INSIDE AND OUTSIDE FIAT MONEY,
GAINS TO TRADE, AND IS-LM

BY
PRADEEP DUBEY

AND
JOHN GEANAKOPLOS

COWLES FOUNDATION PAPER NO. 1052

I‘

COWLES FOUNDATION FOR RESEARCH IN ECONOMICS
AT YALE UNIVERSITY
Box 208281

New Haven, Connecticut 06520-8281
2003



Economic Theory 21, 347-397 (2003)

Economic
Theory

(©) Springer-Verkag 2003

Inside and outside fiat money, gains to trade,
and IS-LM

Pradeep Dubey! and John Geanakoplos?

¥ Center for Game Theory, Department of Economics, SUNY, Stony Brook, NY [1794-4384, USA
(e-mail: pradeepkdubey @yahoo.com)

2 Cowles Foundation for Research in Economics, Yale University, New Haven, CT 06520-8281, USA
{e-mail: john.geanakoplos@yale.edu)

Received: January 2, 2002; revised version: April 8, 2002

Summary. We build a one-period general equilibrium model with money. Equilib-
rium exists, and fiat money has positive value, as long as the ratio of outside money
Lo inside money is less than the gains to trade available at autarky, We show that
the nominal effects of government fiscal and monetary policy can be completely
described by a diagram identical in form to the IS-LLM curves introduced by Hicks
to describe Keynes™ general theory. IS-LM analysis is thus not incompatible with
full market clearing, multiple commodities, and heterogeneous households. We
show that as the government deficit approaches a finite threshold, hyperinflation
sets in (prices converge to infinity and real trade collapses). At the other extreme,
if the government surplus is too large, the economy enters a liquidity trap in which
nominal GNP sinks and monetary policy is ineffectual.
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1 Introduction

Fiat moncy is a creature of the state, since nobody else can create it. When the state
injects it into the private sector in exchange for assets promising the future delivery
of money, its arrival foreshadows its departure, and it is called inside money. Money
injected into the private sector as a transfer, or in exchange for a commodity (which
gives no claim on future repayment}, is called outside money.’

Correspondence to: P. Dubey

! Fiat money as a creature of the state is taken from the title of an article by Lerner {26]. Our
definitions of inside and outside meney are taken from Gurley-Shaw [211, and stand in contrast to the
“inside money™ used by some authors 1o describe private IOU notes which can be further circutated.
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There is a longstanding puzzle about how to guarantee that outside money has
positive value, often called the Hahn paradox. We argue in this paper that if fiat
money is the sole medium of exchange, and if the ratio of outside money to inside
money is less than the gains to trade available at autarky, then money must have
positive value and a full-fledged monetary equilibrium must exist.

The Hahn paradox arises because households do not want to hold money at
the end.? Equilibrium models usually rely on one of two devices to overcome the
paradox. The first device is to assume there is no last period (see Samuelson [31] or
Grandmont-Younes [20] for infinite horizon models, or Grandmont-Younes [19] or
Hool [24] for temporary equilibrium models where the last period is really not the
last period, since agents have expectations there about the future value of money).
The second device is to oblige some agent, either the government or the households
themselves, to sell something valuable for money. This device is used for example
when the government or some external agent is postulated to sell commodities for
money at prearranged prices. Lerner [26], and later Heller [23]and Balasko-Shell
[2], assumed that the government is owed in taxes (payable only in money) precisely
the sum of the cash balances of all the households. The government is thus obliged
to offer relief from taxes in exchange for money. Finally, Lucas [28], [29], and a
long literature following him, assumes that in each period all agents must sell their
entire endowment of commodities for money. Magill-Quinzii [30] make a similar
assumption, as do Karatzas-Shubik-Sudderth [25].

In the language we shall develop, one can reinterpret this involuntary trade as
voluntary, but conducted in the presence of infinite gains to trade. For example, as
Lucas himself more or less points out, in a representative agent model with a single
good, one can paint the endowment of every individual agent with a different color,
and then assume that no agent wants to consume his own color. This gives rise to
an equivalent cconomy with multiple commodities and infinite gains to trade.”

The purpose of money is to facilitate trade. If there are no potential gains to
trade, then fiat money cannot have value. This point has long been recognized, but
never quantified. How big must the gains to trade be?*

We construct a scalar measure y(z) = ~, () of the real gains to trade available
in an economy, with utilities u, at an arbitrary allocation of goods z. The measure
is an alternative to Debreu’s coefficient of resource allocation ¢(z): §{xx) quantifies
the global gains to trade at x, while v{z) quantifies the local gains to trade. We
characterize v{r) in terms of a maximal cycle of trades. Though defined entirely
by the real sector of the economy, y{z) is ideally suvited to our study of monetary
equilibrium.

2 Thus models that have only inside money (see Shubik-Wiison {32], Cass [5], Balasko-Cass [1],
Geanakoplos-Mas-Colell [17], and Dubey-Shapley {14]), steer clear of the Hahn paradox, since there
is no money at the end.

% If agents were obliged to sell a fraction e > 0 of their endowment for money, we could still
reinterpret the sitvation as infinite gains to trade (painting only the portion that must involuntarily be
sold).

4 Bewley [3], [4} and Levine [27] link the existence of monetary equilibrinm in an infinite horizon
model to the precautionary demand for money and therefore to the inefficiency of the allocation without
money. They do not, however, offer a measure of gains to trade.
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Consider a multiple-good economy with heterogencous utilities u and endow-
ments e, as in the theory of general equilibrivm. Suppose that agents are endowed
with “outside fiat money” m, and can borrow “inside fiat money” M from a central
bank. Suppose also that fiat money is the sole medium of exchange, so that agents
must pay fiat money in advance for their purchases of goods. But all actions are
purely voluntary: no agent is forced to sell his endowment, or to borrow from the
bank.

We prove that a monetary equilibrium exists in which money has value whenever
v{e) > m/M.1f utilities are separable, the condition is tight: monetary equilibrium
fails to exist if y(e) < m/M. This makes precise the link between monetary
equilibriumn and gains to trade.

Money has value in our model because the assets (bonds), exchanged for inside
money when it is injected into the system, sell for endogenous prices (interest
rates). In equilibrium they will promise more than they cost (the interest rate will
be positive). When their payoffs are discharged, more money leaves the system
than entered, and so the outside money is pulled out along with the inside money.
Indeed, the interest rate rises to the level /M to make this happen, As long as the
gains to trade are large enough, households will be anxious to get the money, and
will voluntarily agree to pay back more than they borrowed.

In this paper we confine ourselves to a one-pertod setting. This has two advan-
tages. First, it shows that it is possible to develop a theory of fiat money with a
finite horizon. This is important because one can build truly computable models
with heterogeneous agents and muitiple commodities, In stochastic infinite horizon
models this is nearly impossible, without resorting to heroic assumptions such as
stationarity, a representative consumer, and one or two consumption goods. The
curse of dimensionality becomes especially severe when one considers interna-
tional rade and multiple currencies. Our approach provides a tractable alternative.
(See Geanakoplos-Tsomocos [18], Geanakoplos-Kubler [16] for applications of
this methodology.}

The second advantage of the one-period model is that several macroeconomic
phenomena already emerge which are valid with multiple periods and uncertainty,
but can be bronght out most cicanly by avoiding the added complications of in-
tertemporal trade. These phenomena include: (1) the link between gains to trade
and the ratio of outside to inside money;’ (2) generic finiteness of equilibrium (in
contrast to models with only inside money, such as Cass [5]; Balasko-Cass [1],
Geanakoplos-Mos-Colell {17]); (3) the non-neutrality of inside and outside money,
when each is varied by itself, in contrast to the “classical dichotomy™; (4) the
Pareto inefficiency of monetary equilibrium; (5) hyperinflation with bounded stock
of money; (6) liquidity trap; {7) IS-LM. All these phenomena are established here
for the one-period model, to the same degree of generality as in Arrow-Debreu.
They carry over to stochastic finite horizon models, and even to stochastic OLG
models, with the exception that IS-LM becomes much subtler and generic finiteness
fails in stochastic OLG.

5 Many authors emphasize one of outside or inside money at the expense of the other. But it is the
interplay between them that gives rise to many of the phenomena that form the focus of this paper.
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In our forthcoming work we use the one-period model as a building block of a
general approach that in turn considers multiple periods without uncertainty, then
with uncertainty, and finally infinite horizon stochastic overlapping generations
models of money (Dubey-Geanakoplos [9], [10], [11], [12]). It is true that the
neminal rate of interest is independent of the real sector in the one-period setting,
Evidently there can be no precautionary or speculative demand for money, only a
transactions demand. In equilibrium, the interest rate must be r = m /M, as we
already pointed out. But once we connect many one-period models in a stochastic
multiple-period model, these other demands for money are reinstated and a term
structure of interest rates natorally emerges.

But even in the one-period setting of our model, prices reflect a subtle interaction
between the real sector (u, e) and the monetary sector (m, M) of the economy. We
prove that the price level is not a monotonic function of the money supply: it
is U-shaped in M, fixing m. As M goes to infinity, price levels go to infinity,
eventually giving merely nominal inflation with little effect on real trades and price
ratios. However, as A diminishes (holding m fixed), prices stop declining and start
to rise. As M declines still further to some finite threshold AM*(m) > 0, price
levels accelerate to infinity and real trade crashes, in what we call a hyperinflation.
This means that when money is much too tight, easing the bank money A will
increase output (trade) and reduce the price level. Tightening even further will
have the paradoxical consequence of starting a hyperinflation. Many models almost
axiomatically assume that output and inflation must go in the same direction, as
in the Phillips curve. That regime occurs in our model only when inside money is
sufficiently abundant.

The same phenomenon can be expressed in a dual manner: keeping M fixed,
we find that an increase in m eventually produces a hyperinflation at a finite level
m*(M). |

We first present these results in a stripped-down one-period modetl in which a
central bank injects a fixed stock A of inside money into the economy in exchange
for bonds promising money at the end of the period. The Treasury branch of the
government does nothing else but give a fixed stock m of outside money free and
clear to households, who treat it as part of their endowment.

In our second model, we flesh out the Treasury, giving the government five
policy instraments: the stock of bank money, the supply of government bonds, femp
sum transfers to households, expenditures on inputs for the production of public
goods, and ad valorem taxes. We can now reinterpret the hyperinflation in terms
of the government deficit. As the Treasury deficit approaches a finite threshold,
hyperinflation sets in where prices go to infinity and trade crashes. If the Treasury
runs a large budget surplus, it will push the economy into a liquidity trap where the
interest rate is zero, and where small changes in government monetary policy have
no effect whatsoever.

The eifects of the government’s policy tools on aggregate nominal variables
can be completely described by a graphical framework nearly identical in form
to the IS-LM diagram used by Hicks in formalizing Keynes’ model. This shows
that there is nothing incompatible between IS-LM and full market clearing and
rational expectations. We also describe the effects of government policy on welfare,
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consumption, and on price levels, and show that in terms of real variables, the five
policy instruments achieve nothing more than is available by using any two of them:
e.g., open market operations and government spending on commodities by printing
money.

Our IS-LM diagram gives a macroeconomic picture of nominal income and the
nominal interest rate in a genuine microeconomic model. It is remarkable that an
economy with many heterogeneous consumers and commodities can be faithfully
summarized by a twe-dimensional diagram. This is possible because we use nomi-
nal income, not real income, in our 1S-LM equations, and because there is only one
period in our model. The heterogeneity of consumer tastes is suppressed, because
all consumers want to spend their money income at the same time.

The subtlety of monetary equilibrium is attenuated in our model by the re-
striction to one period without uncertainty. Market clearing in the goods markets,
namely that aggregate expenditure equals aggregate income (which Hicks called
the IS equation), becomes much less interesting when it loses the investment and
savings components from which its name derives. Similarly money market clearing
(which Hicks called the LM equation) loses much of its complexity because in a
one-period model we can retain only the transactions demand for money, neces-
sarily ignoring the precautionary demand and speculative demand. In companion
papers we describe monetary equilibrium in time [10], which introduces savings
and investment motives and endogenizes the velocity of money; and equilibrium
with uncertainty [9], in which the speculative and precautionary demands for money
reappear, and in which a liquidity trap can arise without government surplus. We
also combine time and uncertainty in an infinite horizon setting in [11].

A crucial ingredient of our modetl is the Clower [6] cash-in-advance constraint
we put on all transactions.® In our model of money and time [10], where the trading
rounds can come every nanosecond, this is a much less restrictive assumption, and
monetary equilibria can still be shown to exist. Obviously many transactions in
the real world are carried out by credit cards and by checks, as well as via money.
One of the most important virtues of our model is that by making the transactions
technology explicit (rather than subsuming it in a reduced-form utility of meney), it
becomes straightforward to add credit cards to the model, which we do in [8]. There
we find that credit cards do not destroy the value of money (indeed equilibrium with
a positive value of money is more likely to exist). On the other hand, credit cards
do reduce the value of money, i.e., its purchasing power, leading to inflation.

The idea of introducing inside fiat money into general equilibrium via a bank
came to our attention in the work of M. Shubik and C. Wilson (see {32]). Our
contribution is to combine the inside money of the bank with outside money. We first
did s0 in Dubey-Geanakoplos [7]. Theorems 2 and 3 from this paper, connecting
the gains to trade with the existence of monetary equilibrium and showing the
local uniqueness of monetary equilibrium, already appeared there. The other nine
theorems, as well as a simpler existence proof for Theorem 2, appear here for the

8 This constraint was used approximately, but not exactly, by Grandmont and Younes [19, 20]. They
were unable to prove the existence of equilibrium in their infinite horizon model. Thetr model had
only outside money, and established the existence of a quasi-equilibrium in which some agents did not
oplimmize.
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first time, including the characterization of the measure ~(z) of the gains to trade
at an arbitrary allocation z.

2 The model

Consider an economy in which money is the sole medium of exchange. Furthermore,
suppose that there is just one round of trade between money and commeodities. Since
the money receipts from commodity sales come after the round is over, let us add the
possibility of borrowing money prior to the trading round and repaying it after. Thus
the period is divided into three time intervals: borrowing, trading, and repaying.”

2.1 The underlying economy

We first analyze a pure exchange economy which has only private goods (commodi-
ties) L = {1,..., L}. (Later we shall add a government sector and public goods.)
The agents in the economy are households H = {1, ..., H}. Each & € H has an
endowment of commodities " € R% and a utility of consumption u" : ]R‘f; — R
We assume: (a) e" # 0 for all h € H, i.e., every household has at least some
endowment (e.g., its own labor); (b) >, e” > 0, ie., every named commodity
is present in the aggregate; (c) u" is continuous, concave, and strictly increasing in
each® variable, for all & € H. The underlying economy, which constitutes the real
sector of our model, is denoted & = (u”, ") pen.

