 denote a rate of convergence index such that when the true parameter
y1 satisfies n”"y; — hjp, then the test statistic 7,,(6p) has an asymptotic distribu-
tion that depends on the localization parameter /| (see Assumption B below). The
constant 7 is the smallest constant such that sequences of parameters y; of order
O(1/n") yield distributions of the observations that are contiguous to the distri-
butions at y; = 0,, which is the discontinuity point of the asymptotic distribution
of T,,(6p). In most examples, r = 1/2, but in the unit root example considered in
Andrews and Guggenberger (2009a), r = 1.

We now define the index set for the different asymptotic null distributions of
the test statistic 7, (dp) of interest. Let

H={h=(hi,h2) € REX" :3{yn = (yn,1, Y02, yn3) €T in > 1)

suchthat n"y,1—> h1 and y,2— ha}. 13)
For notational simplicity, we write i = (h1, h2), rather than (h/, h})’, even though
h is a p + g column vector. Under Assumption A, it follows that

, [Reoo 7, =0

H=H xHy, H = [[{R-c ify}, =0 Hy = cl(T),

m=1

Roo if y]‘im <Oandy, >0,
(14)

where cl(I';) is the closure of I'; with respect to R, For example, if p =1,
y{;=0,and Ty = R?, then H; = Ry oo, Hy = R%, and H = Ry o x RL.

DEFINITION OF {y, ;:n > 1}. Givenr > 0and h = (h1,h2) € H, let {y, =
Pnohi1s Yrah2> Ynn3) - > 1} denote a sequence of parameters in I for which
n"ynn,1 — hyand yup2 — ha.

For a given model, we assume there is a single fixed » > 0. The sequence {y,  :
n > 1} is defined such that under {y, , : n > 1}, the asymptotic distribution of
T,,(6p) depends on A and only A.

Assumption B. For some r > 0, all & € H, all sequences {y, ; : n > 1}, and
some distributions Jj,, T,(6p) =4 Jy under {y, , :n > 1}.

Assumption B holds in a wide variety of examples of interest, see below and
Andrews and Guggenberger (2005, 2009a, 2009b). For a fixed value of &, if y, j
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does not depend on n, Assumption B is a standard assumption in the subsampling
literature. For example, it is imposed in the basic theorem in PRW, Theorem 2.2.1,
p. 43, for subsampling with i.i.d. observations and in Theorem 3.2.1, p. 70, for
stationary strong mixing observations. When y, , does depend on 7, the result
T,(60) — 4 Jn of Assumption B usually can be verified using the same sort of
argument as when it does not. In the “continuous limit” case (where Assumption
B holds with p = 0 and H = H;), the asymptotic distribution J; may depend on
h but is continuous in the sense that one obtains the same asymptotic distribution
for any sequence {y,  : n > 1} for which y, ; » converges to 1, € Hj.

Example 1 (cont.)

In this example, r = 1/2 and H = Ry o x [—1,1] because I') = Ry and I'; =
[—1,1]. We now verify Assumption B. For more complicated boundary exam-
ples, results in Andrews (1999, 2001) can be used to verify Assumption B. The
following results are all under the null hypothesis, so the true parameter 6 equals
zero. For any h = (hy, hy) € H with h; < oo and any sequence {y, , :n > 1} of
true parameters, consistency of (6,1, 6,2, p) and the CLT imply that

nl/zynl/a-\nl 0
1/2% e —d + tha (15)

n/“Xu/on hy
where Zp, = (Zny.1, Zn,2) ~ N(0, Vi,) and Vj, is a 2 x 2 matrix with diago-
nal elements 1 and off-diagonal elements /;. (For this and the results below, we
assume that o,,1, 0,2, and p, are consistent in the sense that 6,;/0; ,.n —>p 1
for j = 1,2 and p, — pu,n —p O under {y, 1 = (Un,n /020,05 P> (O k> T2 15
Fyp)) - n > 1}, where o}, 5 denotes ¢; for j = 1,2 and p,,, denotes p when

Y ="Vnh.)
By the continuous mapping theorem, we obtain

T (00) =n"%0, /G, =n"* X1 /51 — pumin(0,n'*X,2/5,2) >a I (16)
under {y, 1}, where J;' is the distribution of
Zny,1 —homin(0, Zp, 2 + h1). 17

Note that J;; is stochastically increasing (decreasing) in A1 for hy < 0 (h2 > 0).
Likewise, —J}' is stochastically decreasing (increasing) in iy for iy <0 (h2 > 0).
(If Y ~ J;;, then by definition, =Y ~ —J; and |Y| ~ | J;|.)

For h € H with h; = oo, we have 5,, = X, with probability that goes to one
(wp— 1) under {y, ;} because nl/ZYnz/gﬂ — p oo under {y, 5}. (The latter holds
because nl/zyn,h,l = nl/z,un,h/gln,h — 00, nl/z(YHZ _EYn2)/6:n2 = Op(l) by
the CLT and Gy2/042 —>p 1, and n'/2EX,2/G,0 = n'/? 11, /G2 — ) 00.) There-
fore, under {y,,,} with i} = oo, we have

T, (00) >4 J5,, where J3 isthe N(0, 1) distribution. (18)

Note that J;' and J3, do not depend on y3 = (01, 02, F).
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For T,(60) = T,; (6p), =T, (60), and |T,*(6p)|, we have T,(6p) =4 J, under
{yn.n}, where J, = J;y, —J;;, and |J;7|, respectively. Hence, Assumption B holds
for upper, lower, and symmetric tests.

3.3. Subsampling Assumptions

For subsampling tests, we require the following additional assumptions.
Assumption C. (i) b - oo and (ii) b/n — 0.

Assumption D. (i) {T,, 5,;(60) : j =1, ..., g} are identically distributed under
any y € I' for all n > 1 and (ii) 7,5, ;(0) and T, () have the same distribution
under any y € I' foralln > 1.

Assumption E. For all sequences {y, € I : n > 1}, U, p(x) — Eg,., Un,p(x)
—p Ounder {y, :n > 1} forall x € R.

Assumption F. For all ¢ > 0 and & € H, Jp(chy(1 —a)+¢€) > 1 —a, where
cp(1 —a) is the 1 — a quantile of Jj,.

Assumption G. For all & = (h1,h3) € H and all sequences {y, , : n > 1} for
which b"y,, 4.1 — g1 for some g1 € R, if Uy p(x) =, Jo(x) under {y,  :n > 1}
for all x € C(J) for g = (g1,h2) € R%™, then Ly, 4(x) — Uy p(x) =, 0 under
{ynn:n > 1} forallx € C(Jy).

Assumptions C and D are standard assumptions in the subsampling literature
(e.g., see PRW, Thm. 2.2.1, p. 43) and are not restrictive. Assumption D nec-
essarily holds when the observations are i.i.d. or stationary and the subsamples
are constructed in the usual way. It also holds in some cases with nonstationary
observations, such as in the unit root example, see Andrews and Guggenberger
(2009a).

Assumption E holds quite generally. For i.i.d.observations, the condition in As-
sumption E when y, does not depend on n is verified in PRW, p. 44, using a
U-statistic inequality of Hoeffding. It also holds for any triangular array of row-
wise i.i.d. [0,1]-valued random variables by the same argument. Hence, Assump-
tion E holds automatically when the observations are i.i.d. for each fixed
y el.

For stationary strong mixing observations, the condition in Assumption E when
yn does not depend on n is verified in PRW, pp. 71-72, by establishing L? con-
vergence using a strong mixing covariance bound. It holds for any sequence
{yn € I : n > 1} and, hence, Assumption E holds, by the same argument as in
PRW, provided the observations are stationary and strong mixing for each y € I’
and sup,, . ay (m) — 0as m — oo, where {a, (m) : m > 1} are the strong mixing
numbers of the observations when the true parameters are (6, y ).
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Assumption F is not restrictive. It holds in all of the examples that we have
considered. Assumption G holds automatically when {7,  ;} satisfy Assumption
Sub2. In Section 7, we give sufficient conditions for Assumption G when Assump-
tion Subl holds.

Example 1 (cont.)

We now verify Assumptions C—F for this example. Assumption G is verified in
Section 7 below. We assume b is chosen such that Assumption C holds. Assump-
tion D holds by the i.i.d. assumption. Assumption E holds by the general argument
given above for i.i.d. observations. For a < 1/2, Assumption F holds for J; = J
(defined above in (17)—(18)) because for sy # —1, J;'(x) is strictly increasing
for positive x and J;(0) = 1/2. For hp = —1, J;(x) is strictly increasing for
x < hy and Jj(x) =1 for x > hy. Assumption F holds by analogous reasoning
for J, = —Jj;. Finally, it holds for J;, = |J;| because |J; (x)] is strictly increasing
in x for all hy € [—1, 1] (where for |h2| =1, |J; (x)| has a jump at x = h; of
height Pr(Z > h,) for Z ~ N (0, 1)).

4. ASYMPTOTIC RESULTS

Theorem 1 below shows that the asymptotic size of a subsampling test is de-
termined by the asymptotic distributions of the full-sample statistic 7,(6p) and
the subsample statistic 7, 5, j (6p) under sequences {y,; : n > 1}. By Assump-
tion B, the asymptotic distribution of 7;,(6y) is Jj,. The asymptotic distribution of
Ty, j(00) under {y, j : n > 1} is shown to be J, for some g € H. Given h € H,
under {y,,, :n > 1} not all g € H are possible indices for the asymptotic distribu-
tion of 7, j (6p). The set of all possible pairs of localization parameters (g, /) is
denoted GH and is defined by

GH={(g,h)e Hx H:g=(g1,82), h = (h1,h2), g = h>, and for
m=1,....,p, @) gim =0if |h1m| <00, (i) g1,m € R4 00 if h1,m
= 400, and (iii) g1m € R— 00 if h1m = —00}, (19)

where g1 = (g1,1,...,81,p) € Hi and hy = (h1,1,...,h1,,)" € H. Note that for
(g,h) € GH, we have |g1 m| < |h1n| for all m =1,..., p. In the “continuous
limit” case (where there is no y; component of y), GH simplifies considerably:
GH = {(g2,h2) € Hy x Hy : g0 = hy}.

