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Overlapping generations models with or without production or a portfolio demand for
money display a fundamental indeterminacy.

Expectations matter; and they are not, in the short run, constrained by the hypotheses of
agent optimization, rational expectations, and market clearing. No short run policy analysis is
possible without some explicit understanding of how agents expect the economy to respond to
the policy.

In this framework of perfect foresight and market clearing prices, it is possible to make
Keynesian assumptions about the rigidity of money wages and the exogeneity of *animal spirits™
of investors, to use the standard IS-LM apparatus, and to derive Keynesian conclusions about
the short run effectiveness of policy. Alternatively, starting from difierent but no less rational
expectations, one can derive the ““‘new classical™ neutrality propositions.

Keynesian macroeconomics is based in part on the fundamenta! idea that changes in
expectations, or animal spirits, can affect equilibrium economic activity, including the
level of output and employment. It asserts, moreover, that publicly announced government
policy also has predictable and significant consequences for economic activity, and that
therefore the government should intervene actively in the marketplace if investor optimism
is not sufficient to maintain full employment.

The Keynesian view of the indeterminacy of equilibrium and the efficacy of public
policy has met a long and steady resistance, culminating in the sharpest attack of all,
from the so-called new classicals, who have argued that the time-honoured microeconomic
methodological premises of agent optimization and market clearing, considered together
with rational expectations, are logically inconsistent with animal spirits and the non-
neutrality of public monetary and bond financed fiscal policy.

The foundation of the new classical paradigm is the Walrasian equilibrium model
of Arrow-Debreu, in which it is typically possible to prove that all equilibria are Pareto
optimal and that the equilibrium set is finite (see Debreu (1970)); at least locally, the
hypothesis of market clearing fixes the expectations of rational investors. In that model,
however, economic activity has a definite beginning and end. QOur point of view is that
for some purposes economic activity is better described as a process without end. In a
world without a definite end, there is the possibility that what happens today is underdeter-
mined, because it depends on what people expect to happen tomorrow, which in turn
depends on what people tomorrow expect to happen the day after tomorrow, etc.

We construct a perfect foresight overlapping generations macroeconomic model, in
which there is a two dimensional continuum of equilibria. This immediately presents the
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logical possibility that changes in animal spirits can affect output and employment. This
proposition holds if we allow the labour market not to ¢lear (*Keynesian equilibria™),
or if we require full Walrasian equilibrium but allow for elastic labour supply. But this
suggests an important puzzle: if accepting Keynes means accepting a multiplicity of
equilibria, what sense can be made of comparative statics, the bread and butter of
Keynesian economics?

We approach comparative statics by considering an equilibrium path beginning at
date t=0, and then evaluating the consequences of a small policy perturbation. There
is then a two-dimensional parameterizable set of possible equilibrium continuations. The
plethora of equilibrium continuations does not make comparative statics logically imposs-
ible; instead it forces us to fix two parameter values. From this point of view, the most
important contribution of this paper is to show that Keynesian macroeconomics has an
essential unity: fixing the two variables (animals spirits and current nominal wages) that
Keynes argued were psychologically and institutionally sticky under monetary and fiscal
perturbations, gives rise to Keynesian policy predictions and comparative statics. Fixing
other variables can give rise to other policy theories, including the new classical neutrality
theory. Naotice, however, that new classical theory has staked out the stronger claim, that
the hypotheses of rationality and equilibrium make Keynesian conclusions impossible.

The overlapping generations model with two period lived agents holds a great
advantage for Keynesian economics, in that optimizing behaviour in any period (given
the history to that point) depends only on current prices and next period’s prices. The
IS-LM apparatus, with its use of a single interest rate, has a natural home there. We
conduct all our comparative statics analysis in terms of the IS-LM diagram. Our model
is therefore in the long tradition (represented recently by the French disequilibrium
school—see Barro and Grossman (1971), Benassy (1975), Dreze (1975) and Malinvaud
(1977)) of giving microeconomic foundations to Keynesian macroeconomics. In our
dynamic model, expectations are explicitly modeled and rationalized, investment and
capital accumulation are accounted for, and all individual and government budget
constraints are met.

The paper is divided into three parts. In the first section we recall that an overlapping
generations economy with one commodity per period and an initial stock of money can
display a one-dimensional continuum of equilibria. By reinterpreting this exchange
economy as a constant returns to scale production economy where labour is the only factor
input, we exhibit the purest case of rational but volatile animal spirits. But this model
is far too simple to express the central aspects of any macroeconomic theory, Keynesian
or monetarist. In Section 2 we introduce a neoclassical production function, endogenous
investment, capital accumulation, bonds, and a portfolio demand for money. In Section
2.1 we show that this richer model, built on explicit microeconomic foundations, also
possesses a one-dimensional continuum of Walrasian equilibria, although, with labour
inelastically supplied, initial period output and employment is always the same.