2.2 Money and bank loans

Money is fiat and gives no direct utility of consumption to the households; they
value money only insofar as it enables them to acquire commodities for consump-
tion. Money enters the economy in two ways: as private endowment m” > (0 of
household h € H and as a stock M > 0 at a (central) bank. Apart from households,
the bank is the only other agent in our model, but it has a passive role. It stands ready
to lend M to households at an interest rate that is determined endogenously in equi-
librium. Both m = {m"},ey and M are exogenously fixed as part of the data of
the model. The sum 2 = 3~ - ;; m” constitutes the stock of outside money, which
households own free and clear of debt, at the start of the economy. The bank stock M
1s inside money and is always accompanied by debt when it comes into households’
hands. We denote the monetary economy by (€, m, M) = ((u®, e®, m™hen, M):
and its private sector by (£, m) = (u”, e, m™)nen.

The period, as was said, is divided into three time intervals. In the first interval,
households borrow money from the bank. In effect, households sell JOU notes
or bonds to the bank in exchange for money. In the second interval, they sell

7 In cur comparion papers we take up multiple trading rounds, uncertainty, and infinite horizon [91,
{101, [111.

8 Strict monotonicity is assumed for ease of presentation, and will be weakened (see the first remark
after the proof of Theorem 2 in the Appendix}.
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commodities for money and simultaneously buy (other) commodities with money.
In the third interval, they repay bank loans with money and consume. Default is
not permitted,

All commodity markets meet simultaneously in the second interval. Households
are required to pay money to purchase commodities at the different markets.” It is
only in the third interval, after these markets close, that revenue from the sales of
conmmodities comes into households’ hands, by which time it is too late to use this
revenue for purchases. Those households who find their endowment m”" of money
insufficient will need to borrow money from the bank to finance purchases, and
will defray the loan out of their sales revenue.!®

2.3 Macrovariables: prices and quantities

Let py > 0 denote the price of commodity £ &€ L in terms of money, and let r 2> 0
denote the money rate of interest on the bank loan. Money is borrowed by selling
bonds to the bank. Each bond constitutes a promise to pay 1 dollar after commodity
trade. Thus the price before commodity trade of a bond is 1/(1 + 7).

The vector (p,7) € ]Ri 4+ * Ry will be referred to as “market prices.” The
price of money is 1/p; in terms of commodity ¢, and {1 + r) in terms of the bond.
The value of money is reflected by these prices. As p — oc, money loses all value
(in terms of commodities). As r — —1, money-now loses all value (in terms of
money-later) and as r — oo money-later loses all value (in terms of money-now).
In this paper our interest is on p, since it is determined by the interaction of the
real sector £ and monetary sector (m, M) of the economy, and not so much on r,
which is determined entirely by the monetary sector.'!

We denote money by m (without confusing it with the vector m = (mt, ...,
m*) of household endowments) and bonds by b. Since money is the sole medium
of exchange, the vector g™ of market actions of household A has 2L +1 components
(where £ < L):

gl = quantity of bonds sold by % to the bank for money
g" , = money spent by h to purchase £
g% = quantity of £ sold by h for money

{It is evident, on account of their being just one period, that no household would
improve its consumption by depositing money at the bank to earn interest. So, we
suppress deposits, i.e., the purchase of bonds ¢7 ;)

By real income g we mean the vector of aggregate commodity sales, with
components gz = Y oy q}}m. By nominal income we mean the value of real

% In [8], we allow households to buy on credit, as well as with cash.

19 The loans are purely short-term, intraperiod transactions loans. This is on account of the fact
that there is only one consumption period in the model. Elsewhere (10], [11]) we consider long-term,
interperiod loans in a multiperiod model. In general, both kinds of loans involve money and carry weight
in a modern-day economy.

1" In the multiperiod setting, which we study in {10], there is & term structure of interest rates deter-
mined by the interaction of the real and monetary sectors, and our focus shifts to both p and r.
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income

Y=pg=3 > pehn

el hcH

Notice that income corresponds to sales and not to endowments. Since houscholds
are not obliged to sell their endowments, real income is genuinely endogenous.
Nominal income appears doubly endogenous, since both p and ¢ are endogenous,
but often it can be deduced from monetary considerations alone.
Irving Fisher introduced a famous formula for the velocity of money, v, which
in our context becomes
(M+mjp=p-gq=Y.

In a one-period model the velocity of money is not very interesting. If all the money
is spent, then v = 1 and nominal income is determined. If some of the money is
unspent, v may be less than 1 and ¥ becomes endogenous. This happens in our
model in a liquidity trap (Section 11.2).

2.4 The budget set of a household

We consider the case of a perfectly competitive household sector. Each h € H
regards market prices (p, 7} € RZ, xR, asfixed (uninfluenced by its own actions).
The budget set B(p,r, e, m") consists of all market actions and consumptions
(¢",zM) € R x RE that satisfy the budget constraints (1), (2), (5), and (3),
(40),(60) forall ¢ € L. The residual variables #* = " {q", p) and /n* = M (¢", r)
are determined automatically by qh, P, T

kh
~h . 9om
= bm_ 1
m 171 )
Sty < mt +mh )
écL
Qo < €F (30)
h
zh = Imt (40)
Pe
G < AQ2) + D pegn )
e L
zh < (A3 + i (66)

Here A(x) is the difference between the right and left sides of inequality (). The
interpretation is clear: (1) says that household h borrows " dollars by promis-
ing to pay ¢° = (1 -+ 7)Mm" dollars after commodity trade, i.e., by selling g*
bonds; (2} says that total money spent on purchases cannot exceed the money on
hand, i.e., money endowed plus money borrowed; (3£) says that no household can
sell more of any commodity than it is endowed with: (4£} says that housecholds
purchase commodities £* with money at market prices p; (5) says that we are not
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. ] h
h homh b mb Po%
1 I'pp 1ipp plltn

Figure 1. Budget-feasible consumptions

permitting default, i.e., every household must fully deliver on its bonds; (6£) says
that consumption cannot exceed what a household winds up with after trade.

The budget set describes constraints on the flows of money and commodities
that a household may send te market. Implicitly, these flows define changes in the
household stocks of money and commodities after trade. The budget set ensures
that the stocks are always nonnegative.

2.5 Another view of the budger set

We denote the set of budget-feasible consumptions for household h by

Belp,r e®,m"y = {a" e RE : 3" € R with (g%, 2%) € B(p, 7, ", m™)}.

Note that B is homogeneous of degree zero in p, m™: i.e., for any A > 0,
Bo(Ap,r, e dm") = Bo(p,r, e, mm).12

We can picture the budget-feasible consumptions for a household A, endowed
with money and both goods 1 and 2 (see Fig. 1).

For any trade vector 7 € R%, and prices (p,r) € RY, x Ry, define the cost
Cr(p,7)of T by

. 1
Colpym) =p "7 = 5P sT
where - denotes dot product, and
*1¢ = max{, 0}, +Te = —min{7y, 0}

give the purchases and sales in 7 =*7 — ,7 .

12 Indeed, if (¢, 2") € B(p,r,eP, m"), then (g%, ") & B(Ap,r, eM, Am™) where q . =qb_,
T = Ml and @, = Agh,.
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The cost C.-(p, 7} discounts the revenue from sales by the interest rate, since
money-later (arriving after commodity trade) is worth less to the household than
money-now, which can be used for commodity purchases. Using this cost function
we can replace the six inequalities describing the budget set with just one, as Lemma
1 shows.

Lemmal Let (p,r) € RE x Ry. Then for any z" € RE
xh € Bc(p1 r eh-: mh) = Cr(p,l'h - eh) < mh'_

Any finite horizon model with cutside money, 1.e., with positive endowments of fiat
money, must somehow dissipate the money through trade. In our model the banking
systern extracts money every time a household purchases beyond its purely financial
wealth m”, One can imagine other firancial institutions which facilitate trade and
extract money in other ways. We examine a general model, via an abstract financial
cost function C{p, r, 7}, in [13].

2.6 Monetary equilibrium
A vector of prices and household actions
(.7, (" 2" neu) € Ry x Ry x (R X RE)H

is a pre-monetary equilibrium (preME) of (£, m, M) if all household actions are
in their budget sets, i.e.,

(¢" z") € B(p,r,e",m") N
and demand equals supply for the loan market and for all commodity markets, i.e.,

{a) Z rhh{qh,r) = M.

heH
® > # (" p) =Y dhtEL ®)
heH heH

It is worth noting that in a pre-monetary equilibrium, the total stock of money
and commodities held collectively in the hands of the bank and the households is
conserved in all three time intervals into which the period is divided. At the start,
the bank holds M and households hold / of money, Money market clearing (8a)
guarantees that the bank stock M flows to households at the end of the first interval.
Commodity market clearing (8b} guarantees that the total stock of commodities is
conserved and redistributed among the households during the second time interval.
And (8b), muttiplied by p,, shows that the total stock of money is conserved and
redistributed among the households during the second time interval. Thus at the end
of the first and second intervals, all of M -+ /m is with households. The no-default
condition (5) implies that the total bonds sold by households do not exceed M + .
At the end of the third interval in a preME, the bank holds (1 + )M < M +m,
and households hold the balance i — rAM.
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A preME (p, 7, (¢", 2")nepr) is a monewary equilibrium (ME) iff
uP(2*) > uP(g") for all (¢", ") € B(p, v, e m").

In any ME, at the end of the third interval, after repaying the bank, no household
will be left with unowed cash, otherwise it should have spent more money earlier
to purchase commodities, or else curtailed its sale of commodities, improving its
utility. Hence at least M + 7, is owed to the bank. But no more could be owed, since
default is not permitted. Thus (1 + )M = M + m at any ME, i.e., r = m/M.

This shows that the rate of interest r in (our one-period) monetary equilibrium
1s determined solety by the stocks of inside and outside money, and is unaffected by
the real sector £. In a multiperiod setting [13], there would be a genuine interaction
between the real and monetary sectors that determines the interest rates.

In contrast, even with one period, p is determined by a genuine interaction
between the real and monetary sectors. Notice that since the components of p at
any ME must be finite by definition, money will have positive value at an ME. Thus
the existence of an ME is tantamount to a resolution of the Hahn paradox.

3 Gains to trade

At first glance the cash-in-advance constraint (embodied in (2)) and the presence
of the bank seem to provide a way out of the Hahn paradox: the bank, as was said,
1s an agent that demands money for its own sake, and households will need to hold
money at the end in order to repay their loans to the bank. This argument would be
fine if we could guarantee that households took out bank loans in the first place.
But, unless money already has value to begin with, why should anyone want to take
out loans? In a representative agent economy, for instance, nobody would take out
loans and money would have no value. Thus the bank, while necessary, does not
in and of itself ensure that money will have value. Something more is needed. We
show in Theorem 6 that money fails to have value if nothing is added.

One device is to oblige households to put up some positive fraction of their
endowment for sale agamst money (i.e., require in condition (3) of the budget set
that e} < g, < el for some 0 < o < 1). Indeed the case when the entire
endowment must be put up for sale (i.e., « = 1) is considered by Lucas [28], [29].
and Magill-Quinzii [30]. Such forced sales, of course, ensure that meney will buy
something of value in equilibrium (i.e., an ME exists, see Remark 2). But the trouble
is that some of these sales musr be forced. With even the tiniest transactions cost,
households would strictly prefer not to sell and buy back the same commodities.
For any a > 0, if any e” > 0, household 2 would not voluntarily undertake to
sell ae®, for then there would be a commodity £ which i would be buying as well
as selhng In our model there is no transaction cost; but there is a positive rate of
interest at any ME if /. > 0. Households are loath to indulge in wash sales, because
they would lose the interest float.

Another device is to introduce a government, ready to defend the sanctity of
its fiat money by putting up some exogenous stock of commodities (e.g., gold)
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for sale against money. By this device we could again get ME without much ado:
government sales back the fiat money and guarantee its purchasing power.

We do not have to take recourse to such exiraneous and drastic measures as
forced sales of commodities, or gold-backed money, in order io guarantee that
money has value. What is required is an intrinsic “gains to trade hypothesis.”

Fiat money is wanted only for trading commodities. It follows that the value of
money should depend on households’” motivation to trade commeodities with each
other. We develop a measure of this motivation called gains to trade and show that,
whenever they are strong enough, monetary equilibrium exists. Money is valved
and used to move commodities through markets.

Let 7" € RL be a trade vector of h (with positive components representing
purchases and negative components representing sales). For any scalar v = 0,
define

() = min{rf, 7} /(1 + )}

Note 7} (y) = 7l if 7 < 0, 7} (v} = 7} /(1 + ) if 7} > 0. Thus 7 (v) entails a
diminution of purchases in 7" by the fraction v/(1 + ).

We say that there are gains to v-diminished trade at z = (z")pe gy € (R7)7 if
there exist trades (7" ), such that:

(@ g =0

(b) zh +rh e RL forallhe H

(€} uh(z? + 7(v)) > wh(z?) forall'® h € H.

In other words, it should be possible — in spite of the *“y-handicap” on trade -

for households to Pareto-improve on . We define y(z) as the supremum of all
handicaps that permit Pareto improvement.

Definition The gains to trade at x are given by

¥(x) = sup{~ : there are gains to y-diminished trade at '}
= min{~ : there are not gains to y-diminished trade at z}.

To clarify the definition of gains to trade at e, define the uotility functions
o) = u (e + (2~ "))

for b € H. Observe that for fixed 7, every component of (z — e™)(y) is concave
in . Since u” is also concave and increasing, it follows that v%“ inherits both these
properties. Thus, by standard arguments, the economy (v,“;, €™ ne g has a Walras
equilibriom.

Lemma 2 There are no gains to y-diminished trade at e if and only if the economy
(v1, €M) nen has a no-trade Walras equilibrium.