The set GH is a crucial ingredient to the asymptotic size of a subsampling
test. We now give a simple explanation of its form. Consider the case in which
no parameters y;, y3, and Ay appear (where y = (y1, y2,y3) and h = (hy, hy)),
p=1,andy =y1 >0.Then, H =R cand GH={(g,h) e Hx H : (i) g =0if
h < oo & (ii) g € [0, o] if h = 0o}. The asymptotic distribution of 7j,(6p) under
the combinations of sample sizes and true values given by {(n, y,,5) 1 n > 1} is
Jn when n”y, , = h by Assumption B. The question is “What is the asymptotic
distribution of T}, 5 ; (6o) under {y,  : n > 1}7”
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Because T, 5, j (o) has the same distribution as T} (6p) for all j by Assump-
tion D, it suffices to determine the asymptotic distribution of 7} (6p) under {y, 5 :
n > 1}. By a subsequence argument, the asymptotic distribution of 73 (6y) under
the combinations of sample sizes and true values given by {(b, y,,5) : n > 1} is J,
when 0"y, , — g by Assumption B. If n"y, , = h < oo, thend"y,, > g=0
because b/n — 0 by Assumption C. Hence, if 7 < oo, then g = 0, which is the
first condition in GH (defined in the previous paragraph). On the other hand, for
any g € [0, 0o], there exists a sequence {y, ; : n > 1} such that n” y, , = 0o and
b"yu.n — g. This explains the second condition in GH.

We return now to the general case. Consistent with the heuristics above, Theo-
rem 1 below shows that for a subsampling test AsySz(6p) € [Maxsup(a),
Maxg,, (a)], where

Maxsup(a) = sup [1—Jp(cg(1—a))] and
(g,h)eGH

Maxg, (@) = sup [1—Jp(cg(1—a)—)]. (20)
(g,h)eGH

Define Ming,(a) and Ming,, (o) analogously with “inf” in place of “sup.” In
the “continuous limit” case, Maxs,, (o) simplifies to sup,cy[1 — Jn(cp(1 —a))l,
which is less than or equal to a by the definition of ¢, (1 —a).

Analogously, for FCV tests, define

Maxpiy(a) =sup[l — Jy(cFix(1—a))] and
heH

Maxpi (@) = sup[1 = Jj (crix(1=a)=—)]. 1)

Define Minp;,(a) and Minp,; (o) analogously with “inf” in place of “sup.”

THEOREM 1.
(i) Suppose Assumptions A and B hold. Then, an FCV test satisfies

AsySz(6o) elMaxFix(a), Maxy,;, (a)] and
AsyMinR P (6y) €[MinF;(a), Ming,; (a)].
(ii) Suppose Assumptions A—G hold. Then, a subsampling test satisfies
AsySz(0p) e[Maxs,p(a), Maxg,, ()] and
AsyMinR P (6) €[Mingyp(a), Ming,,(a)].
Comments

1. If Jp(x) is continuous at the appropriate value(s) of x (which holds in almost
all examples), then Maxr;, (o) = Maxy,; (o) and Maxg,,(a) = Maxg,,(a).
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In this case, Theorem 1 gives the precise value of AsySz(6p) and analo-
gously for AsyMinRP(6y).

. A key question concerning nominal level a FCV and subsampling tests is
whether AsySz(6p) < a. For an FCV test with Maxp;,(a) = Maxg;, (o),
Theorem 1(i) shows that this holds if and only if (iff) cpix(1 —a) is
greater than or equal to the 1 —a quantile of Jy, cp(1 —a), for all
heH.

. For a subsampling test with Maxy, , (a) = Maxs,,(a), Theorem 1(ii) shows
that AsySz(6o) < a iff c,(1 —a) > ¢;,(1 —a) for all (g, h) € GH. In conse-
quence, a graph of ¢;(1 —a) as a function of & is very informative about
the asymptotic size of a subsampling test. Figure 1 provides four examples
of shapes of ¢;(1 —a) as a function of 4 in the special case where h =
h1 € Ry . InFigure 1(a), ¢4 (1 — a) is decreasing in /. Hence, cg(l —a) >
cn(l1 —a) forall (g, h) € GH (since g < h) and AsySz(6p) < a. A decreasing
quantile graph occurs in (i) the nuisance parameter near a boundary exam-
ple for one-sided tests for one sign of a correlation parameter (but not the
other sign), see Section 6.1; (ii) the weak instruments regression example
for tests concerning the coefficient on an endogenous variable for one-sided
tests for one sign of a correlation and for symmetric two-sided tests for all
values of a correlation not close to zero, see Andrews and Guggenberger
(2005); (iii) the moment inequality example, see Andrews and Guggenberger
(2009b), and (iv) the autoregressive example for lower one-sided and sym-
metric two-sided tests, see Andrews and Guggenberger (2009a). (In all of
these examples except the autoregressive example, a parameter s, appears,
which corresponds to a correlation parameter, and the graphs described are
actually for /1 for a given value of /,.)

In contrast, in Figures 1(b), 1(c), and 1(d), there are pairs (g, h) € GH for
which ¢g (1 —a) < ¢, (1 —a) for g < h and, hence, AsySz(6p) > a. Figure
1(c) illustrates a case in which subsampling does not lead to over-rejection
for alternatives that typically are contiguous to & =0, i.e., those with 1 < oo,
but leads to over-rejection for alternatives that typically are not contiguous,
ie., h =o00.

An increasing quantile graph, as in Figure 1(b), occurs in (i) the nui-
sance parameter near a boundary example for one-sided tests for the other
sign of the correlation parameter than in the case described above; (ii) the
weak instruments regression example referred to above for one-sided tests
for the other sign of the correlation; and (iii) the autoregressive example for
upper one-sided tests. The bowl shape of Figure 1(c) occurs in the weak
instruments regression example referred to above for symmetric two-sided
tests for values of the correlation very close to zero. The hump shape of Fig-
ure 1(d) occurs in the post-conservative model selection example with the
height of the hump depending on a correlation parameter, see Andrews and
Guggenberger (2009a).
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FIGURE 1. 1 — a quantile of Jj, ¢; (1 —a), as a function of A.

4. The same argument as used to prove Theorem 1 shows that, for FCV and
subsampling tests, ExSz, (60) = [Maxrype (o), Max}ype (a)] for Type = Fix
and Sub, respectively. Hence, when Maxr,,.(a) = Max;ype(a), we have
lim,,— o0 ExSz,, (60) = Maxrype (o) for Type = Fix and Sub.
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5. Andrews and Guggenberger (2009a) utilizes the results of Theorem 1 to in-
troduce and analyze various new procedures including (i) hybrid subsam-
pling/FCV, (ii) size-corrected FCV, (iii) size-corrected subsampling, and (iv)
size-corrected hybrid tests and CIs (and analogous m out of n bootstrap pro-
cedures). These procedures extend the applicability of subsampling, m out
of n bootstrap, and FCV methods to a wide variety of models whose asymp-
totic distributions are discontinuous in some parameter.

5. EQUAL-TAILED £+TESTS

This section considers equal-tailed two-sided z-tests. It is of interest to see how
the asymptotic size properties of equal-tailed tests compare to those of symmetric
tests. In short, it turns out that in many examples, equal-tailed subsampling tests
perform worse.

Suppose T, (0y) is a ¢t statistic. A nominal level a.(e (0, 1/2)) equal-tailed ¢-test
of Hy : 8 = 6y versus H; : 0 # 6 rejects Hy when

T,(00) > c1—a2  or  Ty(00) < cqy2, (22)

where ¢j—q = cFix(1 —a) for FCV tests and c1—, = ¢;,5(1 — a) for subsampling
tests.
The exact size, ExSz, (6p), of the equal-tailed 7-test is

ExSz,(6p) = sulg (Pﬁo,y (T, (6o) > Cl—a/2) + P(io,y (T (0h) < Ca/Z)) . (23)
y€E
The asymptotic size of the test is AsySz(6p) = limsup,,_, . ExSz,(6p). For

brevity, we only state results for the AsySz(6p) of subsampling tests. Results for
AsyMinR P (6p) and FCV tests are analogous. Define

Max%_T,Sub(a)z sup [1—Jn(cg(1 —a/2))+ Jp(cg(a/2)—)] and

(g.h)eGH

Maxgy sp(@) = sup [1=Ju(cg(1=a/2)=)+ Ji(cge/D)] (24)
(g,h)eGH

Here “r —” denotes that the limit from the left “—" appears in the right summand.

Assumption F is replaced by Assumption J.

Assumption J. For all ¢ > O and h € H, Jy(cp(7)+¢€) > 7 for 7 = a/2 and
7 =1—a/2, where c,(7) is the 7 quantile of Jj.

The proof of Theorem 1 can be adjusted straightforwardly to yield the follow-
ing result.

COROLLARY 2. Let o € (0,1/2) be given. Suppose Assumptions A-E, G,
and J hold. Then, an equal-tailed subsampling test satisfies

AsySz(00) € IMax'yy g, (@), Max'yy. g, (@)].
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Comments

1. If J,(x) is continuous at the appropriate value(s) of x, then Maer_T’ sup(@) =
Max%_T’ sup (@) = AsySz(6p).

2. By Corollary 2 and the definition of Maxi-_T’ sup(@), sufficient conditions
for a nominal level a equal-tailed subsampling test to have asymptotic level
a are: (i) cg(1 —a/2) > cp(1 —a/2) for all (g,h) € GH, (ii) cg(a/2) <
cp(a/2) for all (g,h) € GH, and (iii) supycyll — Ju(cn(1 —a/2)—) +
Jn(en(a/2))] = suppeyll — Ju(cn(1 —a/2)) + Ju(cn(a/2)—)]. Conditions
(i) and (ii) automatically hold in “continuous limit” cases. They also hold in
some “discontinuous limit” cases, but often fail in such cases. Condition (iii)
holds in most examples.