In Section 2.2 we examine “Keynesian equilibria” of the same model, in which we
permit the period 0 labour market not to clear. We find that there is a two-dimensional
set of Keynesian equilibria, which can be indexed by expected price growth and current
nominal wages. When these two variables are taken as institutionally fixed, the effects
of policy can be faithfully described by 1S-LM analysis and Keynesian predictions are
borne out. Moreover, since the model is explicitly intertemporal, it is possible, at least
in principle, to trace out the medium and long run effects of policy as well.
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In Section 2.3 we once again insist on full market clearing, as well as rational
expectations. We specialize our analysis to a specific utility function and production
function, but we rely on the general principle that the more endogenous variables per
period, the higher is the potential dimension of indeterminacy. Introducing the labour-
leisure choice, and so an elastic supply of labour, increases the dimension of the equili-
brium set to two. It is therefore possible to validate sticky wages and indeterminate
expectations even in a market clearing model. Moreover, under Keynesian institutional
assumptions, the effects of policy can once again be analyzed by an IS-LM apparatus,
and, at least for fiscal policy, Keynesian predictions obtain. In Section 3 we compare
the source of the second dimension of indeterminacy in the Keynesian equilibrium and
elastic labour supply models, attributing the latter to a lack of market clearing at infinity.

Since Samuelson (1958} introduced the consumption loan model it has been clear
(see for example, Diamond (19653), Tirole (1985), etc.) that overlapping generations
economies are fertile ground for macroeconomic theorizing. Since Gale (1973) it has
also been clear that a one good overlapping generations exchange economy with money
could display a one-dimensional continuum of Walrasian equilibria. Azariadis (1981)
showed that such a model might also possess a continuum of stationary sunspot equilibria,
and Grandmont (1985) showed that it was possible for the equilibrium set to include
paths which are cyclical of any period. Neither of these latter models incorporates the
possibility of investment and capital accumulation, nor is the comparative statics of
unanticipated policy considered there.

The structure of the equilibrium set of OLG nwodels with multiple commodities has
been analyzed in Kehoe-Levine {1985), and Geanakoplos and Brown (1982, 1985). There
it is shown that the indeterminacy of equilibrium continuations arising after a small
perturbation is typically parameterizable. The principle is established that the greater is
the number of endogenous commodities, the higher is the potential dimension of indeter-
minacy.

1. KEYNESIAN INDETERMINACY IN AN EXCHANGE ECONOMY

Indeterminacy of expectations is a feature of the simplest overlapping generations
economies. Even in an exchange economy, this allows us to justify some of the basic
claims of Keynesian policy analysis, while maintaining individual optimization, market
clearing and rational expectations. Consider the following variant of the Samuelson
consumption-loan model. Discrete time begins -at time 0 and extends indefinitely into
the future. There is one perishable consumption good available at each point in time
with its quantity denoted by x. There is also a second commodity, money, denoted by
m, which can be carried from period to period. One generation, consisting of a single
agent, is born each period and lives for two periods. The generation born in period ¢
can be described by the strictly quasi-concave, twice differentiable utility function
u(x!, x',;) and the endowment vector of consumption goods e=(e,, e;) = (e, €;41).
(Superscripts denote period of birth; subscripts denote period of consumption.) The
utility function and the endowment vector are identical for each generation £ = 0. However
at 1 =0, there is also one agent (called  =—1) who will live only one period and whose
endowment consists of e, plus the entire stock of money, M. This agent simply wants to
maximize consumption in the single period of his or her life. The price of money is one
in each period. (We will only describe equilibria in which money has positive value.)
The remainder of the price system is a positive vector p=(pg, Py, ...) of consumption
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good prices. For each generation 1=0, the following problem is solved:
max u(x}, xi.,)
st.m'+pxi=pe,
PaXi Em tpe
(xi, X1} Z0.
1n addition the one generation born in the past solves:
max xg"
st poxy ' = M+ poe,
xe'=0,

The demand of this agent for the consumption goed is clearly e;+ M/ p,. Assuming that
for each generation t = 0 desired money holdings satisfy m' >0, we can combine the two
constraints to yield the standard constraint px;+p, X1, = p&;+pri€;. We define the
relative price g, = p;y,/p.. Each generation t =0 solves the first maximization problem
above, yvielding a market demand function denoted by f{g,) =[fi(q,), f2(q,}] which can
be shown to be differentiable. A perfect foresight equilibrium is p =(ps, p1, ...} =(ps. 4}
such that:

M
Silgo)+—=1¢
Po

fz(Qr—l)+fl(Qr)=91+32, t=1.