3 Since wtilities are strictly monotonic, this is equivalent to requiring that some household is strictly
better off and none are worse off.
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Figore 2. [1 + ¥(x)]* = ratios of slopes (not the angle between them)

For smooth economies we can give an explicit formula for v(z). Suppose z" > 0
and " is continuously differentiable at x”, for all h € H. With two agents and two
goods, [1 + ~v{z)]? is the ratio of the agents’ marginal rates of substitution for the
two goods (see Fig. 2). It would be incorrect to connect () with the angle between
the indifference curves at z in an Edgeworth Box. An important property of v(z)
is that rescaling the units of a commodity, say from pounds to ounces, leaves ()
invariant, though it changes the angle. One can check that (if H = 2 or L = 2),

Al (zh) Out{z?)

dr oz
1 2= k be
[+ ()] e || B | | B
ke Oz, Oz

More generally, Pareto improvement may require trade involving more than
two households and two commeodities. Define a trading cycle ¢, as a sequence of
distinct commodities ({1, ..., £,) and agents (hy, ..., hy,) where h; sells £; and buys
£;11 (where £, ) = £;). Although each agent h; trades only a pair of goods, the
trading cycle may require many goods and agents because there may be no double
coincidence of wants. The next theorem and its corollary show that in calculating
the gains to trade available at an allocation z, it suffices to examine trading cycles.
Since there are only a finite number of trading cycles, the following formula for the
gains to trade can in principle be explicitly calculated.

Theorem 1 If u” is continuously differentiable and " > 0 Yh € H, then

u(zh) \ 1"
Oz,
1| Aubi(zh)
amg‘

13

n
l+v{z) = max max ¢ X
2<4n<L en€Cq | i=
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where £y = {1 and the second max is taken over the finite set Cy, of all trading
cycles e = (£1, oo b, By, o, h) of length n'?

Corollary 1 Suppose (u) e are conzinuously differentiable and z™ > 0 Vh €

H. Suppose there are trades (T"}ne g, Y pep 7" = 0, such that v (m + 7y >
'r( ) Wh € H. Thenthereisacycle (£5, ..., €5}, (b, ..., hn) and tradeST on the

eycle (i.e., 71t = —Fp ! > Oforalli=1,...n and 7 ~’% =0ifl# {8, 01})

such that v} (:ch + 7Y > k(e Vi=1,.n

If utilities are not continuously differentiable, or if some :r:? = (, we can give lower

and upper bounds for ().

Corollary 2 Drop the differentiability and interiority assumptions of Theorem 1.
Define v.(x) (orv* (x)) in exactly the same manner as y{xr}, but with the right-hand
derivative in the numerator (or denominator) and the left-hand derivative in the
denominator (or numerator). Then v, {x} < v(z) < v*{(x).

The gains to irade are not given by the distance from z to the Pareto frontier, but
as Theorem 1 shows, by the ratio of the siopes of the two indifference curves at x.
The number ~y(z) can be viewed as a local measure of the departure from Pareto
optimality. It represents how easy it is to make a small Pareto improvement starting
from 2. If z is Pareto optimal, then ~(x) = 0; otherwise y(z) > 0. Our measure is
to be contrasted with a global measure of inefficiency suggested by Debreu, which
represents how far from ful] Pareto optimality the allocation is. His coefficient of
resource allocation §(x) is given by:

. 1
1+ &(x) = sup {)\ : there exists a reallocation of 3 Z zh
heH

which leaves each h at utility level at least u" (z") }

Notice that perturbations of utility functions u” only around z” will alter our
measure v(x}, but will have little effect on Debreu’s measure 6(z).

An example makes this local/global distinction transparent. Take uh(zy,20) =
'(:cl,mg) min{z; + 22y, 221 + 2 }. For any & = (2", 2%), where 2} + 223 <
2z + zft and x¢ + 224 > 275 + 74, utilities are differentiable and the ]ocal gains
to trade are quite steep. By our formula, v(z) = 1, since [1 + fy(a:)] f =4,

if aggregate endowments are equal in both goods, i.e., zhtat =zh+ a:z, then
the Pareto surface consists of the diagonal of the Edgeworth box drawn below in
Figure 3. The point z in the picture has y(r) = 1, no matter how close it is to the
diagonal. In contrast, §(x) falls to zero as x approaches the diagonal. The formula
shows that the function ~{x) is continuous when the utilities are continuously
differentiable and x > 0. The example shows that, without differentiability, {x)
may not be continvous. But it is always lower semi-continuous,

% When the maximum is achieved only on cycles of length at least . > 2, there is a failure of double
coincidence of wants in the economy. We might even use the minimum length n which achieves the
maximum defining -y(x) as a measure of this failure. We shall not pursue this point here.
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Lemma 3 Let (u")cq be concave and continuous. Let the allocations z(k) — z
as k — oc. Then liminfy y(z{k)) > v{x). '

‘We are now ready to state our key condition for the existence of ME.

(Gains to trade hypothesis ~{e) > m/M; ie., there are gains to y-diminished
trade at the initial endowment, where ¥ = /m /M.

4 Existence of monetary equilibrium

Theorem 2 Consider a monetary economy (€, m, M) inwhichm = 3, 4 mh
> 0 and the Gains to Trade Hypothesis holds, i.e., ¥(2) > i/ M. Then a monetary
equilibrium exists and, at any monetary equilibrium, the interest rate v = /M.

Corollary 3 (a} Suppose i = (. Then monetary equilibria exist and coincide (in
allocations and price ratios) with the Walras equilibria of the underlving economy.
{b) Suppose (p(k),r(k), q(k), x(k)) is an ME of (€, m(k), M (k)), withm(k} > 0,
and x(k) ko0 , and (k) /M (k) =g o0 0. Then z is Walrasian for £.

According to the theorem, increasing the stock of inside money M must eventu-
ally guarantee the orderly functioning of markets, if the initial endowment is not
Pareto-optimal. Equilibrium exists in (€, m, M) once M exceeds the finite thresh-
old 7. /+(e). In our model, inside money is indeed “the grease that turns the wheels
of commerce.”

Part (b) of the corollary assures us that although all trades are conducted via
money, and although all prices are quoted in terms of money, as bank money M
approaches infinity, the finai allocation of goods becomes essentially no different
from the Walrasian allocation obtained in an idealized world without any money at
all, and in which prices really only have meaning as exchange rates between pairs
of commodities.

Levels of bank money beyond 771 /v(e}, but short of infinity, give a large domain
in which the real sector € = {u”, e") ¢ and the financial sector (m, M) influence
each other, as we show in Section 6.
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4.1 Outline of the proof of Theorem 2

The intuition behind the proof is as follows. Imagine an external agent, say the
government, that commits to activating all markets by selling = units on each side
of every market (except for the money side of the bond market, where the bank
already commits M > 0). In particular, the government sells ¢ units of each real
good for money. Money would then naturally have value because any holder of it
could get something real in exchange for it. We quickly show that, with such an
external agent, a full blown e-monetary equilibrivm (¢-ME), including commodity
prices p(£} < oo and an interest rate r{c), necessarily exists. In an -ME, as in an
ME, the total stock of money and commodities held by households, the bank, and
the external agent is conserved in all three time intervals.

We remove the external agent by letting £ — 0, and examine a limit of e-ME
to see if the households themselves are imputing positive value to money. If r{<)
and p(c) stay bounded as £ —» 0, we can pass to a convergent subsequence which
will be a bona fide ME. Clearly »(=) > 0, for otherwise households could arbitrage
the bank. Thus money-now must have value in terms of money-later. Note that no
pe(e) — 0, for otherwise any household k with m” > 0 would be buying more of
good £ than there is, contradicting the feasibility of =-ME.

The interest rate r{s) must be no bigger than {va + Lz)/M, no matter how
small ¢ > 0 is, since default is not allowed. Otherwise, some household would
necessarily default, because it would not be able to find the money to pay its debts.
Thus 0 < limr(g) < m/M.

1t remains to show that p{¢) - o0. Suppose p(s) — oc. Then, since the total
money in the system is bounded and since money is the sole medium of exchange,
trade in goods — 0 as p(e) — oc. Hence households end up consuming their
initial endowment e in the limit. At the same time, notice that with p{e) — oc,
the purchasing power of the endowed money m goes to zero and may be ignored.
Consider now the limiting price ratios (on some subsequence) given by p, where
pe = lime Lo pe(e)/ > ker Pr(e). The trading opportunity for any household (at
the limit) is effectively to purchase goods solely out of borrowed meney and to pay
the loan back, at the interest rate r = limr{s) < m/M out of his sales revenue
{conducting all trade via money, of course, at the prices p). A little reflection reveals
that this is tantamount to doing standard Walrasian trades at prices p but consuming
only the fraction 1/(1+7) of purchases, which in turn may be viewed as consuming
the whole Walrasian trade via modified utilities v/*. Thus e is a Walras allocation
for (vP)nepm at prices p, and must be Pareto-optimal with respect to (v%)neq.
Since r < m/M < v{e), e is also Pareto-optimal with respect to (’U,’;(e))hey. This
contradicts the gains-to-trade hypothesis. So p{e) - o0, finishing the proof.

In short, once the external agent has given households the confidence that
money-now has value (i.e., that p{¢) < oc), and that meney-later has enough value
(i.e.. that 7(£) is not too high), they themselves will offer large amounts of goods,
and small enough amounts of bonds, for sale against money. Their actions will
fulfill their own prophecies, propping up the value of money-now and money-later,
if there are gains to 77 /M-diminished trade.
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Our proof in effect uses the gold-backed device of supporting the value of
money, but shows that in the end the gold is not needed, if there are enough potential
gains to trade in the underlying real economy. We could have given almost the
same proof, using the alternative device of forced commodity sales against money,
showing again in the end that such sales are unnecessary.

The proof in the appendix also shows that we can drop the hypothesis of strict
monotonicity, which becomes important when we consider a multiperiod model
with overlapping generations.

5 Determinacy of monetary equilibrium and the value of money

If outside money 7 = >°, _;; m" = 0, the ME are Walrasian, as pointed out in the
Corollary to Theorem 2. In this event, it is clear that there is great indeterminacy of
the commodity price levels. Households can borrow, hoard, and return money to the
bank without spending it and without incurring any interest cost. Hence ME prices
can be scaled down arbitrarily (with households hoarding increasing amounts of
bank money M) without disturbing the ME.

But the moment 7 > () we must have the interest rate positive, indeed equal to
/M. Consequently there is no hoarding at any ME and the above indeterminacy
abruptly disappears. In particular, the value of money (given by the price levels) is
determinate.

We can state this intuition formally as follows. Fix utilities (") cp. Let If be
an (suitably small) open set of linear perturbations of the utilities. More precisely for
each vector ¢ € RE, letu”(z) = u"(z)+c-z (where - denotes inner product), Take
U to be a (suitably small) open set in RY, including the origin, and (for housechold
R) identify ¢ € U with the utility «".

Let RY denote the set of possible endowment vectors e” for any household
f € H. Similarly, let R, denote the set of possible monetary endowments m”*
for any household h € H. Finally, also Iet R..; denote the set of possible levels of
bank money. Then we may think of any monetary economy ({(c*, e", m™) pc iy, M)
asapointin = (U x RE . x By )¥ xR, .

Theorem 3 For an open and full measure set Z' of vectors £ € E, the set of ME

Jor the economy defined by £ is finite in number; and this set varies continuously
=

on =’

Theorem 3 tells us that as the data of the economy change, equilibriurn moves
differentiably. We are particularly interested in showing that perturbations of (m,
M) cause real changes in (z")ncy and in relative prices py/py, as well as in
nominal price levels and in interest rates. We will also show that changes in the real
sector (u”, e"},cp affect the general price level, as well as price ratios and final
consumption.

6 Welfare in a monetary equilibrium

As was said, at any monetary equilibrium the interest rate r is the ratio of outside
to inside money in the economy, i.e., 7 = /M (see Theorem 2). Thus, if /= > 0,
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households who borrow money lose the interest-float on their marginal purchases,
which discourages some trade. The upshot is that ME allocations are not Pareto-
optimal, leaving room for further gains to trade.

A simple example will clarify the picture. Suppose that eh = e = (50,50,
mP =mi =5, M = 90, and u"(z,23) = 10logz: + 3log Ty and u*(x1, 2) =
3log 1 + 101og 20. In equilibrium (i) household 4 seils part of its endowment of
commadity 1 and buys commodity 2; while household £ sells part of its endowment
of commodity 2 and buys commodity 1, (ii) both households borrows money from
the bank. Since the utilities are differentiable, let

V3 (y) = the partial derivative of u’ w.r.t. the variable @, evaluated at y € RE.

Then, if z* and " are the households’ consumptions at an ME with prices (p, ),
we must have

V) g 4y Vi)
P2 »
and
Biah hih
m P2 -

{Such an equality holds in general for any “active” household j, i.e., any j that
borrows money and purchases good £ and sells only a parr of his endowment
of k.13 Therefore gradients of households 7 and / tilt away from the price ratio
p1/po in opposite directions (see Fig. 4 below). The misalignment implies that
from the ME it is possible for households ¢ and h to trade further for joint gains.
The expansion of trade would no doubt occur in a Walrasian world in which all
trade is free. In Walrasian equilibrium, final consumption would be approximately
zM = (77,23) and z* = (23, 77). But, in a monetary equilibrium, the cost imposed
by the interest-float hampers the possibility.

One can check that in monetary equilibrium p; = pp = 2, r = 1/9, 2" =
(75,25}, * = (25,75). Agent h spends his 35 and buys 2.5 units of good 1. He
also bortows $45 from the bank, promising to repay $30. This is spent to buy 22.5
units more of good 1. To repay the bank he must sell 25 units of good 2, which is
purchased by agent 4.

The example also reveals that the misalignment is no more than the wedge
factor (1 + ), putting a bound on the inefficiency of ME allocaticns.

To describe the general situation, we first introduce a condition which will
ensure that households never sell all of any commaodity they are positively endowed
with,

13 The reason for the equality is clear, If V9{=7}/pg > (1 + )% (21} /py, then § could improve
its utility by borrowing d more dollars from the bank and spending it to purchase £, while defraying the
loan by selling (1 + r)6 dollags’ worth more of good &; if the reverse inequality holds, 7 would benefit
by reducing slightly its bank lean and purchase of £, while simultaneously curtailing the concomitant
sale of k. There is a “wedge” of size (1 + r) between the buying and selling prices of any commodity.



Inside and outside fiat money, gains to trade, and [S-LM 365

Origin of h

h,
Foal

Origin of i v

Figure 4. ME allocation « in the Edgeworth box

Regularity condition Assume that each u” is continnously differentiable, and that

uh(yh)hz uh(eh)
yr < S € h
e (T 0
et >0

The “social welfare” at an ME is summed up in:

Theorem 4 Let (p,r,q,x} be an ME of the monetary economy (£, m, M) with
m > 0. Then v(x) < r. If the regularity condition holds, v(z} = r = m/M.