Example 1 (cont.)

In this example, the critical values (c, /2, c1—q/2) for the equal-tailed FCV and
subsampling tests are (Z4/2, Z1—a/2) and (¢, p(a/2), cy p(1 —a/2)), respectively.
Next, we verify Assumption J for this example. For |ha| < 1, J4(x) = J;(x)
is strictly increasing for all x € R. When hy =1, J5(x) = J; (x) equals zero
for x < —h; and is strictly increasing for all x > —h;. Finally, for hy = —1,
Jn(x) = Jj(x) is strictly increasing for all x < h; and equals 1 otherwise. In
consequence, Assumption J holds.

6. EXAMPLES

6.1. Test When a Nuisance Parameter May Be Near a
Boundary (cont.)

For this example, some calculations (given in Appendix A) show that for upper
and lower one-sided and symmetric two-sided tests, Maxr,, () = Maxrype ()
for Type = Fix and Sub. Hence, by Theorem 1, AsySz(6p) = Maxrtyp.(a) for these
tests. Analogously, for equal-tailed tests, calculations (given in Appendix A) show
that Maxg_T,Typ ()= Max%_T’Typ () for any a € (0, 1/2) (and the limit from the
left “—"" in both can be deleted) for Type = Fix and Sub. Hence, by Corollary 2,
AsySz(6p) = Max;;TjTyp . (a) for equal-tailed tests.

Given that J, = J; is stochastically increasing (decreasing) in A for fixed
hy <0 (hy > 0), some calculations (given in Appendix A) yield the following
simplifications for upper one-sided tests:

MaxFix(a) = sup[l = Jp(crix(1—a))]= sup (1—J@ny)(z1-a)) and
heH h2€[0,1]

Maxsyp(a) = sup [1—=Jp(cg(I=a))]= sup (1= Jx(c,ny)(l—a))),
(g,h)eGH hye[—1,0]
(25)

where J(g, 1, is the distribution of Zj, 1 —homin(0, Zy, 2), (Zn,,1, Zh,,2) is bi-
variate normal with means zero, variances one, and correlation /,, and J is the
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standard normal distribution. The results for lower one-sided tests are analogous
with > € [0, 1] and hy € [—1, 0] replaced by A € [—1,0] and &, € [0, 1], respec-
tively.

Figure 2 provides .95 quantile graphs of J;* and |J;| as functions of ; > 0
for several values of iy € [—1,1]. As discussed in Comment 3 to Theorem 1,
these graphs provide considerable qualitative information concerning the
null rejection probabilities of subsampling and FCV tests as a function of h
(= limy s 00n'? sy 1 /02.0.0) and hy (= limy,_s o0 pp.1). For example, the quan-
tile graphs for J; indicate that the upper one-sided subsampling test over-rejects
for negative values of &, for all (g1, /1) pairs with g1 < h; (because the graphs
are increasing in /1), with the greatest degree of over-rejection being quite large
and occurring for (g1,41) = (0,00) and h; close to —1. On the other hand, for
positive values of &7, the upper subsampling test underrejects (because the graph
is decreasing in h1), with the greatest degree of underrejection being relatively
small and occurring for (g1, /1) = (0, 00) and h; around .5. In sum, the quantile
graphs indicate qualitatively that the size of the upper subsampling test exceeds
.05 by a substantial amount.

Table 1 provides quantitative information concerning the size properties of the
tests in this example. It is obtained by calculating asymptotic quantities by simula-
tion. Table 1 reports AsySz(6p) as well as the maximum asymptotic null rejection
probabilities (x 100) for given &, for a range of &, values in [—1, 1] and a = .05.

2.25 2.25
2.00 2.00
175 | 175 -
150 e 150
125 125
1.00 1.00
075 075 | —he=o0 |
0.50 0.50 L— hz=.9
0.25 0.25
0.00 0.00

0.0 05 1.0 15 20 00 05 10 15

hy m

FIGURE 2. Nuisance parameter near a boundary example: .95 quantile graphs, cj, (.95), for

J and |J;| as functions of 1 for several values of 45.
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TABLE 1. Nuisance parameter near a boundary example: Maximum asymptotic
null rejecton probabilities (x100) as a function of the true correlation 4, for
nominal 5% tests

Upper 1-sided Symmetric 2-sided Equal-tailed 2-sided
hy Sub FCV Sub FCV Sub FCV
—1.00 502 5.0 10.0 5.0 52.5 5.0

-.99 428 5.0 10.0 5.0 43.1 5.0
—.95 338 5.0 10.0 5.0 32.4 5.0
—.90 276 5.0 10.0 5.0 253 5.0
—.80 202 5.0 9.5 5.0 17.4 5.0
—.60 123 5.0 7.5 5.0 10.0 5.0
—.40 83 50 6.0 5.0 6.8 5.0
-.20 62 50 52 5.0 5.4 5.0
.00 50 50 5.0 5.0 5.0 5.0
.20 50 5.6 52 5.0 5.4 5.0
40 50 58 6.0 5.0 6.8 5.0
.60 50 56 7.5 5.0 10.0 5.0
.80 50 5.1 9.5 5.0 17.4 5.0
.90 50 50 10.0 5.0 253 5.0
.95 50 50 10.0 5.0 324 5.0
.99 50 5.0 10.0 5.0 43.1 5.0
1.00 50 50 10.0 5.0 52.5 5.0
AsySz(6p) 502 5.8 10.0 5.0 52.5 5.0

(These maxima are over h € H for FCV tests and (g, #) € GH for subsampling
tests with £, fixed. For example, for upper one-sided FCV and subsampling tests,
these maxima simplify to 1 — J(o,4,)(z1-«) and 1 — Joo(c(0,1,)(1 — @), respec-
tively. For the two-sided FCV test, the maximum is supy, cjo.001ll = J(n.hy)
(z1—a,2)].) Results for lower one-sided tests are not reported in Table 1 because
they are the same as those for upper one-sided tests, but with 4, replaced by —h».
The simulations use 50,000 repetitions, and when maximization over /1 is needed
the upper bound is 12 and a grid of size 0.05 is used. The last row of Table 1 gives
the AsySz(p) of each test, which is maximum of the numbers in each column.

The results of Table 1 are summarized as follows: For upper one-sided tests,
we find large asymptotic size distortions for the subsampling tests and very small
size distortions for the FCV tests for all nominal sizes a € [.01, .2] that we con-
sider. (Only results for a = .05 are reported.) The upper one-sided subsampling
test overrejects the null when the correlation 4, is negative, does not overreject
when h; is positive, and the magnitude of overrejection increases as hy gets closer
to —1. This test has asymptotic size approximately equal to 1/2 for all nominal
sizes a € [.01, .2] that we consider.

The symmetric two-sided subsampling test also is found to be size-distorted
asymptotically, but by a much smaller amount. The Monte Carlo simulations
for a € [.01,.2] show that AsySz(6y) is approximately 2a for the symmetric
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subsampling test. Its rejection rate is invariant to the sign of 4. In contrast, the
two-sided FCV test is found to have asymptotic size equal to its nominal level,
although this test is not asymptotically similar in a uniform sense.

The equal-tailed subsampling test is found to have a large asymptotic size dis-
tortion: AsySz(6p) is approximately 1/2 4 a/2 = .525. The two-sided FCV test
has no asymptotic size distortion, but is not asymptotically similar in a uniform
sense.

6.2. Tests Concerning an Exogenous Variable in an IV Regression
Model with Possibly Weak Instruments

We consider the following IV regression model:

yi=npf+X0+u,
y2=Zn+X¢+o, (26)

where y1,y> € R" are endogenous variable vectors, X € R" is an exogenous
variable vector, Z € R"**2 for ky > 1 is a matrix of IVs, and (8,0, b,1') €
R1x1x1xk are unknown parameters. Denote by u;, v;, X;, and Z; the ith rows of
u, v, X, and Z, respectively, written as column vectors (or scalars). Let k = 1+k».

We are interested in tests concerning the parameter 6 on the exogenous variable
X in the equation for y; when the IVs Z may be weak (i.e., 7 may be close to 0).
The null hypothesis is

Hy:0=0,. 27

The alternative hypothesis may be one-sided or two-sided. Below we consider
FCYV and subsampling tests based on the two-stage least squares (2SLS) estimator.
We consider upper and lower one-sided and symmetric and equal-tailed two-sided
tests of nominal level a.

The literature on IV regression models when the IVs may be weak is now volu-
minous. For surveys, see Stock, Wright, and Yogo (2002), Dufour (2003), Hahn
and Hausman (2003), and Andrews and Stock (2007). Most of the papers in the
literature focus on tests that concern the coefficient £ on the endogenous variable
v2. For example, the subsampling results in Andrews and Guggenberger (2005)
consider this null and differ from the results given here in this respect. Kleibergen
(2008) is one paper that focuses on tests of Hy:60 = 6. It considers different
test statistics from the 2SLS-based statistics that are considered here. Given the
focus here on the 2SLS estimator, the results below are closely related to results
in Staiger and Stock (1997). In fact, part of the proofs utilizes results from Staiger
and Stock (1997).