Proposition 1.! Let

__oule, ez)/au(ea, €2)

%o X7 ax, ’
and suppose that §o> 1. Then there is a po>> 0 such that for all pye (po, ©), there is an
equilibrium ( po, Py, - - -) for the OLG exchange economy E = (u, (e,, e2), M) described above

with first period price p,. Moreover, all these equilibria are distinct in the sense that real
consumption for any agent is different across all of them.

Proof. By hypothesis
max u(x,, x;)
S.bL. X1+ §oxs = e+ §o€a

is solved at (x,,x;)=(e,, e;), i.e. fi(go)=e,. Consider now the equation f,(g)=
e, —(M/py). If p, is sufficiently large, say bigger than p,, then by the implicit function
theorem there must be g, that solves this equation, since af;/ aqlqo # 0 (this coincides with
the pure substitution effect, since at g, there is zero excess demand, and hence the
derivative cannot be zere). Let p, = gopo. Thus p, will clear the market at time 0, provided
that p, is expected to prevail at time 1. Furthermore, if po is sufficiently big, g is very
near g,. But by hypothesis g,> 1, hence go>1, and p; = gopo> po. Thus the whole
argument can be repeated for the equation f,(g,) = e, — (M/p,), getting ¢ > 1, p, = ¢, p1 >
p1> po, and by induction, forall t=1. ||
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Note that the essence of the proof is that the price p, that clears the market at time
0 depends on the expectations of the agents about the price p,. But the market clearing
price p, for period 1 commoeodities, in turn depends on the expectations consumers at time
1 have about prices in period 2, etc. Since there is no end to time we can always fix p,,,
to clear the goods market at time £ A finite Walrasian economy arbitrarily declares there
to be an end to time, consequently preventing this argument from working. In OLG
economies, however, the hypothesis of optimization, rational expectations, and market
clearing are consistent with indeterminacy.

Let us observe that the above argument does not depend in an essential way on there
being only one agent born in every period. Nor does it depend on the fact that we assume
every generation is identical.” This point is important since the problem of indeterminacy
in OLG economiies is often dismissed with the claim that the independence from time of
agent characteristics naturally singles out of the possible continuum a steady state
equilibrium. (Thus in our madel if there is some (é,, &), €, +&=1¢e,+e,, €, <e,, with
ou(gy, &)/ ox, =du(f;, ¢;}/dx, then there is a ‘“‘Samuelson” steady state with p,=
M /(& —e;) for all t=0.) The claim that the economy naturally *chooses” the Samuelson
steady state equilibrium is of course suspect in a decentralized framework. Moreover,
when there is intergenerational heterogeneity there typically are no equilibrium steady
states among the continuum of equilibria. Finally, let us note that the indeterminacy we
derived does not depend on there being an arbitrary starting point for the economy: one
can demonstrate the existence of the same kind of indeterminacy when time goes from
—00 to 00. We can interpret the model by supposing that all agents expect one of the
equilibrium price paths to occur—we might call this the state of long-term rational
expectations. In other words, there is a vector of expected prices p= (g, f,,...); each
agent at time t, having observed (Jo, f1, . - ., Pi-1), €xpects ( §,, Pr+y, . . .). Given a p, during
each time period ¢ the market clearing price level p, = p, will be unique. This economy
is distinctive, of course, in that there is a one dimensional set of vectors p. Agents can
choose any p in the equilibrium set; then if there is unanimity among all agents p will
in fact be the equilibrium price vector that is revealed through time.

It is helpful to reinterpret the model as a simple production economy. Imagine that
the endowment ¢, in the first period of life is actually labour, /, which can be transformed
into output, y, according to the production function, y =1 We would then think of any
purchases of goods by the old generation as demand for real output to be produced by
the young. The young in turn now derive utility from leisure in their youth and consump-
tion in their old age.” Notice that the quantity equation, p,y, = M, holds for this economy.
(Velocity equals one.)

The indeterminacy of expectations has the direct implication that optimistic expecta-
tions by themselves can cause the economy’s output to expand or contract. In short the
economy has an inherent volatility. The Keynesian story of animal spirits causing
economic growth or decline can be told without invoking irrationality or non-market-
clearing. Moreover, the Keynesian claim is that exogenous changes in expectations cannot
be relied upon to increase output, and that therefore the government should actively
intervene.

In fact, the indeterminacy of equilibrium expectations is especially striking when
seen as a response to public (but unanticipated) policy changes. Suppose the economy
is in a long-term rational expectations equilibrium 7, when at time 0 the government
undertakes some expenditures, financed either by lump sum taxation on the young or by
printing money. How should rational agents respond? The environment has been
changed, and there is no reason for them to anticipate that (p,, ., ...} will still occur
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in the future. Indeed in models with more than one commodity (such as we will shortly
consider) there may be no equilibrium (f,, f,, f.,...) in the new environment with
Py=P,, P»= P, etc. There is an ambiguity in what can be rationally anticipated.