Remark 1 Even without regularity, if utilities {u");c g are differentiable, there are
allocations y arbitrarily close to x with ¥(y) > .

7 Non-neutrality of money

There is no money illusion in our model. If we scale M and the vector m =
(m™)nen by the same factor, then clearly the allocation and the interest rate at an
ME remain unaffected, and all commodity prices are scaled by the same factor. The
scaling is tantamount to a change in units, and it would be surprising indeed if a
switch from dollars to cents caused rational agents to behave differently.

But for the above circumstance, money is never peutral, Indeed let A(&, m, M)
denote the set of all allocations of commodities achieved at monetary equilibria of
(£, m, M). Then we have

Theorem 5 Consider two monetary economies (£, m, M} and (€, m*, M*) with
the same underlying real sector £, and suppose that the regularity condition holds
for £ If m/M # m*/M*, then the sets A(E,m, M) and A(E, m™, M*) are
disjoint.

Proof. Take any z € A(£,m, M) and any z* € A(E, m*, M*). By Theorem 4,
the gains to trade at z and at z* are v{z) = M/M and v(z*) = n*/M*. Since
m/M # m*/M*, z and z* are distinct. ]
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A change in M alone, or in m alone, or in both but in different proportions, will
(by Theorem 5) invariably affect real trades. The injection of bank money (with
private endowments of money held fixed) corresponds to a form of elementary
monetary policy in our model, It is evident that this policy will lower the interest rate
(since r = /M) and alter commodity allocations, moving them “closer” to Pareto-
efficiency since the unexploited gains to trade “left on the table” become smaller.
However, as we shall see in Section 9, increases in M will also eventually raise
equilibrium price levels p. Households that began with relatively large endowments
m" of money will be hurt, since their cash endowments lose purchasing power.
These households could be expected to use their influence on the central bank
to resist such expansionary monetary policy. Gifts of fiat money to households
constitute fiscal policy. They will cause interest rates to rise, and the ensuing ME
allocations are bound to be affected, becoming less (locally) efficient in the process.
Of course households that were the primary recipients of the fiscal gifts may be
better off than before.

The welfare-reducing impact of fiscal injections is most pronounced in the set-
ting of exchange economies with private goods and complete markets. When there
is production and incomplete markets, fiscal injections may be Pareto improving.
But we deal with this imnportant issue elsewhere [12]. Fiscal injections can also be
Pareto improving when there are public goods. We defer our analysis of monetary
and fiscal policy to Section 10.

8 The necessity of gains to trade

We have claimed that the presence of a bank (which “dernands™ money for its own
sake, at the end of commodity trade) is not sufficient for money to have value.
We now make this claim precise via Theorems 6 and 7, showing that monetary
equilibrium does not exist unless there are sufficient gains to trade.

Let VE{(y) (V¥(y)) denote the left-hand (right-hand) derivative of u", with
respect 1o the variable g, at the point y € RZ. And let .A(e) be the set of all
individually rational and feasible allocations, i.e.,

Ale) = {y = (y"nen € (RE)H Z y"
heH

= Z e, and u™(y") > u(e™)for h € H}
heH

Put

I'e)= sup ¥"(y)
yEA(e)

Le., I'(e) is an upper bound on the gains to trade at any point in .4(e).

Theorem 6
(m/M) > I'(e) = no ME exists.
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Theorem 6 shows that the value of money depends on household heterogeneity. If
all households were identical, I'(e) = 0, and monetary equilibrium could not exist.
In fact, if ¢ were Pareto efficient, then I'(e) = () and again money would have no
value.

Putting together Theorems 2 and 6, we obtain Figure 5. In general, we cannot
say whether equilibrium exists in the gap v(e) < m/M < I'(e). But when all
utilities 1" are separable, the question mark disappears: the region in question in
Figure 5 falls entirely into the domain of nonexistence.

The function u : Rf_ — R is said to be separable if there exist functions
ug Ry — R, for £ € L, such that ulz) = 3, ue(ze) for all z € RY.
(Cobb-Douglas utilities have this property.)

First we establish the following Theorem, which may be of some interest in its
own right. It asserts that for separable utilities, an ME strictly uses up some of the
gains to trade available at the initial endowment.

Theorem 7 Consider a monetary economy {(u®, e, m™\nep, M) with m > 0,
and suppose that u" is strictly concave and separable for all b € H. Suppose there
exists an ME (p,r, q, x} with interest rate v. Then ¥(e) > r = v(x).

(The second inequality in Thecrem 7 was shown in Theorem 4.) From Theorem 7
we immediately get

Theorem 8 Assume u” is strictly concave and separable for h € H. Then an ME
exists if and only if v(e} > m/M.

In other words, for strictly concave and separable utilities, the sufficient condition
for existence (in Theorem 2) is also necessary (and this incidentally shows that
Theorem 2 cannot be strengthened).

9 Hyperinflation

Let us fix 772 and start with M so large that M/ is well to the right of 1 /+(e). By
Theorem 2 equilibrium exists, and by Corollary 3 it is nearly Walrasian. Increasing
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M still further has little real effect; nearly exactly the same real trades are conducted.
Since all of M - 7 is spent on practically the same purchases, the price level!®
rises linearly with M, and we have the nominal inflation depicted in Figure 6.

As M falls toward 12 /+{e), what happens to price levels? The decline in money
suggests that price levels will continue to fall. But as M falls, r = m/M rises,
discouraging trade and moving us to less efficient allocations, (By Theorem 4, at
any ME allocation & of a regular economy, v(z) = r.) Smaller volumes of trade ¢}
make for higher price levels. Which effect dominates?

Suppose the economy has strictly concave and separable utilities. Consider a
sequence of ME with bank money M (n} and equilibrium prices p(n}. Suppose
M (n) converges to . /~y(e} from above, If p(n) remains bounded, then by passing
to a convergent subsequence, we could show the existence of ME at A = m/~(e),
contradicting Theorem 8. Hence p{n)} — oo and the price level must look something
like in Figure 6.

Our analysis has the paradoxical feature that there is some stock My of bank
money which minimizes the price level. If the bank eases, and lends more money,
inflation will creep in, though the equilibrium altocation will improve somewhat,
If the bank tightens its policy, lending less than My, inflation will again occur, and
eventually price levels will rise much more rapidly (i.e., much faster than linearly,
since they reach infinity over a finite move My — m/~v{e)). We call this explosion
of prices, a hyperinflation.

‘We can also attribute the hyperflation to changes in the stock of outside money
i, occasioned perhaps by a government eager to distribute money to particular
projects.

Too big a fiscal injection 7 must result in an explosion of prices, and collapse
of trade, as we approach the finite threshold v{e)M . Note that we cannot be sure
that the price level falls for increases of /% near 0, since price levels at the Walras
equilibrium are now finite (see Fig. 7).

It is very useful to compare monetary injections AM with fiscal injections A,
As M — oo (holding m fixed), price levels rise to infinity at the same rate, and

18 1e.. the price of some fixed good in terms of money. {All price ratios will be bounded, since the
interest rate is bounded across all ME.)
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we have nominal inflation. As 7 increases (holding M fixed), price levels rise
at an accelerating pace, reaching infinity when 7 is still finite, and thus giving
hyperinflation.

We summarize our discussion of hyperinflation in the following theorem.

Theorem 9 (Hyperinflation) Fix the real sector £ = (u®, e®)pep. Assume uh
is strictly concave and separable for h € H. Consider a sequence {M(n),
(m" (n))ren )52, indexed by n, such that M(n) is bounded away from 0 and
Y oheH m™{n)/M(n) increases monotonically to y(¢). Every n defines an econ-
omy which, by Theorem 2, has monetary equilibria. Let p(n) be an ME commodity
price vector of the nth economy. Then p{n} — cc as n — oo.

We conjecture that hyperinflation occurs, without the separability hypothesis
on utilities, at some point m* /M ™ between y(e) ansd I'(e).

10 Government: treasury and central bank

We extend our one-period model by adding a government. Fiat money, after all, is
money by government decree, and brought into being by government issue.

The government produces public goods denoted P = {1, ..., P}. These goods
are not marketed, but give utility to households. For simplicity we imagine a pro-
duction function F : RY — RY mapping inputs of private goods into a unique
output of public goods. We suppose F' is continuous and F(0) = 0.

Public goods have impact on households’ utilities. For any vector z of public
goods present in the economy, u” : RY — R is the utility of h € H over his
consummption of private goods. We assume that, for every fixed z, u? () is concave
and strictly monotonic in x; and also that w” (r} is continuous jointly in z, 2. (Notice
that we do not need to assume that %/ () is monotonic in z.)

We distinguish the government Treasury department, which chooses {(Qum.
Am, Q. ), from the government central bank, which sets M. The complete
government policy is given by a vector

7= (M, Qum, Am, @y o) € Ry x Ry x RF x Ri x [0,1).
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We now describe the four policy instruments of the Treasury.

The Treasury buys all inputs for production, such as labor, from the private
sector. Denote these expenditures by Q. = (Qme)eer.

The Treasury also raises taxes and transfers wealth. For simplicity we assume
the same ad valorum tax rate on the sale of every good and denote it by & € [0, 1).
An agent who sells a vector g of goods at prices p must pay the Treasury op- ¢ out of
his sales revenue p - g. We denote by Am = (Am" ), p the transfer of money (to
household A if Am™ > 0, and from household & if Am? < 0). We assume these
lump sum transfers occur after bank loans are made and before commodity trade.
Lump sum transfers Am" are rarely observed in reality, especially if Am”* < (.
We include them for theoretical reasons,

To finance its expenditures Q,,, = Zee 1, @me on inputs for production and on
money transfers A = 3, .y AmP | the Treasury can borrow money from the
bank, in competition with households, by issuing its own bonds (}y,,,. Let

mg = Am + Qm — Qum/{(1+ 7). 9.1)

A shortfall mg > 0 must be covered by printing money, and a surplus mg < 0
must be inventoried.
The Treasury is not allowed to default on its bank loan. Let

Mo = Qpm — tax revenue — max{—mg, 0}. (9.2)

Ifit cannot repay the loan out of its tax revenue and inventory, it must print additional
me > 0; and must dispose of excess money if m, < 0,

The budget deficit of the Treasury is defined by the amount of money it must
print {o meet its spending

deficit = max{mg, 0} + mq, = —surplus.

If there is no deficit (or surplus), the budget is balanced.

We think of the Treasury making a budget plan at the beginning of the pe-
riod. This plan consists of its issue of bonds Qpm,, its transfers (Am” ), ey and
expenditures (Qlm¢)ee . and the tax rate o. The Treasury can always carry out its
plan, no matter how households behave, so long as it is free to print money before
trade (mg > 0), or hoard money across trading time (mg < 0), and print money
{mg > 0)ordestroy money (m,, < 0) attheend. Policies for which the government
borrows precisely what it needs to spend, and taxes precisely to cover its debt, i.e.,
myg = U = my,, are called totally balanced budget policies. In an uncertain world,
however, the Treasury might not be sure of the proceeds from its sale of bonds,
or of its tax revenue. There would need to be a mechanism for covering shortfalls
and disposing of excess money. Though there is no uncertainty in our model, we
wish 10 investigate whether monetary equilibrium can be maintained even when
the Treasury faces imbalances. The residual variables (g, m. ), which adjust for
imbalances, are determined in our model uniquely from M, (Qyr, Am, Qr, o), 7
and tax revenue by equations (9.1) and (9.2). We investigate whether equilibrium
exists for arbitrary complete policies (M, Qum, Am, Q. o), even if they entail
printing money or destroying money.
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In American law, the Treasury cannot literally print money, but must borrow it
from the Federal Reserve. But the Federal Reserve can print the money, giving it
to the Treasury in exchange for an IOU note. By not redeeming the TOU note, or
equivalently by rolling it over in perpetuity, the Treasury prints money by proxy.

10,1 Monetary equilibrium with government

We shall denote by IT(m) the set of all (comp]ete) policies 7 that are consistent
with the private sector (£, m). Denote . = 3, ., m", Am = 3, _, Am",

QmﬁzlegeLQmZ Then
mm) = {(M, Qom, A, Qpm,0) € Ry x Ry x RY < RY x [0,1) :
m+ Am € RY,m+ Am + Qp, > 0}.

Thus the government cannot take more money from any household than it js en-
dowed with (m + Am € R#), or wipe out all the outside money in the systern
(T + A+ Qum > 0). Thmughout when we consider an economy (€, m, ), it
will be assumed that n € IT(m )

The budget set B(p,r, e, m" + Amh , o) of household £ is defined exactly as
B(p,r,e", m"), but with two amendments. First, replace m” w1th mh - Am”, Sec-
ond, tax must be deducted from sales revenue (i.e., ), pgqgm must be replaced
by ZfeL(l - U)Pi’fi‘?m)-

The vector (p,r,(q",2")nerr) is a monetary equilibrium for the economy
(E,m,m = (M, Qum, Am, Qun, o)) iff

(0 (¢*,2") € Blp,r,e", m" + Am" o) and u{z") > ul(z") for all {¢", z")
€ Bip,r,e",mf + Am®, o) where z = F(Qum1/p1y oo Qmr/p1)
(D) e Yper @ = Qe + Dohen e VEE L
D) Qom + Sperr thhn = (1 7)M

Thus households are optimal in their amended budget sets ((i)) and all markets

clear ((if}, (ii1)), taking the government’s actions into account.

10.2 Gains to trade and existence of monetary equilibrium

Given private money (m"),cy = m and government policy 7 = (M, Qpm, Am,
€}, @), consider the equation:

glzy = (1 —0) —i—Z{m + Amh) +Zng =z.  (10)

heH el

Q +z

Since M + A + Qr, > Oand ¢ < 1, we have g{(0) > 0. Moreover, since M > 0
and the function é(x) = z/{Qsm + ) is strictly concave'” and monotonic and
bounded above (by 1), all these properties are inherited by g. It follows that there
exists a unique positive scalar which solves the equation. We denote it by x(m, 7).

7 Unless Qpm = 0, in which case the graph of g is horizoatal, still yielding a unique intersection
with the 45° line,
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(1-e}({m+am+ Q) 9
45°

i
i

x(m,x) X
Figure 8§

As we shall see in the proof of Theorem 10, the variabie z gives the total number
of bonds issued by households, and g(x) gives the total money in their hands after
commodity trade, assuming v > 0.

Define
p{m, 7) = max {0,

Qbm—Q-.T('m,TT) _1}. (D

M

Forany z in k%, define the gains to trade -y, () in the private sector in the presence of
public goods z, exactly as before, using the utilities {42} < 5. Then 4o (e) represents
the gains to trade before any trade or government production occurs.