Define

Zi=7i—EZX)EX)'X; and ¢ =4+ EX) " EX;Z)x. (28)
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The reduced-form equation for y, can be rewritten as
vi=Zw + Xip+v;. (29)

By construction, EZ; X; = 0. Note that Z; is unobserved. As explained below, for
our purposes, this does not matter.
Let Z = [X:Z], where Z = [Z,---Z,]'. For any matrix M we let Py =
M(M’'M)~'M’, and for any conformable matrix M we let M+ = M — Py M.
We define a partially-studentized test statistic 7,7 (6p) based on the 2SLS
estimator, 5,1, of 0 as follows:

0=t ) - 2 5 _ ¥aPziy
Ti00) = ===, where Oy=(X'X)"'X'Gi=yP). =
on YyPz1y2
P* /Pf
3;1 = (X/SX)_l/Z’ and S = P?— M (30)
yépfyz

Note that 7, (6) is unchanged if Z is replaced by Z in its definition because P7 =
Pix.7 and P71 = P3, . The statistic 7, (fh) is only partially studentized because

it does not employ an estimator of o, = Eul2 The standard fully-studentized test
statistic is

T)(00)/6u, where &2=n—1D)7""0f —viB) O — 3 Ba)- (1)

Standard nominal-level oo 2SLS tests based on a fixed critical value (FCV) em-
ploy the test statistic 7,,(60) /5., where T,(60) = T, (6o), — T, (0o), and |T,* (6p)|
for upper one-sided, lower one-sided, and symmetric two-sided tests, respectively.
In each case, the test rejects Hy if

T,(600)/6u > coo(1 —a), (32)

where coo(l — @) = 21—a, 21—, and z1_4/2, respectively, and z1_, denotes the
1 — a quantile of the standard normal distribution. For FCV tests, full studentiza-
tion of the test statistic is necessary for the normal critical values to be suitable
when the IVs are strong.

Next, we consider subsampling tests. Subsampling tests can be based on the
partially-studentized statistic 7, (6p) or the fully-studentized statistic 7,*(6o) /5.
We focus on 7, (6p) but provide some results for 7, (0p) /o, as well. The rationale
for using T} (6p) is that o2 is difficult to estimate when the Vs are weak and a
subsampling test does not require normalization for the scale of the error because
the subsample statistics have the same error scale as the full-sample statistic.

Let {Tn*,b, j((90) 1 j=1,...,q,} be partially-studentized subsample ¢ statistics
that are defined just as 7,7 (6p) is defined but are based on the jth subsample of
length b. That is, T,’), ;(60) = @M —60)/Gn,p,j, Where @,,h’j and G, p, ; are

analogues of 6, and G,, respectively, based on the jth subsample. Note that the
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subsample statistic 7", j (6p) is centered at 9y, rather than §n, and hence Assump-

tion Sub2 holds. This choice of centering is made because 5,, is not consistent if
the IVs are weak and ¢ is local to zero, hence, centering at 6, would yield poor
performance of the subsampling test.

The nominal level o subsampling test rejects Hy : 0 = 6 if

T, (00) > chp(1 —a), (33)

where T,,(60) = T, (6), =T, (6o), and |T,’ (6p)| and c, (1 — a) denotes the sub-
sampling critical value defined in (6). Equal-tailed two-sided subsampling tests
are defined in (22) with ¢1—4 = ¢, 5 (1 — ).

Neither the distribution of é;, — 6 nor that of 5,, depend on 6y when 6y is the true
value. Therefore, the finite-sample distribution of 7, (6p) under Hy : 6 = 6 does
not depend on 6 and the test results given below for fixed 6y hold uniformly over
6o € R. This implies that the test results apply immediately to CIs constructed by
inverting the tests.

6.2.1. Assumptions and Parameter Space. 'We assume that {(u;,v;, X;, Z;) :
i < n} are i.i.d. with distribution F. We define a vector of nuisance parameters
y = (y1, 72, 73) as follows: Let y; = (y11, 712) € R%. Define

1/2 1/2
yi=0Y77/0ll, 712 = 0Y3¢/00v, 72=p=Corrp(ui,v;), and

y3=(F,m,¢$), where 002 = EFviz, auz = Epu,-z, and
0= |9xx Cxz|_ ErZiZ,. (34)
Ozx Qzz

We choose this specification for y11, y12, and y; because the asymptotic distribu-
tion of the 7 statistic depends only on these scalar parameters, as shown below.

The parameter space for y; is I'1 = Ry x R. We specify the parameter space
for yp tobe I'; =1I'3 ,, =[—pu, pu] for some py € (0, 1]. We allow for different
bounds py because we are interested in how the asymptotic sizes of FCV and
subsampling tests vary with the upper bound py . For given (y1,y2) € I'1 x Iz,
the parameter space for y3 is

3(y1,72)
__ Oxx 0Oxz
= (F,7r,¢):Epul-zzauz,Epvizzavz,EFZiZ;=Q= R
Ozx Qzz
& Efuiv;/(0,0,) = p for some auz,avz >0,pd Qe RFXk pe[-1,1],

. 1/2 1/2
T E sz, & ¢ € R that satisfy ||QZ/Z7T/O'U|| =711 QX/ng/GU =y &
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p=72Bru;Zi =Bpv; Z; = 0; EF(M,-z,D,-Z,MiUi)Z‘Z = (02,02,040,p)0;

Imin(BrZiZ)) > €; <M,

/
Er (li/0ul ™2, loi /oo P2, uivi/(@uo) 1)

— J— — /
& ‘EF (1Ziai /P2, 1 Ziwi o P52, NZi1P+)

<M } (35)

for some constants ¢ > 0, 6 > 0, and M < oo, where pd denotes “positive
definite.” Assumption A holds in this example.

The tests introduced above are equivalent to analogous tests defined with 7, (6p),
T,y i (6o), and g, replaced by

T):*(QO) = Tn* (60)/0-149 :,Z,j(e()) = T;,j (90)/0-14’ and a'\u/o'us (36)

respectively. (They are “equivalent” in the sense that they generate the same
critical regions. The reason is that for all of the tests above 1/0, scales both
the test statistic and the critical value equally, e.g., T,)(60) > Gyucoo(l — @) iff
T,*(60) > (0u/0u)coo(1 —).) We determine the AsySz(6p) of the tests written
as in (36) because this eliminates ¢, from the asymptotic distributions that arise
and, hence, simplifies the expressions.

6.2.2. Asymptotic Distributions. Next, we verify Assumption B for the test
statistic 7,"* (6p). In this example, » = 1/2 and the parameter space H is

H = H,, = Ry oo X Roo X [—pu, pul. 37

Forh € H, let {y, » :n > 1} denote a sequence of parameters in I" with subvectors
Yn,n,j for j =1,2,3 defined by

pnn = (1Er, Zi Z)' 1,/ B, 07) 21, B, Xi X)) 2pu/ (EE,07) ),
yun2 = Corrg, (ui,0;), 'y p1 = hi, yun2— ha, and
Yn,h,3 = (Fny Tn, (;én) € r3()’n,h,la yn,h,Z)- (38)

By the central limit theorem and EZ; X; = 0, it follows that

(X/X)_l/zx/u/o'u YXu,hy
X'X)712X'v /o o Vi 0
) /1) Sy YXv,hy ~ N O, 2 for
(Z2'2)"V2Z'u/o, WZuhy 0 Vi,®I,
z'2)"'*7'v/a, YZoh,
v 1 h 39)
hy = P
Pl 1

where yxu > Yxo.hy € R, Wzuhys Wzo.1y € R*2, and hy € [—py, pul.
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If [|h1]| < o0, then the IVs are weak, see (38). From (39) and calculations in
Andrews and Guggenberger (2005), it follows that under {y,,}, we have

(yéPziu/(auau)> (fl,h) ( (Wzo.hy +11156) W Zu, )
%d = )
YyPziy2/0} En (Wzo,n, Fh1156) (Wzo,ny +h115k,)

(40)

where sy, is any vector in R*2 that lies on the unit sphere, i.e., ||sk,|| = 1. Note
that &1, = &, when A1y =0 and Ay = £1.
Using (40), we show in Appendix B that for any h € H,

T,"* (60) n
41
</> e <nz,h> @

under {y, » :n > 1}, where #;;* and ni,h are defined as follows: (i) For 21 < o0
and |h12| < o0, define

m* (I=T1 5/ Top) T3,
5 = 5 N where
s) "\ =hai/on?+ (U —DE2, /22,

Tip = (hia+ wxom)’
Ton=Ton+05 + Wiy, Vzohy +2h1184, Y20y, and
3= — 12+ Wxen)1,n/E2,0 + WXuhy- 42)

Note that the random variable 7, ; is positive a.s. except when iy; =0 and hy =
=£1. In the latter case, 7,,, = 0 a.s. because &1, = £& 5.
(ii) For h1; < oo and |h2| = oo, define

(77/:* ) <_(l’l%1 + V/,Zv,hz Yzo,h, + 2h1151/(2 WZD,h2)1/2€Zl,h/52,h>

2 | = 43)
M (1 =ho&in/E.0)* + (1 =h3)EE /5,

(iiii) For 11 = oo, define 7j* ~ N(0,1) and 57 , = 1 for any value of /1.

Let J;* denote the distribution of #;*. The asymptotic distribution function
Jy of T,,(6p) is given by J, = J;*, —J;*, and |J;*| for the upper, lower, and
symmetric tests, respectively. Equation ( 41) implies that Assumption B holds for
T,,(6p) as defined above.

We now verify Assumptions C-F for this example. We assume b is chosen such
that Assumption C holds. Assumptions D and E hold by the i.i.d. assumption.
Assumption G holds automatically because the subsample statistics are defined to
satisfy Assumption Sub2. The distribution function of #;* is continuous and strictly
increasing on R except when h1; =0, |h12| < 0o, and iy = £1. In the latter case,
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() n;* = F(A = Tin/Topn)?hin (because & j = & 5 and wxy n, = EWxun),
(ii) when hip # 0, #;* has support on Ry or R_ and has a continuous and
strictly increasing distribution function on Ry or R_, (iii) hence, when k15 # 0,
Jnlecn(l—a)+¢e) > Jp(ch(1—a)) =1—a, (iv) when h12 =0, #;,* is a pointmass
at zero, and (v) hence, when h1p =0, Jy(cp(1 —a)) =1 > 1 —a. In consequence,
Assumptions F and J hold for a € (0, 1).