We shall argue that it is possible to explain the difierences between Keynesian and
monetarist policy predictions by the assumptions each makes about expectational
responses {0 policy, and not by the one’s supposed adherence to optimization, market
clearing, and rational expectations, and the other’s supposed denial of all three.

Consider now the government policy of printing a small amount of money, AM, to
be spent on its own consumption of real output—or equivalently to be given to generation
t=-1 to spend on its consumption. Imagine that agents are convinced that this policy
is not inflationary, i.e. that p, will reinain the equilibrium price level during the initial
period of the new equilibrium. This will give generation ¢#=-1 consumption level
(M~+AM)/ps. As long as AM is sufficiently small and the initial equilibrium was one
of those described in Proposition 1, there is indeed a new equilibrium price path p
beginning with p, = f,. Output has risen by AM/p,, and in fact this policy is Pareto
improving. On the other hand imagine that agents are convinced that the path of real
interest rates

(qﬁ—l,q,ml,...)z(@—l,?—l,...)
Po "

will remain unchanged. In this economy, price expectations are a function of p,. Agents
expect p(po) = (GoPo, G1doPo, ...}, Recalling the initial period market-clearing equation,
(M +AM)/po+ fi(pi/ po) = e, it is clear that if p,/po= P,/ P, then po=po(1+AM/ M), ie.
that prices rise proportionally to the growth in the money stock. The result is “forced
savings”; output is unchanged and generation ¢=—1 must pay for the government’s
consumption. If the government’s consumption gives no agent utility, the policy is Pareto
worsening.

We can also ask about the effects of a *‘balanced budget” increase in government
spending and taxes. If the government taxes the initial young generation and spends the
output on its own consumption, what will be the change in output under the Keynesian
expectations assumption, p,= f? The new total output simply equals the sum of govern-
ment consumption and the old generation’s consumption, G+ M/ f,, where G is the real
level of government spending. If py=p,, M/p, is unchanged and the balanced budget
multiplier equals one, precisely as in Keynesian policy analysis.

This model is only a crude approximation of the differences between Keynesian and
monetarist assumptions about expectations and policy. It is quite possible to argue, for
example, that holding p,/ po (the inflation rate) fixed is the natural Keynesian assumption
to make. This ambiguity is unavoidable when there is only one asset into which the
young can place their savings. We are thereby prevented from distinguishing between
the inflation rate and the interest rate. Qur model must be enriched before we can perform
satisfactory policy analysis. Nevertheless the model conveys the general principle that
expected price paths are not locally unique. There is consequently no natural assumption
to make about how expectations are affected by policy. A sensible analysis is therefore
impossible without externally given hypotheses about expectations. These can be Key-
nesian, monetarist, or perhaps some combination of the two.

It is important to understand that despite indeterminacy, this economy, in its design,
is an immediate extension of Walrasian economies with finite numbers of agents. In
particular the notion of equilibrium is conventional: the price vector {po, p1,...) is
parametric to agents and equilibrium occurs where aggregate excess demand is zero.
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The presence of money, however, calls for some comment. First as we noted earlier,
for generations ¢ =0, the money stock falls out of the budget constraint. Second, if the
additional commodity were another perishable consumption good rather than money, or
if markets stretched infinitely into the past and there were no second commodity at all
the indeterminacy result would recur. Finally, the inclusion of money in this model in
no way departs from the typical description of a Walrasian economy. Obviously, money
does not enter the utility functions. Indeed it may be misleading to consider the extra
commaodity to be money at all, since we could equally well consider it to be a durable
capital good. {We could also let the commodity depreciate at a known rate over time.)
It is the fact that generations overlap and do so indefinitely in time which gives this
commodity value, and not the description of technology or tastes.

The limited role that money plays in the model circumscribes the number of applica-
tions to standard macroeconomic questions. For Keynes, holding money had a precaution-
ary motivation, and also a transactions purpose. In our model there is no uncertainty,
and exchanges take place instantaneously, so neither of these aspects of money is present.
Since introducing uncertainty and the institutional detail necessary to capture the transac-
tions role of money would greatly complicate our analysis, we shall sometimes put real
money balances directly into the utility function. This is not a satisfactory solution, but
it is necessary if we are to retain the tractability of a simple macroeconomic model. Since
the qualitative features of our analysis remain the same whether we write
u(x,, X,-y, m/p,, m/pey), or more simply w{x, x.4,, m/p,), we shall choose the latter
form. One can verify at once that as long as the marginal utility of real balances is not
too high at the point (e, e;, 0) then exactly the same proof of indeterminacy applies with
this more general utility function.