Theorem 10 Consider a monetary economy (£, m, 7). Suppose vyo(e) > v =
r*(m,m) = (o + p(m, 7))/ (1 — 7). Then an ME exists. Moreover if (p,r,q,x) is
an ME of (E,m.7), thenr = p(m, 7).

The existence theorem for monetary equilibrium with the government differs in
two respects from our previous existence Theorem 2. First, the gains to trade -y (¢)
must exceed a threshold r* that is greater than just the interest rate r. Second, the
equilibrium interest rate r is no longer a simple ratio of exogenous stocks of outside
and inside money,

As in monetary equilibrium without the Treasury, all the money issued by the
bank and all the money printed by the Treasury {(and not destroyed) must be owed
and returned to the bank. Thus the interest rate must be

~ m+ max{mg, 0} + mq
B M ‘

The Treasury can inject money into the system by running a deficit and printing
it (max{mg,0} + m, > () or take it out of the system by running a surplus and
destroying it {max{mz, 0} + m. < 0). Previously only the bank could inject or
withdraw money. The values mpg and m,, are solved endogenously, as part of the
monetary equilibrium along with ». Without the Treasury, the equilibrium interest
rate r was a simple ratio of the stock of outside money to the stock of inside money.
With the Treasury endogenously printing and destroying money {depending on its
budget deficit which depends on taxes raised) the interest rate cannot be so easily
calculated from the exogenous parameters (£, m, 7).
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Nevertheless, Theorem 10 shows that the equilibrium interest rate r = p(m, 7
and the impediment to trade +* = r*(m,7) do not depend on the underlying
physical economy (u”,e?)yc g in any way. We emphasize that this is because
there is only one time peried. With two or more time periods, nominal interest rates
would depend on the underlying physical economy [10].

Theorem 10 enables a partition of the policy space [7{m) into two regions
lig(mn) and Iy (m) such that, if = € ITg(m), the interest rate (at every ME of
(&€, m, )} is zero; and if = € T (m), the interest rate is positive. Define

Iy(m) = {(J‘J Qb Am, Qo) € H(m) : {(m+ Am+ Q)
< {o/(L= o) (M — Qua) }

and I, (m) = I (m)\o{m).
Corollary 4 Suppose (p.r, (¢", ™) ner) is an ME of (£, m, 7). Then

r=0&mTe Hn(m)
fand sor > 0 & m € T (m)).

10.3 Welfare and gains 1o trade

Without taxation, we saw that the interest rate created an impediment to trade.
Taxation adds another impediment, and exacerbates the interest rate impediment. To
see why, consider a household that wishes to sell enough goods to finance purchases
worth one dollar. The household must incur a debt of 1 + r dollars, and then sell
goods on which it will pay the tax o, bringing its total cost to (1+r}/{1 — o). This
is tantamount to paying an effective interest rate of r* = [(1 + ) /(1 ~ 7)) ~ 1 =
{r + )/(1 — o). All our previous theorems on welfare hold (by the same proofs)
with this threshold +* in place of the bank interest rate r. For regular economies (in
which utilities are smooth and equilibrium consumption :r;t > 0 whenever ei;‘ > 0),
r* measures precisely the unexploited gains to trade at any monetary equilibrium
allocation ((z")pen, 2).

Government policies which increase r* move the equilibrium allocation to
((Jffh)hg 1, %) at which there are more unexploited gains to trade. But welfare
might nevertheless be increased if the policy leads to more public goods 2 =
F{Qun1 /D1, -, @mi/pr). and if consumers value these public goods.

11 Monetary and fiscal policy

1.1 Nominal comparative statics in an “IS-LM" framework

Macroeconomics seeks to understand aggregate variables such as total output with-
out paying careful attention to the microeconomic details, A complete description

of equilibrium in our model would require knowledge of all microeconomic par-
ticulars. Changing some household u" or ¢ would typically change equilibrium
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prices p and consumption (Ih’) neq for all households. Raising @0 by $1 and
lowering some other (J,,¢+ by $1 would do the same.

We shall show, however, that the equilibrium interest rate r and nominal GNP
Y can be calculated without knowledge of microeconomic details. Indeed, write
aggregate fiscal and monetary policy as the four-dimensional vector

T = (AJ Qbm: = m+ Am + Qnm‘g)'

We think of the first two coordinates as aggregate monetary pelicy, and the latter
two coordinates as aggregate fiscal policy. We shall show that » and ¥ can be
calculated from 7 alone via a graphical analysis identical to the Hicksian 1S-LM
framework. Each curve corresponds to the locus of points (¥, ) describing goods
market clearing, or money market clearing, or bond market clearing.

In this section we assume that government policy is consistent with the existence
of monetary equilibrium with a positive interest rate, i.e. {from Theorem 10)

welll(m)= {'n’ € Iy (m):vole) > r*{m, ) = W} .
Define nominal GNP Y as aggregate spending on commodities:
Y =3 e Pednen qi . Agents will aiways spend all their cash 7 + Am. An-
ticipating revenue (1 — )Y from their sule of commodities, and knowing that there
is only one consumption period, consumers will borrow and spend an additional
(1 —o)Y/(1 +r). Since government spends (), market clearing for commodities
requires

1 -myY _
M +m+ Am| + =Y, or
1+r
1+7 : 1+r
Y = m i = .
s r(m + Am+ @) pry —H (1)

Note that for o < 1, Y declines in r, for any fixed u > 0. We call (10) the income
= spending equation, or IS for short.

Anticipating that they will be spending Y — @,,,, households will demand
precisely this same amount of money if » > 0. Since government demand for
money is Qp /(1 + r), money market clearing requires that

Y - Qn)+ IQj_ﬂ:r = M+ m+ A, or
(an
Y =M L — 11
TR T (n

Anticipating again that their revenue from commeodity sales will be {1 — 7)Y,
households will offer to sell exactly that many bonds (assuming r > 0 so they do
not inventory any money). Bond markel clearing therefore requires that
147 = Qo + (1 = 0)¥ (- U)Y, or
M
1+r Qb‘m

Y = M — .
1—¢ 1—a

(12)
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r LMM, Qbm, 1)

BM, Qbm: o)

IS(p,0)

Figure 9

These three equattons are drawn in the familiar (Y, ) plane in Figure 9.

Note that the commodity market clearing equation (10} depends only on fis-
cal parameters (y, o}, and is independent of M and Qy,,,. Similarly bond market
clearing does not depend on &, and money market clearing does not depend on .
The slopes of the curves are derived from equations (10)—(12). In particular, since
Quun /(1 + 1) < M, the money market clearing curve slopes up faster than the
bond market clearing curve near the equilibrium (r, ¥7).

All the usual Keynesian comparative statics hold. Increasing M by $1 shifts
the LM curve $1 to the right and the B curve (1 + »)/(1 — o) > 1 dollars to the
right, leaving the IS curve unchanged. Thus r declines and Y rises by less than $1.
Increasing government spending by $1, financed by printing money, moves the IS
curve (1 4+ r)/(o + r) > 1 dollars to the right, and shifts the LM curve exactly
$1 to the right, while leaving the B curve unchanged. Thus r rises and Y rises by
more than $1. Increasing government borrowing by selling 1 + r more bonds shifts
the LM curve $1 to the left and the B3 curve (1 +r)/{1 — ) = 1 dollar to the left.
Thus r increases and Y decreases by less than $1. In all three cases »* moves in
the same direction as r, since ¢ is fixed.

Increasing o by 1% moves the I3 curve and the [8 curve down by more than
1%. while leaving the LM curve unchanged. Therefore v goes down by more (han
1%, and Y goes down. From (10) we have that Y'[(1 — o} /(1 + )] = p/7*. From
{12y we know that Y (1 — o) drops by a bigger percentage than 1 + », since Q4.
and A are fixed. Hence Y[(1 — o)/(1 + r)} declines and so r* increases when o
increases.

At any budget-balanced policy, » = m/M and Y < vnt + M. Al any to-
tally budget-balanced policy, ¥ = m + A, exactly as was the case without the
Treasury. Budget-balanced increases in government expenditures Q,., do not raise
nominal income Y. In the Keynesian model they do increase Y, because house-
holds” marginal propensity to consume is assumed to be less than one (while the
government spends all its tax revenue). In our one-period model, households have
no reason to save, and their marginal propensity to consume is therefore one. In a
totally budget-balanced policy, the government’s propensity to spend is also one,
while in a balanced-budget policy, the Treasury may borrow and hoard the money,



376 P. Dubey and I. Geanakoplos

paying the interest by raising taxes, and thus its propensity to spend out of tax
revenue may be less than one.

11.2 Liquidity trap

One new phenomenon introduced by the presence of the government is the possi-
bility that interest rates become zero even when there are initial stocks of outside
money 7o > 0. If the government surplus, — max{mg, 0} — m,, = i, then »
becomes zero.

At first glance this seems like a knife-edge case, but in fact the region where
r = 0 is quite robust. Define

i (m) = {w € Lo(m) : 70(e) > 1 "U} .

Corollary 5 Fix (£, m). Then for any government policy w = (M, Qy,,,, Am, Qo
@) in the nonempty open set T = int [T} (), monetary equilibrium exists, and at
every monetary equilibrium the interest rate is zero.

For any policy in the liquidity trap, = € T, equilibrium teaves ¢ /(1 — o) unexploited
gains to trade, and leaves = 0. No small policy change that maintains the tax rate
o will be able to budge the interest rate or improve the gains to trade. In the liquidity
trap, government monetary policy (M. Q.. ) 18 powerless to improve household
trade if the Treasury dares not reduce taxes.

In the liquidity trap households borrow money and hoard some of it. By equation
(10}, with » = 0, total expenditure must be y1/. The remaining money must be
borrowed and hoarded. As the tax rate o is increased, households hoard more, Y =
GNP declines, and tax revenue = oY = ogu/a = 1 stays the same, as does the
budget surplus. This explains why the liquidity trap region is robust, and how an
open set of government policies can leave the budget surplus unchanged.

If the government insists on further and further increases in the tax rate o, it
will depress nominal GNP. As o /(1 — &) approaches ~ (e}, real GNP will collapse
to zero (if utilities are separable), by Theorem 7.

In the liquidity trap, increasing fiscal expenditures A + Q.,,, without raising
taxes, has a somewhat surprising multiplier effect. If the government prints one
extra dollar, increasing Am + Q,,, by 1, then aggregate spending ¥ must increase
by 1/c.

Unfortunately, this remarkable stimulus to GNP springing from government
spending is mostly inflation driven. Consider the special case that 1 =3, ., A
m” and A" =m"/ 3, mi forall h, and Qp = 0 = Q. Then the effect is
purely from inflation, with consumption ("), ¢ 5 unchanged.

It is worth noting that when the government takes no actions Am = (), =
Qum = 0, except to tax o > 0, the ME correspond to Walras equilibrium with ad
valorem tax & and lump sum redistributions of the tax revenue m’/y" _,, m’ to
each agent i € . Qur existence Theorem 10 thus proves the existence of Walras
equilibrium with taxes,
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11.3 Hyperinflation

Public goods expenditures (,,, > (} and transfers Am > 0 may be of great value to
the economy. But if the Treasury becomes too ambitious by spending or borrowing
too much, it will necessarily engender a self-defeating hyperinflation: p — oc,
M el y 5 0as Qm or (Qy,,, approach finite thresholds.

We argue this in the context of separable utilities, as in Section 9. There we
showed that if the impediment to trade approached ~(e}, then hyperinflation neces-
sarily set in. The fact that no money was being hoarded by households was crucial
in that argument.

We will suppose m € [1, (im} so that the interest rate is positive and house-
holds again do not hoard money. Recall that the impediment to trade is now 7* =
r*{m, 7)) = {o+max{0, (Qum+xz(m, 7)) /M)—1}]/(1—0).Clearly r*{m, r) ap-
proaches vy (¢) at finite thresholds @7, and @7, Indeed let ;. = M{~vo(e)+1).
Then, for @y, > @}, the impediment r* (12, m) > ~p(e) no matter what Am,
. or o may be. To compute Q7 recall 2{m, ) = g{z(m, 7)) > (1 — ¢)Qp:

solet Qf, = M(yy(e)+1)/(1— o). Thenif Q,, > Q%,. we getv*(m, ) > vo(e)
no matter what Am and (Jy,,, may be (but this second threshold Q;‘n does depend
on 7).

By its own profligacy, borrowing or spending too much, the Treasury destroys
the value of its fiat money, and also its power to produce any public goods or to

transfer any real wealth.

11.4 Real comparative statics: the Ricardian equivalence between policies

In this section we investigate the real consequences of monetary and fiscal policy.
This gives a very different picture from the nominal effects described in Section
[1.1. For example, we shall show that government expenditures on public goods
have the same real effect (up to scale) whether they are budget-balanced financed,
by debt repaid later out of tax revenue, or deficit financed by printing money. Yet we
saw in Section 11.1 that balanced-budget financing does not increase the interest
rate r or nominal income Y, whereas printing moncy does increase both r and V.
This real “Ricardian equivalence” turns out to be delicate to prove. If the Treasury
tinances its purchases by printing money, it will cause an inflation of commodity
prices, which will force it to plan proportionately higher expenditures to maintain
the same real purchases. In addition, in order to achieve all the same real effects as
the budget-balanced expenditures, the Treasury will be obliged to print still more
money to make transfers to compensate the holders of money who will be hurt by
the inflation. We describe the precise equivalence between government policies in
the Corollary to Theorem 11. The key to the equivalence is the observation that real
trade is influenced by +*, and not by r. Printing and spending money A increases
r, and therefore also r*, while budget-balanced expenditures leave r fixed, but
increase ¢, and hence also »*.

By directing government spending toward one public good as opposed to an-
other, or by transferring wealth from one group to another, the government can
influence real outcomes without changing the nominal values calculated in the last
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section. Ricardian equivalence does not apply in these cases. However, we wish
to concentrate on the aggregate real effects of aggregate policy. So we restrict at-
tention to aggregate policies for which all Am” move in the same proportion, and
all ¢),,, move in the same proportion. Thus we are back to five policy instruments
(AI Qbma Am, Qm-. (T)'

The Treasury can always create real changes by changing its mix of expenditures
between transfers to households, and spending on public goods, If we fix this
mix, then Theorem 11 demonstrates that the Treasury, with its three policy tools
(Qbm, (Am, (1), o), can achieve no more and no less than the same real effects
achievable by the central bank with its single policy instrument A . In the nominal
IS-LM framework, the Treasury and the central bank had complementary policy
lools, one controlling the LM curve, and the other the IS curve (and perhaps the LM
curve). Inreal terms, it turns out that whatever the Treasury can do by printing money
(and increasing all expenditures by the same proportion) or by raising commodity
taxes {uniformly across goods), the central bank can do by reducing the money
stock. Treasury power becomes distinct from the central bank only when it targets
a part of the economy, for exarple by shifting resources from private production
to public production.