6.2.3. Asymptotic Size. For upper and lower one-sided and symmetric two-
sided tests and for all py € (0, 1], the asymptotic sizes of the nominal level a
FCV and subsampling tests are

AsySz(6o) = sup P(np > funcoo(l—a)) and

heH/,U

AsySz(6o) =  sup  [1 = Jp(cg(1—a))], 44
(g.h)eGH,,,

respectively, where , = n;*, —#;*, and |n;*| and J, = J;*, —J;*, and |J;*| for
the upper, lower, and symmetric tests, respectively, ;" ~ J;*, and GH,,,, denotes
the set GH defined in (19) when H = H),,. The subsampling result in (44) holds
for all py € (0, 1] by Theorem 1.3 The FCV result in (44) holds for all py € (0, 1)
by Theorem 1. The FCV result in (44) holds for py = 1 because AsySz(6p) — 1
as py — 1 (by numerical calculation) and AsySz(6p) for py = 1 is greater than or
equal to AsySz(6p) for all py € (0,1).4

When py = 1, AsySz(0p) in (44) equals one for each of the subsampling tests.
This holds because when /11 =0, |h12| < 0o, and hy = %1, we have (i) 7;* =
F(L =T/ Top)" ?hi12, (i) g1 =0, 12 =0, go =hy = 1, where g = (g1, £2),
g1 = (11,812), and (g,h) € GH,;, (iii) 1" = F(1 = T1.¢/ T2 g)'/*g12 = 0 by
part (i), (iv) cg(1 —a) =0 for all a € (0, 1), and (v) Jp(cg(1 —a)) = J5(0) =0,
where the second equality holds for upper one-sided, lower one-sided, and sym-
metric two-sided tests for all # such that Fhjp > 0, Fhi2 <0, and hjp # 0,
respectively, because (1 — Tl,h/Tz,h)l/2 > 0 a.s.

For the nominal level a equal-tailed subsampling test, T, (60) = T,,;”* (o), 1;* ~
Jy*, Jp = J;*, and its asymptotic size for all py € (0, 1] is

AsySz(0p) = sup  [1=Jp(cg(I —a/2))+ Jp(cg(a/2))]. (45)
(8.h)eGH,,,

The result in (45) holds by Corollary 2 (by analogous arguments to those given
in the endnotes above.) Furthermore, when py = 1, AsySz(6p) of the equal-tailed
subsampling test equals one (using the same argument as above for one-sided and
symmetric two-sided subsampling tests).

For the FCV and partially-studentized subsampling tests, Table 2 provides the
maximum asymptotic rejection probabilities (x 100) for a given value of the
asymptotic correlation £, for a range of &, values in [0, 1]. (As in Table 1, these
maxima are over i € H,, for FCV tests and (g, h) € GH,,, for subsampling tests
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TABLE 2. Weak IV example: maximum asymptotic null rejection probabilities
(x100) as a function of the true correlation 4, for nominal 5% tests

Upper 1-sided Lower 1-sided Sym 2-sided Eq-tail 2-sided
hy Sub FCV Sub FCV Sub FCV Sub FCV
1.00 100 100 100 100 100 100 100 100

.99 100 99.8 100 99.8 100 99.7 100 99.7
.95 98.9 97.2 100 97.3 98.3 95.9 100 95.9
.90 95.0 91.9 100 91.9 92.4 88.5 100 88.5
.80 80.6 77.3 99.6 77.4 73.7 69.3 99.1 69.3
.60 48.0 444 88.4 444 37.0 31.6 81.2 31.6
40 24.5 18.8 552 18.8 16.4 9.6 42.6 9.6
.20 11.8 7.3 21.5 7.3 7.6 5.0 13.8 5.0
.00 52 5.1 5.3 5.1 53 5.0 53 5.0

with &, fixed.) Negative values of &, are not given because the values in Table 2
are invariant to the sign of A, for the FCV and symmetric two-sided subsampling
test and the values for the upper one-sided subsampling test for s, negative equal
that of —h; for the lower one-sided subsampling test and vice versa. The nominal
level of the tests is & = .05 and kp = 5 IVs are considered. The numbers in Table
2 are obtained by simulation using 50,000 simulation repetitions. When maxi-
mization over h11 and h13 is needed, a grid of size 0.02 is used for A1 € [0, .1],
0.2 is used for hy; € [.1,.9], 2.0 is used for h1; € [1,9], and 200 is used for
hij €[10,1010] for j =1,2.

For the FCV and symmetric and equal-tailed two-sided subsampling tests, the
maximum of the values in the appropriate column in Table 2 over Ay € [0, py]
gives the asymptotic size for the parameter space I'y, = [—pu, py] (up to nu-
merical and finite grid approximations). For each of the one-sided subsampling
tests, the asymptotic size for the parameter space I'y;, = [—puy, pu] is given by
the maximum of the values in the columns of Table 2 over &7 € [0, py] for both
the upper and lower subsampling tests (because the maximum rejection rates for
negative values of &, for the upper test equal those for —h, for the lower test and
vice versa).

Table 2 shows that the asymptotic sizes of the FCV and subsampling tests are
all quite poor even if 4, is bounded away from one by a substantial amount.

All of the subsampling results above are based on the partially-studentized
statistic 7,"*(0p). Using the result above that 2/62 —,4 ;75, 5> analogous results
to (44) and (45) with #;* replaced by #;* /5., can be obtained for subsampling
tests based on the fully-studentized statistic 7,"*(6p) /0. For this statistic as well,
we find that all types of subsampling tests have asymptotic size equal to one when
pu = 1. A table analogous to Table 2 but based on the fully-studentized test statis-
tic shows that fully-studentizing the test statistic does not improve the asymptotic
sizes of the subsampling tests. In particular, the values in such a table for the fully-
studentized statistic (not reported) for s, > .80 are mostly very similar to those in
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Table 2 (and always at least as large), and the values for 4> < .60 are larger than
those in Table 2.

We conclude by contrasting the negative findings of this section regarding the
asymptotic size of all types of FCV and subsampling tests with the results in
Andrews and Guggenberger (2005). The latter paper considers the same model
and 2SLS estimator as here but inference is focused on tests concerning the coef-
ficient on the endogenous variable, i.e., Hy : f = fo, rather than on the coefficient
on an exogenous variable. For testing Hy : f = fo, the symmetric two-sided sub-
sampling test has asymptotic size that is equal, or almost equal, to its nominal
size, depending on the value of k. On the other hand, the FCV and one-sided and
equal-tailed two-sided subsampling tests of Hy : f = fo exhibit the same large
asymptotic size distortions that are found here for tests of Hy : 6 = 6.

7. ASSUMPTION G

In this section we give sufficient conditions for Assumption G when Assumption
Subl holds and 7}, (6p) is a ¢ statistic. The results and proof are variants of Theo-
rems 11.3.1(i) and 12.2.2(i) and their proofs in PRW. Let (9\,, be an estimator of a
scalar parameter 6 based on a sample of size n. Let 5, (€ R) be an estimator of
the scale of §n. For alternatives of the sort (i) H; : 6 > 0y, (i) H; : 8 < 6y, and
(>iii) Hj : 0 # 6y, respectively, the ¢ statistic is defined to satisfy:

Assumption tl. (i) 7,,(6p) = T, (6p), or (ii) T,,(6p) = =T, (6p), or (iii) T,,(6p) =
IT (@), where T,*(6o) = 7,6, — 6)/5, and 7, is some known normalization
constant,

In most cases, 7, = n'/?. This is true even in a unit root time series example.
When 6 is the lower bound of the support of a random variable, however, z,, = n.

A common case considered in the subsampling literature is when T7,,(6p) is a
non-studentized t statistic, see PRW. In this case, Assumption t1 and the following
assumption hold.

Assumption t2. 5, = 1.

We now give sufficient conditions for Assumption G when {fn,b, j} satisfy
Assumption Subl and 7,,(fp) is a nonstudentized ¢ statistic.

Assumption H. 75 /7, — 0.

Assumption H is not very restrictive. When 7, = n* for some A > 0, it is implied
by Assumption C(ii).

LEMMA 3. Assumptions B, tl, 12, Subl, and H imply Assumption G.
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Next, we provide sufficient conditions for Assumption G for the case when
Assumption Subl holds and 7}, (6p) is a studentized ¢ statistic. Let (6, j, 0n,p, ;)
be the subsample statistics that are defined exactly as (5,1, o0,) are defined, but are
based on the jth subsample of size b. Define

dn
Ui p() =y Y, 1(dpdnp,j < x) (46)
j=1
for a sequence of normalization constants {d, : n > 1}.
The following are modified versions of Assumptions B, D, E, and H.

Assumption BB. (i) For some r > 0, all & € H, all sequences {y, ; :n > 1},
some normalization sequences of positive constants {a, :n > 1} and {d, : n > 1},
and some distribution (V,, W) on R2, (a, (0, —60), dn6n) —a (Vi, Wy) under
{ynn 20 > 13}, (iD) Py, (&n,b,j >0forall j=1,...,g9,) — 1 under all sequences
{ynn :n>1}andall h € H, and (iii) W;(0) =0 forall h € H.

Assumption DD. (i) {(gn,b, j,En,b, j):j=1,...,q,} are identically distributed
under any y € I for all n > 1 and (ii) (64,1, 0n.5,1) and (0p,05) have the same
distribution under any y € I" foralln > 1.

Assumption EE. For all 4 € H and all sequences {y,, : n > 1} with cor-
responding normalization {d, : n > 1} as in Assumption BB, U7, (x) —Eg, .y, ,
Uy ,(x) = p Ounder {y, p :n > 1} forall x € R.

Assumption HH. a;/a, — 0.

In most examples, the normalization sequences {a, : n > 1} and {d,, : n > 1} in
Assumptions BB, EE, and HH do not depend on {y, , : n > 1}. In consequence,
for notational simplicity, this dependence is suppressed. For example, in a model
with i.i.d. or stationary strong mixing observations, one often takes d,, = 1 for all
n, Wy, to be a pointmass distribution with pointmass at the probability limit of &,,,
and a, =n'/2.