2. A MACROECONOMIC MODEL WITH KEYNESIAN INDETERMINACY

We have shown in a simple pure exchange overlapping generations model that there is
a continuum of rational expectations equilibria. This immediately leads to the conclusion
that changes in expectations, or animal spirits, can affect the course of the economy.
Furthermore this creates an ambiguity in the effects of policy which on the one hand
might appear Keynesian, and at the other extreme, monetarist. Sc far, however, our
model is not rich enough (even with its production interpretation) to express the central
aspects of either macroeconomic theory. Without capital, for example, it is impossible
to discuss the volatility of investment. We have already pointed out that the lack of a
second asset in which to hold savings creates some difficulty in deciding what constitutes
a Keynesian expectations assumption; we certainly cannot model at present the idea that
money demand involves a tradeoff between the return to holding capital and the benefits
of cash in hand. In particular we cannot yet describe open market operations. Nor can
we describe in the exchange model the Keynesian claim that lowering real wages (and
raising employment) can be the equilibrium consequence of government policy. Finally,
let us note that the model considered in the last section showed one dimension of
indeterminacy; by definition it is impossible to consider simultanecus and independent
changes in both the “animal spirits™ of the agents and the nominal wage while maintaining
equilibrium.

We will present two models that repair these deficiencies. Both models include the
possibility of capital accumulation and a neoclassical production function depending on
variable inputs of capital and labour. In the first model, which corresponds most strongly
to standard Keynesian macroeconomic models, we will place real balances in the utility
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function and agents will be endowed with a fixed labour supply, the use of which does
not affect their utility. We will study “Keynesian” equilibria in which the labour market
is permitted not to clear. This allows for involuntary unemployment and for government
policies and expectational changes that can affect the level of employment. The IS-1L.M
apparatus is ideally suited to describe the comparative statics of this model.

However such a model is subject to the now standard criticism that it is methodologi-
cally unsound in that it does not give an optimizing explanation for its assumed lack of
market clearing. Therefore we also consider a second model in which all markets clear
but where labour services are elastically supplied (as in Keynes’ {1936)). To make this
second model more tractable, we will use specific functional forms to describe utility and
production. To make the model both more simple and more orthodox, we remove real
balances from the utility function. We find that in the elastic labour supply model there
is a continuum of Walrasian equilibrium levels of employment, and that the IS-LM
apparatus is still appropriate for analyzing the effects of government policy on output
and employment.

There is a central advantage to the elastic labour supply model. If labour supply at
time t+1 is known by a firm with certainty at time ¢ the firm need only know the real
interest rate to decide on an equilibrium level of capital investment. The interest rate
tells the firm what the appropriate capital-labour ratio is; the added information of
equilibrium labour supply at £+1 tells the firm the absolute level of capital required.
However with elastic labour supply, we must include in the model some quantity signal
indicating expected output neéxt period. This variable plays a large role in the General
Theory, since it signifies entrepreneurial expectations. We will see that it is not uniquely
determined. An equilibrium model of Keynesian economics can come to fruition only
in a model with elastic labour supply: in that case both current output and expected
output (animal spirits) are indeterminate.

The model with fixed labour supply nevertheless serves a number of purposes. It
provides a complete intertemporal version of a Keynesian unemployment equilibrium
that can be analyzed accurately by the IS-LM device. Moreover many economists will
view the presence of involuntary unemployment as a positive descriptive wvirtue of the
medel, Finally the model will serve as a general introduction to overlapping generations
economies with production.

2.1. Fixed labour supply and Walrasian equilibria

Suppose once again at every period ¢ an agent is born and lives for two periods. Each
agent has the quasi-concave utility u(¢, ¢, m/p,} for consumption, and real balances,
and an endowment of labour equal to one. In some periods, we will give agents the
labour supply constraint, [,, which may be less than one. In contrast to our previous
model of pure exchange, we shall now suppose that consumers can save in two different
ways. As before, they can hold paper money m which always has a price of 1 and which
in period ¢+ 1 will allow for the purchase of m/p,., units of the consumption good. By
holding money, a consumer foregoes the chance of consuming m/p, units of the con-
sumption good in period & The gross rate of return to holding money is therefore
{m/p)/(m/p)=p,/p.+:. Alternatively, consumers can save from period ¢ to period
t+1 by holding new capital, which in period ¢ is a perfect substitute for the consumption
good. If the capital k., is invested (e.g. planted in the ground) in period ¢, it becomes
preductive capital in period ¢+ 1. It can then be combined with labour, instantaneously
producing the consumption good and disappearing. Productive capital is not a perfect
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substitute for output; its price r.., is endogenously determined in equilibrium. The agent
who foregoes one unit of consumption in period t to hold capital, gains the power to
purchase r,.,/p,.+; consumption goods in period ¢+ 1. Thus r.,/p.+, is the gross rate of
return to capital. We can summarize these relations by writing the budget constraints:

petm+pk ., =wl,
PrriCri = m+troake (B)
€y Craps m, k1+1 = 0

Notice that if p,/pesy > for1/ Pica, the agents can earn a better return by holding money
than by holding capitai, and in addition get the satisfaction of holding rea!l balances.
Hence the only interesting case occurs when p,/p,.; = r.y1/ P+ Indeed, let us suppose
that at the prevailing {p,, pe+1, W, fi+1) the consumer chooses to hold k,,,>0. Then we
can combine the two budget constraints into one:

v (P) o212 ) o (), -
Py P Pr+1 T P

Notice that the “price of money” is 1 —-(p,/prr1)(Pii/ Tiv1), Which, as we would expect,
varies inversely with the return to money and directly with the return to capital. We
define the income of the (young) agent at time ¢ as I = (w,/p,) I.. The demand functions
{or correspondences) for ¢, ¢, and m/p, are determined by p,/p,+1, re1/ Pr+1, and 17,

Jsing the prices defined by the single budget constraints above, we assume that the
utility function has the following gross substitutes property:

Assumption (GSP). The maximization problem:
m
Max u(co, cl,—)
P

m
st wmpcgtme ta—=T
p

gives rise to continuous, single-valued demands for ¢y, ¢,, and m/p. Each demand is
decreasing in its own price, and increasing in the other prices and in income L

Needless to say, there is a large class of utilities which satisfy this gross substitutes
property (GSP). From this one assumption on utilities, we will later derive all of the
classical properties of IS and LM curves. The GSP assumption has implications not only
for the demand for consumption when young and for si" =m/p;, but also for capital
holdings sf, and total savings s¥+s7. Clearly it implies that s}" varies directly with
P/ Pivy, and inversely with r.,/pe.i.

Observe that capital savings can be written

k p
m pl 1+1
Sr —(Ct 1= _)_.
Pr p!+1 Tev1

Total savings are given by s,=s/+s/"=1I/—¢. Using these definitions we can also
conclude from GSP that s¥ is decreasing in p,/p,.,, for if p,/p.., rises, m/p, rises and
¢+, falls. Furthermore since ¢, is decreasing in p,/p.+1, 5 is increasing in p,/p,.,. Given
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that demands for ¢, c,,,, and m/p, are increasing in I?, we conclude that s, = 1Y —¢, is
also increasing in I} (the marginal propensity to consume is less than one).

We can summarize the implications of GSP that we will use below by the following
assumption (which also includes the continuity and limiting properties of the functions
that are necessary for the subsequent proof).

Assumption (Al). The functions s*(I7, re1/Pesrs o/ Prer) and s™(I7, roi/ Poer,
P/ pi+1) are continuous; s™ is monotonically increasing in its own rate of return; 5™ and
s* are both decreasing in the competing rate of return. The function s(I7, 7,/ Pe+1,
P/ Pen) =s°(+)+s™(+) is increasing in I}, 41/ Prvy, and p,/ pi.,. For any fixed ro./pec
and I7, limp,_fp,.,.]—DD s™(I7, ":+1/P1+1, Pt/Pt+1) =0.

The last part of (A1) says that as the rate of inflation approaches infinity, desired real
balances decline to 0. Obviously the reader can take the assumption on demand functions
to be primitive rather than the assumption about the utility function.*

Let us turn to the productive side of the economy. We assume that for each t=0
there is a firm that can transform k.., units of capital (i.e. of the consumption good)
invested at time t, together with /., units of labour applied at time ¢t +1 into F(k,.,, l,+,)
units of the consumption good at time ¢+ 1. Since there is no uncertainty we can imagine
that the firm raises the resources to buy each unit of capital at time r by issuing a bond
that pays r,,, dollars at time ¢+ 1. The firm maximizes profits p,, F(&,.y, b1) = a1k —
Worrder.© We shall assume

Assumption (A2). The production function F(k., +;) has constant returns to
scale and is strictly quasi-concave. Also lim,,,8F(k I}/3k =lim,,qdF(k,[)/al=00. It
follows that there is a uniquely defined, continuous, decreasing function (the factor price
frontier) w/p={(r/p), ¥: (0, ©)=> (0,0}, such that (aF(k, I}/ok, aF({k, 1}/al) e graph ¢
for all (k, I). Finally, we assume [ 3F(k, I)/4] is increasing in [, for any fixed k

With the exception of the last part, (A2) makes the standard assumptions used in
neoclassical growth theory. The last part of {A2) accords with the Keynesian hypothesis
that diminishing returns are ‘‘not too severe.” If the firm knows /.. ;, hypothesis (A2)
implies that the prices (v/p, ¢{r/p}) uniquely determine the capital demand at time &
We can describe this choice by the function k(r/p, ). Since there are constant returns
to scale, capital demand would be indeterminate without the quantity signal / We will
sometimes use the expression k(r/p)=k(#/p, 1). Looking ahead to the next model with
elastic labour supply, it is clear that we could also use a function k{r/p, y°) where y°© is
the expected level of demand next period.