Let {p,7,q, 2} bean ME of (£, rn, m) where m = (M, Qum, Am, Q. o). What
are “equivalent” policies 7 = u&! Q;,,,L. Am, Qm , @) for which r remains an ME
allocation?

We shall vary (A, Q) linearly with a single parameter A € R, | as follows:

Am™ (A = Am + AmP) —mt forh e H
Qe (A) = AQune. for ¢ € L.

This enables us to think of a policy as a four-dimensional vector {]\71'. Qv A al,
where (A, Q. ) = (Am(A), Qm(A}).

Equivalent policies can be pictured as a smooth surface in four dimensions.
In particular this picture reveals that an arbitrary small change in any three policy
variables, can be compensated by adjusting the fourth variable, to retain x as an
ME allocation.

We describe the surface as a function A : D — Ry where D C R3. For any
(M’,Qbm,é) € D, setting X = A{JL;’,Q},,,,_,(?) will yield an equivalent policy.
Needless to say, the domain [J and the function A depend upon both {p, r. ¢, ) and
7 = (M, Qbm, A, G, 7).

Denote * = (r + o}/(1 — o). Then the domain D is given by:

?,*

I
Qf)m. < (T* + 1)(1 - 5’)]\4[}

We will suppose B = M —(Qy,,, /{1 +7)) > 0, i.e., the government is not bor-
rowing all the bank money at the ME {p, 7. ¢. 3) of (£, m, M, Qpm, Am. Q.. 7).
With this proviso, define

T A oy i nro_ @f}m
AT, Qom. 5) = (M i &J .

b= {(ﬁ}-c‘?bmeﬁ) cRiy x erl, <<
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(L- (% + )+ 1y M

Figure 10, The graph of A for fixed Af

We are ready to state

Theorem 11 Let {p,r, q,x) bean ME of (€. m, M., Qu., Am., @, 0 ) and assume
M —A(Qpm/(14+ 1)) > 0. Let A: D — R, be defined as above. Then, for any
policy ™ € {(ﬂjf,Qbm.fl(ﬁjf,(?bm,é),(}) : (fﬁ’,@bm,&) € DY, there exists an
ME (p,7.G, ) of (E,m, %) such that & = : and Qune /e = Qume /Py forall ¢ € L,
where ng = A(ﬂ-}‘, Qb.,,l, G100 e IS government’s expenditure in 7.

Corollary Let (p,r,q,x) be an ME of (€. m, M, Qum, Am, Qu, 7) and assume
M — Qo /(1 +73}) > 0. Then there exist policies wy, wy, m3 which are equivalent
to (M, Qum, Am, Qr,, a) such that the government finances its expenditures solely
by

(1) printing money g prior to trade in 7, (i.e., Qbm, a and M., are zero under
)

(2) borrowing money and repaying it by printing 1, dfter trade in 7y (ie., 7 and
g are zero under ma)

(3) borrowing money and repaying it out of tax revenue in 73 (Le., via a totally
balanced policy where g = i, = 0 under 7s)

(Here tg, mg, are the endogenously determined quantities of money printed in the
ME achieved under the relevant policy m;.)
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Appendix

Proof of Lemma 1. Let Cr(p,x" — ch} < mh We write 7 = 2" — e/, We will
construct ¢* so that {g", 2"} € B{p,r, e, m"). Let

., = (1+rymax{p. v —m" 0}
~gforaltf € L

I}

k
Qém
gl =p¢Te forallé € L.

Observe that with 77" = ¢! /(1 +7),p- "1 <m" +m", s0

E gty =p tr <mh 4wt
feL

and inequality (2) of the budget set is verified. Since 2" € IR_E‘_, «Te < eh, verifying
inequality (3£). Observe next that if q{}m = (1, then (5) is automatic. Otherwise,

qlf:m = (1 + ’)[p - ”lhl
1

= (14 SR -
(+f’)[ﬂ T

= (1 +n)[Crlp.7) —m" ] +p-*7

SptT =3 pedl,

£el,

r—mt| 4+ptr

verifying inequality (5). Finally, letting rf = qw/pp = %74, We get

xh = (ef — T)+ '
= (A3) + if

verifying inequality (6£). Hence {g", z™) ¢ B(p, r, ¢", m"), and so " € B (p,
h h
r,oe, o mt).
Conversely, suppose there exists ¢" E R with (g", ") € B (p, v, ",
mh). Let 7 = 2" — e, and recall that L[ = qu/pg and (by (34) and (64))

sho_ Lk ek I
Iy Gopn = Ly ep = "Tp - LT

=R * 5
Hence a7y = " and ¢, = 7.
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Now,
C(p, " = pe
(s ey=p- 13 f[
= 3wt - = Y pedh,
fel PEI
- {Z pf’(f}q? - pr Q#m - *TF }]
£l fEL
S pr? - T foq{’m
jasy” !er

(by the preceding three inequalities)

= Z Qﬁ-;,f Z‘“ em

[{=y % fEI
R li 5 h /
< Z q'mf (1 + I)Tn’ - ('?TT ' +mt - Z qr:i.(}
£e L fel

(by the budget set inequalities(i) (2),and (1))

1+T qu(

! {m® 4 ")
T m -
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O

Proof of Lemma 2. If no-trade is a Walras equilibrium, then, by the first welfare
theorem, e is Pareto optimal with respect to (v )2 1, and hence there are not gains-
to-y-diminished-trade at ¢ (with respect to (1"}, ). Conversely, if there are not
gains-to-y-diminished-trade at e (with respect to (fu." Ve i), then e is Pareto optimal
with respect to the utilities (v/ )¢ ;7. By the second welfare theorem, no-trade is a
Walras equilibrium for (v The - 0

Proof of Lemma 3. If v(x) = 0, the lemma is obvious, since v(y) > 0 for
any y. So suppose v(x) > v > 0. Then we can ﬁnd trades {77}y such that
Yhey T =0andforallh € H,z"+7% ¢ RY and (2" 4 7"(7)) > v (2™). It
follows immediately from the continuity of 1" that forlargeenough kand A < | but
sufficiently close to 1, 2" (k) + A" () = Oand &/ (£ (R)+ A7 (7)) > wP (™ (k).
O

Proof of Theorem |. We first prove the theerem assuming that each »” is strictly
concave.

Let (% )72, be a monotonically i mcreasm0 sequence v, — y(a). Let { p(k),
(" (k))pers) be a Walras cquilibrium of ( , ;1!’ Jney for each k. Since w.l.o.g.
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Zle pe{k) = 1forall k, by passing to convergent subsequences we may suppose
that'® p(k) — p » 0and z"(k) — " for all b € H. Since the functions
v? converge uniformly to -'uh( ) on compact sets, {p. (") ,ec ) must be a Walras

equilibrium for the economy (¢" .. a"),c . By strict concavity and Lemma 2,

& =g forall h € H.

Furthermore. by Lemma 2 we know that for each &k, 7"{(k) = " (k) — 2" #£ 0
for at least one i € H (otherwise there are no more than v, < () gains-to-trade
at 3. Hence for each k we can find a trading cycle (€, (&), £2(k), ..., £, (k}} and
{hi(E), ha(k), ... Ry, (k) such that each fo (k) sells £;(k) and buys £, (k). Since
the set of all possible cycles is finite, we may assume the same cycle obtains on our
subsequence of k. We denote it (£1,...,£,.), (b1, ... ha).

For each k, and each trader h € {h1. ... hy, }. define the net trades 7" (k) € R
by

y(m)

(.l».)pe‘ 1 (k) if £ = f,
k) =1 ¢ ( Dpe (k) i =tp

otherwise

o

where =" (k) < min{ 7" (k)/p, (k) 7, ‘+1( )/ e, (k)}. From utility maximi-
zation at Walras equlllbrlum

ol (@™ (k) — 7 (k) < ol (2™ (k) for all k.
It follows that

Bult (ah (k) — 77 (k)

" (k)pe, (k)

B, ,
R e

Rearranging terms,

ou (2" (k) — #h(k))

Fah (wh?("ls)m ) > (1 + ":k)pf;F:bEg).

iy,
Taking products over 4 = 1, ..., n, and passing to the limit as k& — oo,
Aul ()
X dff"‘i(;,) S (14 ()"

dx;,

'8 Al price ratios are bounded since utilities are strictly monotonic. Then since p # () we have p = (.



Inside and outside fiat money, gains to rade. and IS-EM 383

Conversely, appealing again to Lemma 2, let {p. (2" )5, ;1) be a Walras equilibrium
for the economy (l.‘i:(x), 2"V he . Then for each it € H,

Aul(2h)

P (o)L

oult(hy = Py
iy

Hence on any chain,

Auhi (4

This concludes the proof assuming the u" are strictly concave. But if u" is not
strictly concave, we can replace each »” with 4" defined by @t (x) = u/(z) +
& per /e Taking limits as ¢ — () gives our result. O

Proof of Corollary 1. Tf (77) ey improves on (" }e ., for the utilities v”, then
any Walras equilibrium (p, (3")5e ) for the economy {(v?, z"),c 5 must involve
some nonzero trade. From these excess demands at equilfbrium we can extract a
cycle, as in the proof of Theorem 1. ]

Proof of Corollary 2. Proceed exactly as in the proof of Theorem 1, noting that
for concave utilities, left-hand derivatives are continuous from the left and exceed
right-hand derivatives, which are continuous from the right. O

Proof of Theorem 2. For any € >> (), we establish the existence of an =-monetary
equilibrium (£-ME) whose limit (as £ — 0) will yield an ME,

An ¢-ME may be thought of as the strategic equitibrium of the following gen-
eralized game .. Replace each h € H by a continuum {i — 1, h] of identical
households. Each ¢ in the interval (k — 1, k] has the characteristics

(et.mby = (", m™)

ut =yl
The ambient strategy-set of each t € [h — 1,h] is B(z) = {(¢*.=!) € R27! x
R% : every component is < 1/=}. Throughout we shall focus on rype-symmetric
strategies. (This permils the use of the notation {¢", 2"} in three different senses:
as the vector in Rif“ +oy R‘r; which is the common individual strategy chosen by
each household ¢+ € (h — 1, h] of type h; as the constant furnction which maps each
¢ € {(h—1. k] to the vector (¢", 2") and describes the symmetric stratcgy-selection
of houscholds of type h; and as the integral of this constant function on the unit
interval (A — 1, k], which gives the aggregate strategy by households of type h.
The sense in which {¢", x*} is used will be indicated, or else will be clear from the
context.)
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Given a strategy-selection (¢,.r} = (¢",2™)ncu by all households, market

prices pi(e, g, o), v(£, ¢, ) form according to the rule:

e+ > ql,
ReH
pele g, ) = —=——

- h
£+ Z -
hell

= h
£+ Z Dy,
hell

I +r(s,q.7) = i

(In the above formulae, read ¢" as integral and (g.2) as a function.) In the game
G., we imagine an external agent who puts up £ units of goods, money and bonds
as indicated in the formulae. Prices form to clear all markets (taking the external
agent into account). In other words, all ot M is disbursed to households and the
external agent in proportion to their bonds; and at each commodity-money market
all the money (or, commodity) received is disbursed to households and the external
agent in proportion to the commodity (or, money} sent by them. Of course, given an
arbitrary selection (g, ), it may well happen that at the emergent prices households
do not balance their budgets. So we are led Lo consider a generalized game with
strategy sets that depend on others’ choices. We define the feasible strategy-set of
eacht € (h — 1, h] of type h by:

BMg.x) = Ble) N Blple,q,2), r(e, g x), e m™).

(Here {g,x) = strategy selection; ((-:h._ m"} are t's individual characteristics;
B(p(e,q.2).7(.q. x), ", m") is just the budget-set defined earlier.) Given the
joint strategies (g, «), each ¢ € [ — 1. h) gets the payoff " ().

We define an =-ME to be a type-symmetric strategic equilibrium of this gener-
alized game .. We shall shortly prove that =-ME exists.

Notice that, atany e-ME, (1) we have a physically closed system, in which all the
money or goods sent to market are conserved and redistributed among households
and the external agent; (2) all households view p(=, ¢. ), (2, q. 2} as fixed, since
their individual vector ¢* does not affect the integral ¢” involved in forming prices:
(3) each household chooses optimal strategies (¢, x") in his truncated budget-set
{which just consists of those vectors in his standard budget-set that are of size < 1/¢
in each component}.

Fix p > M +mand n > 37, 5> sy ¢?. and choose & small enough to
ensure that M + 7 ++ Le < pp < 1/z and i < 1/, Define
ul = u )

and let #* be chosen to guarantee that
w000 0, 0) > b

for 77" in any component. (W.1.o.g.'"” we may suppose that such a 7" exists.)

1% Let [ be the cube in Ri with sides of length 7. Recall 4* : [0 — % is strictly increasing in the
variables x; for £ € L. Define i : 2% — R by @ {y} = inf{L,(y) : 2 € O, L, is an affine
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Let B*(g) = ((B{)}¥.
Define the individual “best reply” (“demand”) correspondence «” : B*(<) =

B(S} by ¥ hy=h =h k
$(g, %) = argmax{ut (2 : (¢, 7") € Bl (g, )}

for h € H: and then define ¢. from B*(<) to itself by

b=l ol

Clearly B{q.2) = B(s) N B(p{s,q.3).7{(z.q.2), ", m") is non-empty, com-
pact, and convex. On account of the external agent’s =, prices p(z, ¢, x) are always
positive, and since e #£ 0, B!{4,:x) is a continuous correspondence in (g, ).
Hence each ¢*" is non-empty, convex, and upper semi-continuous.

By Kakutani’s Theorem . has a fixed point (g(c)}, z(£)) = (¢" (2), 2"
{(£))new, with induced prices p(e), r{). The vector (p(=), (=), q(=), z(e}) will
be called an =-ME. Select a subsequence of =-ME as ¢ — 0 to ensure that all its
compoenents and all ratios of all components converge (possibly to zero or inﬁnity)

Note that 4 () < p < 1/= (being budget feasible, k must return g (z) to
the bank, and there is at most g units of money in the economy), ¢” () < total
expenditure across markets < j, ¢i () < el < p < 1/eand 2l(c) <n < 1/z
for# € L. Since the limits on their optimal actions are not binding, and their utilities
are concave, we obtain

Step 1. For sufficiently small =, (¢"(2), 2" (2}) is optimal in B (p (=), r(c), ¢”,
m™), not just in B (q(), #(2)).