However, in some cases the normalization sequences {a, :n > 1} and {d,, : n > 1}
need to depend on {y, , : n > 1}. For example, this occurs in an autoregressive
model with a root that is less than or equal to one, see Andrews and Guggenberger
(2009a). When {a, : n > 1} and {d,, : n > 1} depend on {y, , : n > 1}, it must be
the case that 7, = a,(yn.n)/dy(yn,n) does not depend on {y, 5 : n > 1}. Also, in
this case, Assumption HH becomes: For all sequences {y, 5 : n > 1} for which
b"yu.n1 — g1 for some g1 € RE,, ap(Yn.n)/an(yn.n) = 0. When d,, depends on
Vn,h, the normalization constant dj, that appears in Uy ;,(x) in Assumption EE is
dp =dp(yn,pn)-

Assumption BB implies Assumption B with 7, = a,/d, (by the conti-
nuous mapping theorem using Assumption BB(iii)). Assumption DD implies
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Assumption D. Assumption DD is not restrictive, given the standard methods
of defining subsample statistics. Assumption EE holds automatically when the
observations are i.i.d. for each y € I' or are stationary and strong mixing for each
y € I and satisfy sup, . a, (m) — 0 as m — oo (for the same reason that As-
sumption E holds in these cases). Assumption HH is implied by Assumption C in
many examples. However, it does not hold if # is unidentified when y; = 0 (be-
cause uniformly consistent estimation of § is not possible in this case and a,, = 1 in
Assumption BB(i)). For example, this occurs in a model with weak instruments,
see Andrews and Guggenberger (2005). (In this case, one needs to define the sub-
sample statistics so that Assumption Sub2 holds, in which case Assumption G
holds automatically.)

The following lemma generalizes Lemma 3. It does not impose Assumption t2.

LEMMA 4. Assumptions tl, Subl, A, BB, C, DD, EE, and HH imply Assump-
tion G.

Example 1 (cont.)

Assumption G follows from Lemma 4 in this example by noting that Assumptions
BB and HH hold with a,, =n'/?, d, =1, 7, =n'/?, V}, = J),, and W, equal to
pointmass at one (where, as above, we assume 012 = | without loss of generality).

8. PROOFS

The following lemmas are used in the proof of Theorem 1. (The expression x,, —
[1,00, K2,00] Used below is defined in Section 3.2.)

LEMMA 5. Suppose (a) for some df’s L,(:) and Gp(-) on R, L,(x) =,
Gr(x) forallx € C(GL), (b) T, =>4 G, where T, is a scalar random variable
and Gt is some distribution on R, and (c) for all ¢ > 0, Gp(coo +¢) > 1 —a,
where coo is the 1 — a quantile of G, for some a € (0, 1). Then for ¢, := inf{x €
R:L,(x)>1—a},(i)cy —p Co and (ii) P(T,, < cy) = [G1(coo—), GT(Co0)].

Comment
If Gr(x) is continuous at ¢, then part (ii) yields P(7,, < ¢p) = G1(Co0).

LEMMA 6. Suppose Assumptions A—G hold. Let {w, : n > 1} be any subse-
quence of {n}. Let {y, = (Yuw,.15 Yw,.2> Yw,,3) - 1 > 1} be a sequence of points in
I' that satisfies (a) w},yw,,1 —> h1 for some hy € RE, (b) bzru,,an,l — g1 for some
g1 € RE, and (¢) Yw,.2 —> h2 for some hy € R&,. Let h = (hy, hy), g=1(g1,82),
and go» = hy. Then, we have

(i) (g,h) € GH,
(i1) Boy,yu, Uwy.by, (X) = Jg(x) for all x € C(Jy),
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(iii) Uw, b, (X) = p Jg(x) forall x € C(Jg) under {yy, :n > 1},
(iv) Luw,.b,, (X) =p Jg(x) for all x € C(Jg) under {yy, :n > 1},
(V) Cw,.by, (1 =) = p cg(1—a) under {yy, :n > 1}, and
(vi) Pﬁg,ywn (Twn (%) < Cwy,by, (I=a))— [Jn (Cg(l —a)=),Jn (Cg(l —a))l.

(In Lemma 6, b,,, denotes the subsample size b when the full-sample size is w,.)

LEMMA 7. Suppose Assumptions A—G hold. Let (g, h) € GH be given. Then,
there is a sequence {y, = (Yn,1,¥n,2,¥n,3) 1 1 > 1} of points in T that satisfy
conditions (a)—(c) of Lemma 6 and for this sequence parts (ii)—(vi) of Lemma 6
hold with w;,, replaced by n.

Proof of Lemma 5. For ¢ > 0 such that coo ¢ € C(Gr)NC(G7), we have
Lp(coo—¢) =p Gr(coo—¢€) <1—a and
Ly(co+€) =p Grlcoo+e)>1—a 47

by assumptions (a) and (c) and the fact that G (coo — €) < 1 — a by the definition
of coo. This and the definition of ¢, yield

P(A,(e)) > 1, where A,(e)={coo—¢ <cp <cCoo+el. (48)

There exists a sequence {ex > 0:k > 1} suchthatey — Oask — coand co L& €
C(GL)NC(Gr) forall k > 1. Hence, part (i) holds.

Let P(A, B) denote P(A N B). For part (ii), using the definition of A, (¢), we
have

P(T, < coo—¢,A4(€)) < P(Ty < cp, An(e)) < P(T, < coo+6). 49)
Hence,

lim sup P(T,, < ¢;) = limsup P(T;, < ¢y, Ap(e))

n— 00 n— o0

<limsup P(T, < co+&) =Gr(coot+¢), and

n—o0

liminf P(T, < ¢,) = liminf P(T;, < c¢,, Ay (€))
n— oo n— o0

>liminf P(T,;, < coo — €, Ay (€)) = Gr(Ccoo —¢€) (50)

n— o0
using assumption (b), coo & € C(G7), and (48). Given a sequence {ej : k > 1}
as above, (50) establishes part (ii). u

Proof of Lemma 6. First, we prove part (i). We need to show that g € H, h €
H, g» = hp, and conditions (a)-(c) in the definition of GH hold. For
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m=1,...,p,if y{m =0, then g1, h1,m € R4+, 00 by conditions (a) and (b) of the
lemma. Likewise, if ', =0, then gy, h1 m € R_ oo. Otherwise, g1 m,him €
Ro. Hence, by the definition of Hi, g1,h1 € H;. By condition (c) of the lemma,
hy ecl(I'z) = H,. Combining these results gives g, 7 € H. By assumption of the
lemma, g> = hy. By conditions (a) and (b) of the lemma and Assumption C(ii),
conditions (a)—(c) of GH hold. Hence, (g, %) € GH.

Next, we prove part (ii). For notational simplicity, we drop the subscript Gy
from Py, , and By, ,. We have

Gup
EVzun an,bwn (.X) = qL;nl Z P}’u)n (TlUn 5blL)n .J (00) S ‘x)
j=1
= P}/mn (Twn:bwn»l (60) < 'x) = P}'u)n (Tbmn (80) < x)) (51)

where the first equality holds by definition of Uy, p,, (x), the second equality
holds by Assumption D(i), and the last equality holds by Assumption D(ii).

We now show that Py, (Tp,, (60) < x) — Je(x) for all x € C(Jy) by show-
ing that any subsequence {t#,} of {w,} has a sub-subsequence {s,} for which
Py, (Tp,, (o) < x) — Jg(x).

Given any subsequence {t,}, select a sub-subsequence {s,} such that {by,} is
strictly increasing. This can be done because b,,, — 0o by Assumption C(i). Be-
cause {by, } is strictly increasing, it is a subsequence of {n}.

Below we show that Assumption B implies that for any subsequence {u,} of
{n} and any sequence {y, = (yu*ml, Vu*,,,2’ V;nﬁ) e T :n > 1}, that satisfies (a)
upyy,1—> grand () yr ) — g2 € RY, we have

Pyu*n (Tun (%) < y) = Jg()’), (52)

for all y € C(J;). We apply this result with u, = by, y; = 7s,, and y = x to
obtain the desired result P, (Tp, () < x) —> J¢(x), where (a') and (b") hold by
Assumptions (b) and (c) on {y,,, : n > 1}.

For the proof of part (ii), it remains to show (52). Because g € H, by def-
inition of H there exists a sequence {yk+ = (y,j"l, Vk+,2’ y,:g) e : k> 1} such
that krVle — g1 and y,:fz — g2 as k — oo. Define a new sequence {y;* =
(61> 762> vi3) €Ttk > 1} as follows. If k = u, set y;™ equal to y,; . If k # uy,
set y;* equal to yk‘". Clearly, ;" €I forallk > 1 and k"y;"] — g1 and ;5 — &
as k — oo. Hence, {y;* : k > 1} is of the form {y, , : n > 1} and Assump-
tion B implies that P,/k**(Tk(Qo) <y) = Jg(y) for all y € C(Jg). Because {u,}
is a subsequence of {k} and y/* =y, when k = uy, the latter implies that
Py (T4, (@) < y) = Jg(y), as desired.