We need to make one more assumption, which relates the preferences of the consumer
to the technology of the firm.

Assumption (A3). There is (7/5) <1 such that s*(w/p, 7/, 0) — k=0 where W=
@(7/p), k=k(#/5,1). There is also (7/f)>1 such that s*(w/p, F/p),1)=k, and
s™(W/p, F/p,1)>0, where w/p=@(F/p), k=k(7/p, 1).

Assumption (A3) simply states that there is both a monetary and a non-monetary steady
state. It is the analogue to the pure exchange hypothesis that there was some price ratio
that supported a moneyless equilibrium, and also that the Samuelson steady state equi-
librium p, = p for all =0 involved holding positive monetary balances.
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The description of the economy is completed by a specification of the stock of
productive capital k; on hand at time 0, and the stock M of paper money held by the
old at time 0. We assume that the old at time 0 own all the capital &y, and desire only
the consumption good c,.

A Walrasian equilibrium ((p,, w,, riy, piory Lhi=a, €5, 1o, (K, c., cii1)i=0) for the
fixed labour supply economy is a sequence of prices, labour constraints and consumption
choices such that

(1) (e, €11, M/ p, k,1y) maximizes u(c,, ¢,.,, m/p,) subject to the budget constraint,
B, and the labour constraint [,, for all =0,

(2) (k,, I,) maximizes p,F(k, y—rk—-wlforall t=0,

(3) Co_l=M/P0+ko"g/P0,

4) ¢! "+ei=F(k, I) —k,., forall t=0,

(5) PYv1=Pier, Fiy1=ru, for all 120, and

(6) I,=1, forall r=o0.

In Walrasian equilibrium expectations are rationally held (there is perfect foresight}), and
all markets clear, We can now state the indeterminacy proposition for a market-clearing
economy with production.

Proposition 2. Let E be an economy meeting Assumptions (A1)-(A3), with an initial
level of the capital stock, ko, lying in the interval [k(7/§), k(F/p)). Then E possesses a
one-dimensional family of equilibria indexed by the price of output at the initial point in
time. This remains true under small perturbations of the economy at time 0, due for example
to government policy interventions.

Froof. See Appendix. |

First of all, we should note that this result is unrelated to the presence of money in
the utility function. If we take money out of the utility function, the model then reduces
to the Diamond (1965) model with money, for which a parallel proposition could be
‘proved. Although the proof of Proposition 2 is in the Appendix, it is worthwhile to
discuss the simple idea that lies behind it. In the exchange economy proof we noticed
that at 1 =0 there were two relevant prices for current decision-makers (the young); P
and p,. There were two markets that existed at ¢ =0, the goods market and money market.
But by Walras’ law, only one of the market clearing conditions is independent. Thus it
was unsurprising that we could choose p, freely and let p; adjust so as to clear the one
remaining market. (As with all economies in this paper, we have already chosen money
as numeraire.} We then proceeded by induction. In the present economy there are four
markets (goods, bonds, labour, and money) and thus three independent market clearing
conditions. There are, however, four relevant independent prices at ¢t =0: p,, wy, 1§, pi.
Hence we might expect there to be a one-dimensional indeterminacy.

22 IS-LM-IB

We can describe market clearing in any period by means of IS and LM curves. The
equilibrium condition for the goods market in period O1is, ¢’ (I3, ri/p,, po/ 1} + (rof Po) ko +
M/ po+k(r/p) =y, where ¢*( ) is the consumption of the young. The second two terms
are the demand for consumption goods by the old and the last term is the demand for
capital by firms. Firms rationally anticipate I, =1. Rearranging this equation, and using
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the fact that yo—{ro/po)ko = (wo/ po) I, we have (wo/ po) Iy —¢”( )= M/po=k(r/p\). The
first two terms are simply the aggregate savings by the young, and so we have
s(Ig, r/py, o/ Pr) — M/ po=k(r,/p,). This version of the goods market clearing condition
simply states that the savings of the young less the dissaving of the old equals new capital
demand; in the language of Keynesian ecanomics, it is an IS curve. Recall Assumption
{A2) that states in part that given a fixed k, worker income (I}) is increasing in [, or
equivalently increasing in y,. In that case we can use the same symbol s and write

IS: s(yo, 1/ps, po/p1) ~M/py= k("l/Pl),

and we know that since s( }+s™( ) is an increasing function of 7, s( ) is an increasing
function of y,. We can now draw the IS curve in (y, r/p) space (Figure 1). Assumption
(A1) states that s( ) is increasing in r,/p,. Since k( )} is decreasing in the same variable,
it is clear that y, must fall if /p, rises; hence the downward slope of IS in Figure 1.
Using the same substitution, money market equilibrium can be described by

LM:  s™{(yo, ri/pi, po/ P} =M/ pg.