Step 2. r(2) = 0, for sufficiently small ¢.

Proof. Suppose () < 0. Then let % increase 4f_ () by a positive § obtaining
d{1+r(£))! > & units of bank money. Let him inventory & to repay this additional
loan and spend the surplus to buy £ € L. This improves his utility, contradicting
Step 1.

Step 3. r(e) < (m+ Le+2)/M < (1 +m)/M = F, for small enough =.

Proof. Since all households are budget feasible, all their debts to the bank are
honored. So no more than M + m -+ Le bonds could have been sold by households.
And the external agent sells only £ bonds, so 1+ < (M + 1 + Le +¢) /M,

Step 4. For small enough =, pr{e)/ps(2) < (1 + F)/e* forall &, £ € L, where

*

€f = 1ingep aXpe g ef, and 7 is as in Step 3.

function representing asupporting hyperplane o the graph of w/ at lhe point (2, ™ (2))}. Thenitis clear
that {a) 4™ is concave and strictly monotonic, and coincides with ™ on O, hence ME of our economy
are unaltered if we replace 4. by #"*; and (b) there exists a * such that @ (0, ... 0, %%, 0. ..., 0) > ub
for n* in any component.
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Proof. Consider h with e",? = max{e; : i € H} > 0. Let g% = pylele},
qi. = el g, = p(e)el /(1 + r(£)) and all other components of ¢" = 0. From
his sale of &, h obtains px(e)ef! units of money, and is able to repay the loan g .

So this action is in his untruncated budget set, and (by Step 1) cannot improve his
payoff. But his consumption of £ via this action is at least pi. (2)ef /((1+r(z))ps (e ))
which must be less than 7* {(otherwise h gets more than ui‘ utility, a contradiction).
Recalling from Step 3 that »(z) < 7, Step 4 follows,

Step 5. Letm* = max{m" : k € H}. Then, for small enough ¢,

.U* - (C)
Proof. Ttis clear that «” is an upper bound on the utility of /i at an z-equilibrium
{for small enough =). But if pe(e) < m™/n*, then any agent i with m"* = m* can
spend all his private endowment of money to purchase £, consuming at least * of
£, and thus obtaining more than «" utiles, a contradiction.

Step 6. pele) » ocforany £ € L.

Proof. Suppose some pp(2) > o¢. By Step 4, pp(e) — oc forall k £ L. Since
pr(e) < /(3 cm a1, (€)) we obtain ka( )~ Oforallh € Handk € L, and
hence «"{¢) — " forall h € H.Let (s} = pele)/ 3 ey pr(e) for £ € Land
p = limp(c). By Step 4, p > 0. We also know that (see Step 3) r = limr(e) <
m/M.

Consider the consumption feasible budget sets B (p(e), r(¢), e”*, m'*). By ho-
mogeneity,

b mh

"2 pele)

eeL
Since pi(s) — po» 0,¢" # O,and m"/>7,., pr() — 0, we have (by a standard
argument) the set convergence

Bedple). r(e), e, m™) — Be(p,r ™, 0).

Hence, since 2" (=) is v/ Optlmd] in Be:(ple), r(z), e m"), limz" () = ¢* must
be u-optimal in Be:(p, r.e”, 0). Therefore (p,e) is Walrasian for the economy
(" M), cm, where o' (2) = u,h( 4 (r — e™)(r)). By Lemma 3, there are not
gains-to-r-diminished trade at ¢, withrespect to the utilities (1 };,¢ ;7. Hence y(e) <
v, but by Step 3, r < m/M, and so (e} < 0 /M, contradicting the gains-to-trade
hypothesis.

Be(ple).re).e® m") = Be | ple), r(2), e

.'z

Step 7. All markets clear at {p. v, q, &) = L. _o{p(e), r(z), g(z). x(e)).

Proof. By Steps 2and 3, 0 < r < lim(m + Le/M) = v /M < o, and by Steps
Sand 6,0 < p < oc. By definition, all markets clear at an =-ME, once we include
the actions of the external agent. But since his actions go to zero, and all prices are
finite and positive, it follows that markets clear without the external agent at the
limit {p, r, 4. ).
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Step 8. An ME exists.

Proof. Utility maximization at {p,r,q, x) follows from the continuity of »" and
the upper semi-continuity and lower semi-continuity of Be. ]

Step 9. Atany ME (p,r,q.x) of (E.m, M), r = m/M.

Proof. This was proved just after the definition of ME in Section 1.6. O

Proof Corollary 3. First consider case (b). By Theorem 1, r(k} = m(k)/M (k),
hence (k) — 0. Define p (k) = pe(k)/ 3 .. p;s (k) for £ € L. 1tis easily verified
that 2 is Walrasian with prices § = lim p{k).

Next consider case (a). If {p,r,q.2) is an ME, then r must be zero {by an
argument analogous to Step 2), hence {p,x} is Walrasian. On the other hand if

{p..) is Walrasian, choose A > 0 so that Ap - > e = M. Then {Ap,r) is
he i

achieved at an ME by letting each 4 borrow and spend Ap- ¢ to buy the goods 2"
These actions clearly constitute an ME. ad

Remuarks

Dropping Strict Monotonicity: the Having—Wanting Chain.  Itis important to note
that strict monotonicity of «” in every commaodity can be dropped from the hypothe-
ses of our model. What is needed is a version of resource relatedness, We formulate
this in terms of a “having-wanting” chain. If €} > 0, say that “agent h has £”; and if
wh () is everywhere strictly increasing in the variable ¢, say that “agent i wants
£ Consider a directed graph on node-set L with arc (£, &) if there exists an agent h
who has £ and wants k. Our existence theorem holds if we assume for every (. k)
in f. x L, with € # k, that there is a directed path (chain) from £ to k. The only
change required is in the proof of Step 4, which we now indicate.

Exactly as in the proof of Step 4, if arc (£, &k} exists then the upper bound of
Step 4 is valid. Since any two goods £ and k are connected by a chain of length at
most L — 1, (1* (1 + 7)/e*}2 =1 will be an upper bound for pe(=)/py. (£ (for every
{(#.k)in L x L).

Forced Sales of Commodities. For ) < « < 1, define an o-ME exactly like an
ME. but with condition (3} of the budget set amended to read

fi h I
e, <qp, < oep.

Then an a-ME exists without the gains-to-trade hypothesis. To see this, repeat the
proof of Theorem 1 up to Step 5 (but with households being forced to obey the
above inequality) and then notice that pe(s) < u/ 3", 4 ael, so pls) - o,
hence the limit is an a-ME. The case v = | corresponds to the hypothesis made in
Lucas [28] and Magill-Quinzii [30]. Theorem 2 shows that money has value even
without such c-forced sales.

Proof of Theorem 3. See Dubey-Geanakoplos [7]. O



388 P.Dubey and J. Geanakoplos

Proof of Theorem 4. The proof that v(») < r relies on properties of the cost
function C; which are of interest on their own. Recall that for any trade vector
7 € R", *7; = max{0,7;} denotes purchases, and .7; = — min{0, 7;} denotes
sales; and that we defined the present-value cost function . : ]Ri x Ry — R by

1
T 1+

Crlp.ri=p "7 — [p-7+rp-*7].

l+rp-,-:r

1 *

14+

Recall also that we defined 7(v) = T — 7 <7.forany v > 0.

Lemma 4 The cost function C.{p, ) is continuous, convex in 7, homogenous of
degree one in p and T separately, and satisfies
Coip,7+7) = Co(p ) + Co{p, 7)

Colin () = 47 < Colp.7)

for any trade vectors 7,7 € R and any p > 0, r > 0.

Proof of Lemma 4. Continuity and homogeneity are evident, as is the second
displayed inequality. Convexity in 7 and homogeneity in 7 guarantee the first in-
equality. To verify convexity in 7, write

1

Colp.7) = T

Z pelTe + rmax{7, 0}].

fe L

The fth term is convex in 7¢, for each ¢ € L, hence . is convex in 7. Finally, the
equality is straightforward from the definitions. o

We are now ready to prove Theorem 4,

If riv = 0, the theorem follows from Case (a) of Corollary 3. So assume /m > (.
Note that this implies, by Theorem 2, that » > 0.

We show first that ~{:z) < . I v{(a} > r, then there exist gains-to-r-diminished-
trade at z, i.e., there exist (7" )pep such that 37, _, 7" =0, 2" + 7" € R} and
(2" 4+ 7R (1)) > u (2" for h € H. Tt follows that for some h, p- 7" < 0, where
pis the ME price vector. From Lemma 4 we must then have C,.(p, 7" ()} < 0. Let
7% = g" — ¢" be the ME trade of household £. From Lemma |, C, {p,7) < mh,
By Lemma 4,

Colp. 7+ 7)) < Colp, 71 + Colp. 71 (1)) < m™,

hence by Lemma 1 again, 2" + 7%(r) = e + 7" + 7"(r) € Be(p.r,e". m"). But
this contradicts the optimization behavior of A in the ME.

To show that «y(:z) = v under the regularity condition, it is useful to concentrate
on “active” households h, namely households that borrow money, sell goods, and
buy other goods. By the regularity condition, no active houschold consumes zero
units of any commodity he is positively endowed with.

Since all of the bank money A7 > () is borrowed at the ME (see condition (8)),
there exists at least one household %, with borrowed money " > 0. Since the
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interest rate r = m/M > 0, every household h spends all the money on hand (i.c.,
m™ + ") on purchases at the ME. Hence h, could not be hoarding money, and so
he must be selling goods (o repay the bank, i.e., h; is an active seller. Suppose Fi |
buys £ and sells £;. Since » > 0, /i1 is not indulging in “wash sales,” i.e., buying
and selling the same commodity. Then some other household 725 must be selling £,
and in this case he too must be borrowing money from the bank {otherwise, why
sell?) and spending it on purchases of some commodity other than £,.

Consider a directed graph with a node for each commodity; and arc (£, k) ¢
L » L if there exists an active household who buys k and sells £,

We have shown that there exists at least one arc; and that if there is an incoming
arc at any node, there must also be an outgoing arc at that node. Since L is finite,
there is a cycle (€1, 02). ... (£;.£,41), ..., (£, €1) and active households k. ..., i,
such that %; buys £, and sells &; (with £,, ., = £1).

The regularity condition implies {as discussed in Section 5)

Vi @) (1 e (@)

£4 41

Doy Pe,
for i = 1,...,n. Consider any scalar 5 < 7. Then for small encugh ¢, household
h; would benefit by selling £py,, , more units of commodity ¢;, and buying zp;,
more units of commedity #;.; but consuming only epy, /(1 + %) more units of £,
(since 4 < r, and at r he is indifferent).
So define trades accordingly on the cycle, i.e., let

—gpg,_, HE =14,
(") = {epe, i =444
() otherwise
for i = 1,...,n. For small enough £, the (f’“)?__lconstitute a feasible trade at

r = (2")e pr and we have
uh‘-{l_h; =+ fh,(;:;)) . uh;(l‘h‘)

for ¢ = 1,....n. This shows that therc are gains-to-%-diminished trades at z, i.e..
~v(x) > # for all % < r, proving Theorem 4. [

Proof of Theorem6. Suppose ((p,r). (¢", 7" )cpy)isanME. Then+ = /M >
(0. Consideracycle {£1, £2), ... (£, €1) in which household h; buys commodity ¢, |
and sells commodity £; (with £, 1 = 1). As shown in the proof of Theorem 4, such
acycle always exists. Then, letting V (o1, V) denote left (or, right} hand derivative,

we must have -, } ,
Ve {ah) Vi (ah
C”] 2([+.’) F,( )
Pe . De;
fori = 1,...,n; otherwise h; would do better to reduce both his purchase of £; |,
and the concomitant sale of £, (by a little). Hence

—h; g
vy (") P, .

—_— > (14
Vi";(;arh*} - ) Pe;
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fori = I, ..., n. Taking products of the left and right sides, we obtain

nom, I/n
1+F*(e)>{(1+r')”‘ .X] L} ={1+n1
=P
which implies
I'(e)y>r

a contradiction, since r = m/AM by Theorem 2. This proves Theorem 6. O

Proof of Theorem 7. Letrxr = (;;r:“} nep denote the ME allocation. W.lo.g., rescal-
ing units of commodities if necessary, suppose py = 1 for all £ € L. {Recall that
~(r) remains unaltered by rescaling.) Alsoe, relabelling households and commeodi-
ties if necessary, there exists (as shown in the proof of Theorem 3) a “cycle” of
households such that houschold £ sells commaodity & and buys commaodity &+ 1 for
k=1,..,n(wheren+ 1= 1). We can reduce trade on this cycle by asmall § > 0
without affecting other households’ trades. Define trade vectors T* for k = 1.....n
by

sgité=k

TF={-sift=k+1
0 otherwise

Also define 7% = —T* (see Fig. 11.) Notice that the bundle &* given by
;1:?3 +4 iff=k

i =Qaf - i =k+1
Tk otherwise
is feasible in the budget set of £ = 1. ..., n; and also (for small enough &)
el B > el (13)

for k = 1....,n, since no agent conducts wash sales at any ME.
By the strict concavity of 1%, the convexity of budget sets and the fact that 2*
maximizes ©.* on k’s budget set, we get
R (7Y < uf (28 = WF(FF TR )

for k = 1,....n; hence (since u*

is continuous), for some % > .
uP(FRYy < uR (B TEEY) (14)
fork=1....n
Now we invoke separability of the ", Denote w* () = Zle ub(z4). Then

k k N
g (€A-+1 + ]—~) =ty (e} = A
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Commodity
k+1

ek+ %k(r)
zk
ek
Commodity k

Figure 11. By separability and concavity, the increase in utility from e* to e* + Tk(7) is at least as
high as from #% to 2% 4 T ()

By (13), and the concavity of the u,

A1 > Ay
Ay < Ay

k

Now since " is separable,

W TR — (@Y = A — A

and
'lLA:(({k + Tk(’:.)) — uk(ek) = Ajy,[ — Ak

So

uF(eF + TR — W (R 2 R (FF 4+ TRG)) - wF (7R
>

for & = 1,....n (the strict inequality coming from (14)).
But 37, T% = 0 by construction, so we have shown that there are gains-to-
~-diminished trades at e. Since % > r, this proves the lemma. O

Proof of Remark 1. First assume that utilities are strictly concave. Let (p, 7. 4. o)
be an ME of (£, m. M). Define " and #* as in the proof of Lemma 5. Then. as
shown in that proof, there exist gains-to-%-diminished-trade at ¥ = ("), p for
some v > r. Moreover, ¥ can be made arbitrarily close to = by choosing & small.
This proves that there exist y arbitrarily close to x with v(y) > r, provided the 1"
are strictly concave.