For part (iii) we have to show that Uy, »,, (x) =, J(x) for all x € C(Jg)
under {yy, :n > 1}. Define a new sequence {y;" = (/1. 72, 7¢3) €T 1k >
1} as follows: If k = w,, set y; equal to y,,. If k # w,, form =1,...,p,
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define
Vi1 = max{k™ hym, v{,,/2) if g1m=0& —00 <hy, <0
Vit = min{k ™" ki, v, /2) ifg1m=0&0<h,,, <o
Vi1 =max{—k~¥ [ 2} if gm =him=0&y{,, <0
Vi1 =min{k ™,y /2} if g1m =him =0, 7{,, =0,

& yﬁm >0

V1w =max{—(bk) 2 /2 i gim =0& hyw=—00
Vit =min{(bkk) 72,91, /2) if gL =0& Ay =00
Vi1 = max{by" g1 m. 71 ,/2} if —00 < gim <0&hy,=—00
yk*’l’m=min{b;’g1,m,yl’fm/2} ifO0<gim<oo&hyy,=00
Vetm =Pim/2 if g1,m =hym=—00
Ve = V1m/2 if grm=him=00, (83)
where yk*,l = (yk*,l,l, . ..,yk*,l,p)’, define Vk*,z = Vg, .25 where ny = max{f € N :

w¢ < k}, and define y;; to be any element of I'3(y,"y, 7, ,). As defined, y;* € T’
for all k > 1 using Assumption A(ii) and straightforward calculations show that
{yg : k > 1} satisfies (a)—(c) of Lemma 6 with {w, } replaced by {k}. By Assump-
tion E, we know that Uy j, (x) — Ego.p2 U,y (x) = O under {y; : n > 1} for all
x € R. Because for k = wy, y;* equals y,,, the latter implies that Uy, p,, (x) —
Ebo. 1, Uton b, (X) = p O under {y,, :n > 1} for all x € R. Part (iii) then follows
from part (ii).
To prove part (iv), we show that Assumptions A and G imply that

under for all

{(Yw, :n =1} XEC(Jg).

(54)

Lwn ’bmn (‘x) - an »bwn (x) %P 0

This and part (iii) of the lemma establish part (iv). To show (54), define the same
sequence {y;"} as in part (iii) that satisfies (a)—(c) of Lemma 6 with {w,} replaced
by {k}. Hence, by Lemma 6(iii) with {w, } replaced by {k}, U p, (x) =, Jg(x) as
k — oo under {y; : k > 1} for all x € C(J,). In consequence, because {y; : k > 1}
is of the form {y, 5 : n > 1} and satisfies b}, Vk*,l — g1, Assumption G implies that
Li by (x) = Uk, (x) = 0 as k = oo under {y;" : k > 1} for all x € C(J,). Since
Vi = Yw, for k =w,, this implies that (54) holds.
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Parts (v) and (vi) are established by applying Lemma 5 with L, (x) = Ly, p,,, (X)
and T,, = T, (6p) and verifying the conditions of Lemma 5 using (I) part (iv), (IT)
Ty, (Go) =4 Jn under {y,, : n > 1} (which is verified below), and (IIT) Assump-
tion F. The result of (II) holds because {y;" : kK > 1} in the proof of part (iii) is of
the form {y,  : n > 1} for i as defined in the statement of Lemma 6; this and
Assumption B imply that Ty () =4 Ju as k — oo under {y : k > 1}; and the
latter and y;* = y,,, for k = w, imply the result of (II). u

Proof of Lemma 7. Define y, 1, as in (53) with n in place of k for m =
I,...,pand let y, | = (yn,1,1,...,y,,,1,p)’. Define {y;, > : n > 1} to be any se-
quence of points in I'; such that y,» — hy as n = oo. Let y, 3 be any el-
ement of I'3(y,,1,yn,2) for n > 1. Then, y, = (Yn,1,¥n,2,¥n,3) is in I for all
n > 1 using Assumption A. Also, using Assumption C, straightforward calcula-
tions show that {y, : n > 1} satisfies conditions (a)—(c) of Lemma 6 with w,, = n.
Hence, parts (ii)—(vi) of Lemma 6 hold with w,, = n for {y, : n > 1}, as defined
above. n

Proof of Theorem 1. The proof of part (i) is similar to that of part (ii), but
noticeably simpler because cr;y (1 —a) is a constant. Furthermore, the proof of
the second result of part (ii) is quite similar to that of the first result. Hence, for
brevity, we only prove the first result of part (ii).

We first show that AsySz(6p) > Maxsy,p(a). Equation (8) implies that for any
sequence {y, € ' :n > 1},

AsySz(6p) > limsup[l — Py, (T, (6b) < cn,p(1 —a))]. (5%)
n— oo

In consequence, to show AsySz(6p) > Maxgs,p(a), it suffices to show that given

any (g, h) € GH, there exists a sequence {y, = (¥n,1, ¥n,2, ¥n.3) € [ :n > 1} such

that

tim sup[1 — Py, (T (6) < cap(1—a))] = 1 = Jy(ce (1 —a)). (56)

n—oo
The latter inequality holds by Lemma 7.

It remains to show AsySz(6p) < Maxy,,(a). Let RP,(y) = Py, (T, (6) >
cnb(1—a)). Let {yy = (v, 1,7, 2,7,3) € [ :n > 1} be a sequence such that
limsup,,_, o, RP,(y,) =limsup,_, o, sup, cr RPx(y) (= AsySz(6h)). Such a se-
quence always exists. Let {v,, : n > 1} be a subsequence of {n} such that lim,_ »
RP,,(y, ) exists and equals limsup,,_, . RP,(y,) = AsySz(6p). Such a subse-
quence always exists.

Let y,; m denote the mth component of 7 1 for m = 1,..., p. Either (1)
llmsupn_>Oo lo] yv 1ml <00 or(2) llmsupn_moh) oo. If (1) holds,
then for some subsequence {w,} of {v,},
br

%
wy Vm,l, 1,m

nyu lmI -

— 0 and

— hy,, forsome hy, €R. (57)

nyw,,,l,m
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If (2) holds, then either (2a) limsup,_, ., |5}
124

o Vo, 1.m| < 00 Or (2b) limsup, _,

o yU 1 ml = o0. If (2a) holds, then for some subsequence {w,} of {v,},

bz)ny;)n,l’m — g1,m forsome g;,€R and
Wy Y wndom = Mims  Where  hy, =00 or —oo with
sgn(him) =sgn(gim). (58)

If (2b) holds, then for some subsequence {w;,} of {v,},

Dy Vi m = &lms  Where gy, =00 or —oo, and
Wy Yy tm = Mim, where hy,=o00 or —oo with
sgn(him) = sgn(gi.m)-. (39)

In addition, for some subsequence {w;} of {v,},
ylzn’z — hp forsome hp ecl(I'p). (60)

By taking successive subsequences over the p components of yv":“ , and Vuﬂ;,z’ we
find that there exists a subsequence {w,} of {v,} such that foreachm =1,..., p,
exactly one of the cases (57)—(59) applies and (60) holds. In consequence, condi-
tions (a)—(c) of Lemma 6 hold. In addition, y,; 3 € I'3(y, 1,7, ,) foralln>1
because y,;, € I'. Hence,

RPy,(7,,) = [1=Jn(cg(1 =), 1 = Jn(cg(1 = a)—)] (61)

by Lemma 6(vi). Also, (g,/4) € GH by Lemma 6(i). Since lim, 00 R Py, (7, ) =
AsySz(6o) and {w,} is a subsequence of {v,}, we have lim,— 00 R Py, (7,,,) =
AsySz(0y). This, (61), and (g,h) € GH imply that AsySz(6p) < MaxSuh(a)
which completes the proof of the first result of part (ii).

Proof of Lemma 4. Assume U, ,(x) =, J,(x) for all x € C(Jg) under {y, p, :
n > 1} for some g € H and h € H such that b"y, 5.1 — g1 and g2 = h>. To show
Ly p(x) — Upp(x) = 0 for all x € C(Jg) under {y, 5}, we use the argument in
the proofs of Theorems 11.3.1(i) anAd 12.2.2(i) in PRW.

Define R, (t) := qn—l 7”=1 11750y —60)/Gn,p, | > 1). Using

Un,b(x _t) - Rn(t) < Ln,b(x) < Un,b(x +t) + Rn(t) (62)

for any ¢ > 0O (which holds for all versions (i)-(iii) of 7,,(6p) in Assumption tl),
the desired result follows once we establish that R, (t) — , O under {y, } for any
fixed t > 0. By 7, = a, /d,, we have

26O —00) /Gup j| =t Iff  (an/an)anlOn —00| > dpGip.jt, (63)

provided o, p, ;> 0, which by Assumption BB(ii) holds uniformly in j =1, ..., g,
wp—> 1. (In the case where a, and d, depend on y, ;, the expression on the rhs
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of (63) is (Clb (yn,h)/an (yn,h))an (Vn,h)len - 90' > db(ylz,h)an,b,jt~) By Assump-
tion BB(i) and HH, (ap/a,)ay, |§n — 6| = 0p(1) under {y, ;}. Therefore, for any
0>0,R,(t) < qn_1 2;1';1 1(0 > dpoy p, jt) = U, ,(6/1) where the inequality holds
wp— 1. Now, by an argument as in the proof of Lemma 6(ii) and (iii) (which
uses Assumption EE but not Assumption G) applied to the statistic d,, o, rather
than T, (), we have U}, (x) =, W, (x) for all x € C(W,) under {y, 5}, where
g € H 1is defined as in Lemma 6 with {y,, } being equal to {y,,}. Therefore,
Uy, (0/t) =, W,(d/t) for 6/t € C(Wy) under {y, ;}. By Assumption BB(iii),
Wg’ does not have positive mass at zero and, hence, W,(d/¢t) — 0 as 0 — 0. We
can therefore establish that R, (t) —, 0 for any # > 0 by letting ¢ go to zero such
that 9/t € C(W,). n

NOTES

1. We use the term “exact” size because we want to distinguish clearly between asymptotic size
and finite-sample size. We do not use the term “finite-sample size” because it can be misunderstood
easily to mean “a sample size n that is finite.” By “exact size” we mean “size for a finite-sample size
n.” We note that the term “exact” is widely used as a synonym for “finite-sample” in the econometrics
literature on finite-sample distribution theory.

We use the standard definition of the “size” of a test, viz., the maximum rejection probability
of a test under the null hypothesis. By “asymptotic size”” we mean the limit as n — oo of the exact
size of the test, i.e., the limit as n — oo of the maximum rejection probability of a test under the null
hypothesis. As defined, the term “asymptotic size” incorporates uniformity. This is natural because
the term “size” by its standard definition incorporates uniformity.