If u™ is not strictly concave, consider @” defined by @ () =" (z) + ¢ 3,
(z¢)/? and take limits.

Proof of Theorem 8. Suppose there exists o monetary equilibrium with interest
rate v. Then, by Theorem 7, v(¢) > +; and by Theorem I, r = /M. Thus
~(e) > m /M. (This proves “only if™; “if” follows from Theorem 1.) O
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Proof of Theorem 9. Since v(n) = ", _,, m"{n)/M{n) is bounded above as
7t — o, all price ratios pe{n)/pr(n) (for £, k € L) are bounded as n — oc (by the
argument in Step 4 of the proof of Theorem 1). Suppose p(n) —» oc. Then take a
subsequence along which the price vectors converge to some limit p*. A standard
argument shows that p* is an ME price of the limit economy. But the interest rate
in the limit economy is v = limy, 00 3, 0y (1) /M (n) = ~(e). However, by
Theorem 8, r < ~(¢). a contradiction. O

Proof of Theorem 10. Define an e-ME {(p(=),r(e),g(¢}, z{2)) as before, with
the external agent putting up £ at each market dﬂd with the government’s market
actions fixed according to €. Itexists as before. The interestrate (<) > (), otherwise
households would arbitrage as in Step 2 {(of the proof of Theorem 2). Moreover the
government prints at most > oo, Qe + 3 pe Am™ before commodity trade at
any z-ME; and at most (), after commodity trade. Thus the total money in the
system, as also the interestrate (=), is bounded above independent of e. This implies
that price-ratios p(¢}/py (<) are bounded as in Step 4. 1If Yhemim+Am) >0,
then Step 5 holds as before. Otherwise, (0,,, > 0. But, since the government spends
at least Q,,, /L >0 on some commodity, the price of some ¢ ¢ L is bounded from
below by Q. /(L3 e ef +)) > Qu/{L{3 o ¢F + 1)) > 0. Hence Step 5
also holds, bounding prices away from (.

Let {p,r,q.2) = lim._q(ple}, r(2),q(e}. x{)} with possibly p = oc. First
we claim that » < max{0, ([Qum, + x(m, m)/M) — 1} = plm. 7). If r = 0,
there is nothing to show. So suppose © > (). Denote 3, .y 4l = G, and
Yo gl (€) = Gom (). The external agent borrows £/{1 + r(¢)} < £ units of
bank money, since he sells only « units of the bond and since (£} > 0. Hence house-
holds borrow (Gym (£)/ ((Qbm +dbm (e))) (ﬂ-[—g/(l—}—.r'(g))) = Qo M [ ( Qo+ Gom )
units of bank money. Since r(s} — r > 0, housecholds spend all the money at
hand on commodity trade, i.e., they collectively spend §{Gym )M + m" + Am?
in the limit (where d(2) = @/(Quw + ). The external agent spends Lz — 0,
which we ignore. The government spends @, = >, cr, @wme = 0. Thus (letting
M=,y m™ and Am = Y onew Am™) total expenditure on commodity trade
converges to §{ gy ) M + 11+ Am + (. Of this, a fraction ¢ is taxed away by the
government, Hence only the amount (1 — @) [3{ gt ) M + 1+ A+ Q] = ¢(Gom)
accrues to households and the external agent. Since households have spent all their
cash, this is their only source of funds to repay the bank. From Figure 11, we know
G < (i ) Implies that §u,, < x(mm, 7). Hence

(21‘)'”1 + Gy (me (”L T)

147 =
tr M- M

establishing the claim on 7.

Now suppose p(e) — oc. Then all commodity sales — 0 since the money in
the system is bounded above. Hence (=) — ¢/ for all A € II, and public goods
produced F({(),.e/pe(€))ocr) — F([]) =0.

Let p = lm(p{c)/ >, 1 pe(c)). Since all price ratios stay bounded in p(=),
P
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Let # = {0 + r)/(1 — ). Notice that, in the limit, ail trades 7 such that
et rre ]Ri, and
1
1+
are feasible for household 7. As before, this implies that no trade is a Walras
equilibrium for utilities (v” Jnen (where v is defined using u ), and hence there
are no gains-to-f-diminished-trade at ¢ for the utilities {ul);,¢ 7, contradicting the
gains-to-trade hypothesis that vo{¢) > [o + p(m, 7)] /(1 — o), since r < p{m, 7)
as we saw.

We conclude that p(z) - oc. Tt is now straightforward to verify that {p.+. ¢, r)
is & bona-fide ME,

We still must show that» = p(m, 7} atany ME {p. r, ¢, z) of (£, m, 7). Suppose
there is no hoarding at the ME by households and that they spend all their borrowed
and privately held money HGpm )M + m + Am on purchases of commadities,
where ¢, = ZhCH qu Government spends €,,,. Thus exactly g(gum) = (1 —

T3 (Gom ) M+ 14 A 4+Q,,,) is in the hands of households after trade. Since they
will not default, or be left holding worthless cash in equilibrium, g(Gpn) = Fom.
This shows r = p{m, ).

if there is hoarding by households at the ME, then r = () and spending is strictly
less than Gom = (G ) M. Households will clearly spend at least as much as their
privately held money. (If they spend less, they could do so exclusively out of their
privatc money, thus avoiding all debt, and freeing the rest of their private money
for more purchases.) So let ad{Gpm )M be the fraction of borrowed money that
households collectively spend where ( << ¢v < 1. We must have

~ %

i

Pt

(1 — ) ad(Go )M +m + A+ Q) = Gym,
since the hoarded money (1 — «&)d(gp,. M pays off an equal amount of bonds
{1 — ct)qp,,. This implies
(L—o}m+ Am+ Q) = aaqom < 0Gom = (M — Qun).

(The first equality holds since Jp, = (¢, )AL; the inequality helds since o < 1;
and the last equality holds since gy, + Qo = M on account of ¥ = (1) We
conclude that if

M+ Am A+ Q= (a/(1 =)} (M — Qum)

then there is no hoarding of money by households, and hence r = p(m, 7},
Suppose houscholds hoard money. Then + = 0 and ¢y, + Qe = M and

m+ Am 4+ Q. < (o/(1 — N (M — Qpm).
Put z = M — (... Rewriting the above inequality,
(1—a)[m+ Am+ Qu < oz
s{l-ozt+m+Am+Q,] <z

= glz) <
eximr)<z=M— Qpm.
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{The second “&" follows since z M/ (Qpy, + 2) = 2forz = M — Qo the third
“&» follows from Figure 11 for 4.) But then p{m., w) = () by definition (see (11)
of Section 10.2) and again r = p(m, M, 7). O

Proof of Coroliary to Thearem 10.  (This follows the tast three implications in the
Proof of Theorem 10.) Indeed

r=0<ximm) < M- Qon
& g(M = Qun) £ M — Qi
2 (1=a){M — Qun + M+ A0+ Q) <M — Qi
Sim+ AT+ Qo < (/{1 — a)} (M = Qo )-

(The first “<" comes from Theorem 0; the second “= from Figure 10 for g: the
third “&” from substituting M — (Q;,,, for 2z in g{x}.) |

Proof of Theorem 1. We shall construct {$, 7, §. &). Firstdefine 7 = (1 —&)r" —
a,wherer* = (r+a)/(1—a). Then+ > Osince & < r*/{r*+1). By the definition
of 7 o
r+a r+o
1-5 1l-o

Next denote My = Qe /(1 + 7). My = Qar /(1 +#) and observe

(1)

A(J?ffs Qi &) = (ff — M) /(M — M) > (0.

{We omit the straightforward algebra that checks this.) For brevity, denote A (M,
Qbm, &) = A Now define, for h € Hand i € L

Aif = A + Am™) — (i)
(}f:uf )\qnn’ (lll)
(}?m - q{’m (iv)
~h 3 (1 + F) Ji]

L= v
Ghm (1 T T‘) b ( )
;S“?TH - :I ?JH (Vi)
Qm@ = )\(1.)171{ (vii)

De = Ape (viii)

Notice that {Am", Qre) = (Am" (). Qme( X)) as required.

We submit that (. 7, §. #) isan ME of (£, m, M, Quuns A, Qs a). To verify
this, notice (by (ii) and (viii)) that m”* + Am” has the same purchasing power at p,
as m" 4+ Am" has at p. Moreover, by (i), the impediment to trade is the same for
each household at the first scenario {p. r. ¢, ) and at the second scenario {(p, 7, §, F).
Hence households face the same budget set in the two scenarios and their optimal
consumptions are invariant.

All sales of commodities remain the same (by (iv)), and expenditures are scaled
by A in the second scenario (by (iit) and (vii)), hence the definition of prices &
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in (viii) shows that commedity markets clear in the second scenano (since they
alrcady cleared in the first scenario by assumption), Fmally Y hen g = A1+

F) D onenm G/ (L4 7) = (M — M) /(M — M) + 7 Y hen tha/(1+7))
= ({(M — M)/ (M — MO+ F){(M — M) = (M - My)1 + + 7). (The third
equality holds because the bond market clears in the first scenario by assumption;
t.¢., households borrow A — Ay with theirbonds cH i atinterestrate r, given
that the government is borrowing A, = Qy,,, /(1 +7).) Hence Oy, +3° het qt =
(1+7)My + (14 7)(M — M) = (1 4 #)M showing that the bond market clears
in the second scenario as well.

This proves that {p, 7, ¢, &) is an ME of (£, i, M, Qbm, A, Qs ). But by
(vii) and (viii), it is evident that Q..+ /Py = Qo /ps forall £ € . O

Proof of Corollary to Theorem 1/, Fix M = M, and consider Figure 10, Let
D{A) = {(Qbm! ) 1 (M, Qvrm, ) € 2}, and consider the restriction of A to
D{Af}. The policy 7, is clearly given by the point (0,0) in the restricted domain
D(A) of A. (If Q,,, = 0 then 7, suffices for 75 and Ty, S0 We assume (0, > 0.)
Now fix & € [0,7*/{r* +1)], and go up the “F-vertical line” in D(M) consisting
of points (Qbm, &), where Qp,,, increases in [0, (r* + 1)(1 — &)M). It is evident
from our formulae that (on the 7-vertical line):

(1) the interest rate ¥ = r*(1 — &) — & is constant (It falls linearly from +* to 0
as we shift the vertical line, by raising ¢ from 0 to 7= /{+* + 1).)
(ii) government expenditure falls linearly from (M/B)Q,,, to 0
(iii) total expenditure falls linearly to 0
(iv) money borrowed by the government rises linearly from 0 to A (not hitting
M since the points ((#* + 1)(1 — )M, ), on the sloping boundary of the
trapeziom, are excluded from 72(A}).

The two straight lines, given by (ii) and (iv) for fixed &, intersect when Qbm
= Q4 (5) = MQu (" + 1) (1 = 5}/(B + Q); and therefore the policy
(Q5,.(8),6. A(Q5,,(7),7)) has 71y = O for all 7 € [0.7*/{r* + 1)]. Let m,
correspond to 5 = . [tis easy to check that it satisfies the requirements of part (b)
of the Corollary,

Again consider the points (Qf,m, ) on the F-vertical line for fixed & < {0,
e+ 1)) As Qb L 0, the total expenditure and tax revenue converge to
positive numbers by (ii}, (iii); but the amount borrowed from. and owed to, the
bank converges to 0. Hence 11, < () for small C:);,m. On the other hand, as (':2;,,,, +
{(r*+1){1— &) M the amount borrowed by the government converges to A7, while
expenditures and tax revenue converge to () (by (ii), (iii)). Since the interest rate is
positive (by (i)), the only way for the government Lo meet its interest payment is to
print money at the end. Thus 7i,, > 0 as Qpp, T (17 + 13(1 — @) M. Since clearly
iy, varies linearly on the g-vertical line, there is a unique Qbm = Qpr (7} at which
e = 0. Any of the policies (@ (7)., 0, A(Qy: (6), ) ford € (0.7*/(+" + 1))
suffices for 73,

The locus of points (2}, (7),7) and (7> (5).5), for which 53 = 0 and
i, = O respectively, form lines in D{M ). We shall show that Q;* (&) < Q7 (7)
tor g close to O, and Q7% (7) > Qf,(5) for & close to v* /(r* + 1), so that the two
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lines intersect yielding a totally balanced policy which is equivalent to the original
policy. N .

To this end, recall that 2, (Qum, @) varies linearly in Q. for fixed & €
(0,7 /(#* +1)). Denote i (5) = M (0,5, mt (0} = Mo (P +1)(1-7)M, 5).
For Qbm = {), the government finances its expenditure by printing rhs > 0 since
it borrows nothing from the bank, hence 0 (7) = —tax revenue | 0 as & | 0. But
interest rate # 1 r* as & | 0 by (i); and by (ni} and (iv)ﬂexpenditures/tax revenue
1 0, while money borrowed by the government T M, as Q.. T (+* + 1){1 — 7) M,
so .} (7) is approximately r* M for small 7. Since Q} (7} is defined as the zero
point of the line joining ! (7) and /it (5), we see that Q3% (7) | Oas & | 0. But
QF, (6 = MQ.. (" +1)/(B + () as & | 0. This proves Q3 (5) < @}, ()
for @ close to {}.

Finally as & T v=/(+* + 1} and Qrm = 1., by (i) tax revenue converges to
(r*/(r* + 1)) x expenditures) > (+*/(»* + 1} }{M/B)(Q),, = K (say) for positive
K,ie.m)(s) < —Kasd Tr*/(r* +1). However # L Oas & T v*/{r* + 1) by

(i). So, for g, close toits upper bound (r* + 1){1 — &) M (where expenditures/tax
revenue are nearly zero by (iii). and the government has borrowed almost all of A7 by
(iv)), 1, is approximately 7 M — Das & T r*/{r*+1). Thus ] (7)is close to zero
asa 1 r*/(r*+1). Weconclude that @5 (7) T (r*+1){(1—a)Masa 77 /(r"+1)

and becomes bigger than (Jf, (7) = MQn(r* + 1)(1 — &)/ (B + Qn). 0
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