2. The bootstrap typically is not asymptotically valid in a pointwise sense in these problems,
whereas subsampling and the m out of n bootstrap are. However, if one is interested in the exact
size for large n, then a method that is asymptotically valid in a pointwise sense, but not in a uniform
sense, is not necessarily better than a method that is not asymptotically valid in either sense. The
asymptotic size of the former can be worse than that of the latter. Asymptotic validity in a pointwise
sense is a desirable feature, but it only gives partial information about the large sample properties of a
procedure.

We note that the “problem” with subsampling and the m out of n bootstrap, alluded to in the title,
is that they do not necessarily have correct asymptotic size. The “problem” is not that they necessarily
have incorrect asymptotic size.

3. For py < 1, Theorem 1 delivers this result because continuity of J; on R for all h € Hp;,
which holds because |/1;| < 1, implies that Maxg,, () = Maxgyp(a). For py = 1, it holds because
Maxgyp(a) = 1, see the text below, implies that [Max g, (a), Maxg,, (a)] = {1} = {S“P(g,h)eGH,,U
[1=Jp(cg(I—a)l}.

4. Theorem 1 delivers the FCV result in (44) when py € (0, 1) because continuity of J, on R for
all h € Hp, implies that Maxy; (&) = Maxpiy(a). The FCV result in (44) does not follow from
Theorem 1 when py = 1 because 7y, and T, h both equal zero a.s. when hp =+l and h1y =h1p =0
and Assumption B does not necessarily hold for some sequences {y, 5 : n > 1}.
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APPENDIX A: Tests When a Nuisance
Parameter May Be Near a Boundary

Here we show that Max;ype (2) = Maxtype(a) for Type = Fix and Sub in this example
and verify the formulae given in (25). For all & = (h1, ;) € H with || < 1, £J;(x) and
|J;; (x)| are continuous at all x € R . If hp =1, J;'(x), —J} (x), and |J;; (x)| have jumps
atx = —hy,hy, and hy, respectively, but are continuous for all other x € R. Likewise, if
hy =—1, Jy(x),—J;(x), and |J; (x)| have jumps at x =k, —hy, and k1, respectively,
but are continuous for all other x € R. In addition, J, = J* is stochastically increasing
(decreasing) in ki for hy <0 (hy > 0).
Using these results, for J, = J;l", we have

My (@)= 1= inf Jy(cpix(l=a)=) =1~ inf Jou(e1-q) and

Maxg,,; (o) =1 —min{( }glfGHJh (cg(1—a))

s inf
g.h)e ((g1,—1),(h1,—1))eGH

{Jny,—1y(c(gy,—1 1 —a)—)}}

=1— inf J 1-— . Al
pe™ o 00 (€(0,hy) (1 —a)) (A1)

In the second and last equalities of (A.1), we use that J, = J; is stochastically increasing
(decreasing) in /| for iy < 0 (hy > 0), which implies that

inf J _g—)=J _)=1—a,
NI . RPN (h1,h) @1—a—) = Joo(21-0) a

inf J| 1-—
(g,h)eGH,h€[0,1] n(cg(1=0))

- mi inf J 1—a)).
mln{hle[o,oélf,hze[o,ll (h1.2) (€(0.hy) (1 = 1))

inf J 1-—
1 €[0.00Lhr<[0.1] 00 (€t 1) ( a))}
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=min{l—a,l—a}=1—«a, and

inf Ji. —1(Cc(o, (1 —a)—) = J (1= . A2
(e _ e (g~ —a)=) = Joo(c(o,—1)(1 —a)) (A2)

By the same argument as above, Maxp;,(a) and Maxg,p(a) equal the right-hand side
expressions in (A.1). This implies that Max;ype () = Maxtyp,(a) for Type = Fix and
Sub for Jj, = Jj and verifies the expressions for Maxryp, () given in (25).

The proof that Max. pe () = Maxtyp,(a) for lower one-sided tests is the same with
h replaced by —hy. The proof for symmetric two-sided tests is similar.
Next, we show that M‘”‘fE_T,Fix (a) = Maer_T,Fix (a). Fora < 1/2, we have

sup  [1—=Jp(cpix(1—a/2)=)+ Jp(cFix(a/2))]
heH:hy=1

= sup [1—=Jp,,1)@1=a/2) + J(hy,1)Zas2)]
h1€[0,00]

=a/2+ sup  Jg, 1)(2as2)
h1€[0,00]

= /24 Joo (2 2) = 0 (A3)

where for the first and second equalities we use continuity of J(, 1)(x) for x > 0 and
the fact that J(hljl)(x) for x > 0 does not depend on & € [0, c0]. Similarly, because
infpepriny=—1Jn(crix(1 —a/2)=) = Joo(z1—g/2) = 1 —a/2 and J(,,—1)(x) for x <0
does not depend on /11 € [0, 00], we also have supyepy.p,—=—1[1 — Jplepix(1—0/2)=)+
Jn(crix(a/2))] = a. Therefore, by continuity of Jj, (x) = J; (x) for |hy| < 1, it follows
that MaxJKE_T,Fix (a) = Maxz"_T,Fix (o). Similar arguments yield M“xi“_T,Sub(a) =

Max%},sub(a).

APPENDIX B: Tests on Parameters of Exogenous
Variables in Weak IV Regression

First, we show that (41) holds. The limit distribution of 52 /a2 has been derived in Andrews
and Guggenberger (2005), hereafter AG (2005). We now derive the limit of 7,* (6). Using
X' P7 = X', we have
T, (00) = (X'SX) /By — 00) /o
12

XX (X 2 (8= B)+ X'u) Jou

_ <X, PrX — X'P7Zy:y,P7X >

vsPZy2

_O_Wmmwmmwy”
a0 ¥y P72

( X'Zn (X’X)1/2¢+ X'v )

ou (X' X)1/2 oy ou (X' X)1/2
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~ oy X'u
x ((ﬂ_ﬂ”)ﬁr au(X’X)W)
=(1-T1/1)"? x T3, (B.1)

where T, T, and T3 are implicitly defined.
First, consider the case 4111 < oo and |h2| < co. We have

T = (X'y2/(00 (X' X)1/?))?
2
X'z (X'x)1/2 X'v
= /v 1 271" + ¢+ 1y)1/2
op (X' X))/ oy oy (X' X)
=g (hio+ qu,h2)27 (B.2)

using (X' X)~V/2X'Zx /o, = 0, (n~1/?), which holds because n~1/2X’Z = 0,,(1) (since
EX;Z; = 0) and because /1 < oo implies that n'/?z /3, = 0,(1). Similarly, by multi-
plying out and by using Z' P7 = Z, we obtain

. p= 2
T = y;,Pzy2/0

(Z'2)' 2z

Oy

oy au(X/X)l/2 op

2+2<X/X)1/2¢ X'zn ((X/X)l/%)z

VZ(Z'Z)y"'Z'v +2n/(z/2)1/2 (VAVARERYAD

0‘1)2 oy Oy

+2¢(X/X)1/2 (X/X)—1/2X/U

Oy (4]

B.3)

-4 h%l +h%2 + W%v,hz + l//zl,,hz WZo,hy +2h1131/<2 WZo,hy T 2R12W X0, hs >

where the last line again uses (X’ X)™V/2X'Zx /o, = Op (n~1/2). Using this result a third
time and using (En —Bov/ou —>a &1,n/S2,n, Which is established in AG (2005), lead to

T3 =g —(hi2+Wxo,n)E1,0/E0,0 + VXu,hy- B.4)

Next, consider the case where 11| < 0o and |h 3| = 00. In this case, both T and 7> equal
(X' X)2¢/6,)*(1 + 0,(1)). Multiplying out in 77 and using again (X'X)~!/2X'Zx/
op = OP(n_l/z) shows that

VZ(Z'7) 7o _x'(Z )V (2'72)"1 27
TQ—T]=<ny121+ ( 2) +2 ( ) ( )
O

b Oy Oy

X'v 2
~(sremgm) ) () ®.5)
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Because T3 = [(X'X)/2¢ /0y 1(8 — Bn) (00 /ou) (1 +0p (1)), it follows that

h-T

12 5
. ) Ty = (T =)' 2(p = ) 2= (1 +0p (1)
2 Oy

T,/ (o) = (

2 2 2 1/2
> a =1+ VRoy + V700, V20,0 20110 W20, — Vo)

% &1,n/2,n- (B.6)

Next, consider the case hj; = oo and |hy3| < oo. In this case, T3 =4 Wxu,h, be-
cause ¢y, (f —En)al)/au =0p(1)forcy , = nl/Zyn’h’Ll by AG (2005). By assumption,
c1p— ooand (X' X)~V2X'Zx Jop + (X' X)2p /0y + (X' X)"V/2X 0 /5, = Op(1). Be-
cause 71 = Op(1) and T, = c% 2 (L+0p (1)), we have T)* (60) = a Wxu,h,-

Finally, consider the case h1; = co and |h13| = co. Let ¢ ,, = n]/zyn,h,l’z. By as-
sumption, Cjn—> 0 for j =1,2. We have T3 = ((cz’n + Op(l))/cl,n) X (cl’nw—ﬂAn))—{—
(X’X)"V2X"u/ay. From AG (2005) we have that c{_, (8 — Bn)ov/ou —a Shy WZuhy ™~
N(0,1), and s,’(2 WZu,h, is independent of wx, p, ~ N(0,1). We have T /T, = c% (L4
op(1))/ (c% a T c% ,) and thus, asymptotically, T,*(¢p) is distributed as cl,n(c% a T
c%yn)_l/z((czb,,/q,,,)s,/(2 WZu,hy + ¥Xu,h,)- Being the sum of two independent normal
random variables, the limit distribution of 7,;*(6p) is a standard normal. This completes
the verification of (41).