Since s™( ) is decreasing in r,/p,, the LM curve must be upward sloping in Figure 1.
Thus we can describe the equilibrium pair (r,/p,, y,) given the equilibrium values of p,
and p,/p,. We do not need to know the equilibrium w, to draw either the IS or LM
curves. We know from Walras’ law that if we have accounted for the goods and money
markets, the bond market clearing condition must be redundant. We can confirm this by
summing the IS and LM equations. Recalling that s{ )= s*( )+s™( ), this yields,

IB: Sk(Yo, 1/ pi, po/ p1) = k(r/p))

which is indeed the bond market equilibrium condition. The IB curve must therefore
pass through the intersection of the IS and LM curves.

The GSP assumption on utility is not sufficient to sign the slope of the IB curve,
Thus although we could choose any two of the three curves IS, LM, IB to do comparative
statics, the IS-LM pair gives the most information. Note, incidentally, that if the IB
curve is downward sloping, as we have drawn it, it must be less steep than the IS curve.

Labour market clearing is achieved at y,= F(ky, 1). By shifting p,/p,, we can move
all three IS-LM-IB curves over to intersect simultaneously with the y,= F(ky, 1) curve,
while keeping p, fixed.

/Py
Por Po/ Py fixed

LM

IS

|
Flke1)

FIGURE 1
1S-LM-IB
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2.3. Keynesian equilibria and comparative statics

We have developed a model in which it is possible to pose the classical questions of
macroeconomics. The difficulty is that with a neoclassical production function with given
capital stock k, and inelastic labour supply, no government policy or aggregate demand
shock can possibly change initial period, Walrasian equilibrium output.

The Keynesian hypothesis is that the labour market need not clear, at least in the
short run, in period 0. We define a Keynesian equilibrium as a sequence of prices,
expectations, etc. satisfying (1)-(6) of the last section, except allowing I, =1 rather than
ly=1 (so that producers are still on their demand curve for labour, but not all workers
who want jobs may be able to find them). A trivial extension of the proof of Proposition
2 now shows that there is a two-dimensional continuum of Keynesian equilibria, which
is robust to small policy changes at period 0. If we also permitted the period 1 labour
market not to clear, there would be three dimensions of indeterminacy.

As in the exchange economy, there is a large choice about how to analyze the
consequences of policy interventions. Keynesian expectations and institutional assump-
tions are best described by fixing py/p, and w; and then asking how r,/p, and y, are
affected by policy or exogenous changes in py/p, or wy. So far, however, we have indexed
our IS-LM-IB diagram by p, and p,/p,. This chould easily be changed, for if w; is fixed,
we could solve for p, from the equation: wy/p, =3F(ko, 15)/31,. We could therefore find
the montonically increasing function p,(y,) that relates these two variables, and use this
function in the IS and LM equations. The only result would be to make both curves
more steep; it would not change the sign of their slope. For now, we shall maintain p,
and py/ p, fixed.

Imagine that at a Keynesian equilibrium the government unexpectedly makes a public
purchase of AM/p, bonds with freshly minted money, promising to retire the money it
will receive in interest payments in period 1. We know from Proposition 2 that there is
a two-dimensional set of equilibrium continuations. If we assume that p, and p,/p, do
not change, there is a unique equilibrivm continuation. The new LM equation is s™ =
(M +AM)/p, which constitutes a shift outwards of the LM curve, since at each r;/p,,
vo must be larger in order for money demand to equal the larger supply. The IS equation
s +[s™—M/po]=k(r/p,) will be unaffected. Recall from the derivation of the IS
equation that M/p; appears only insofar as it indicates the demand of the old (which
does not change under this policy experiment). Shifting out the LM curve along a
stationary IS curve obviously raises y, and lowers r,/p,. (See Figure 2.) The medium
run effects are also expansionary. Since r,/p, falls, k, increases, and since labour input
is fixed at 1, y, rises.®

We can also examine open market operations in the face of a liquidity trap. In a
liquidity trap, agents are so saturated with money holdings that additional money holdings
provide no additional utility. This is precisely what is described when money holdings
do not enter the utility function. In that case the rate of return on holding money must
equal the rate of return on capital, i.e. r,/p,=ps/p,. If this condition is met, distinct
capital and money demands are not well-defined, since savers will then not care about
the composition of their savings portfolio. Since p,/p; is fixed, the LM curve must be
horizontal at r;/p, = po/p1. The only equilibrium occurs where savers agree to hold the
money stock that happens to be on the market. Increasing the money stock therefore
merely alters the composition of private saving and affects no variable at t=0. Just as
in the Keynesian parable, the LM curve cannot shift out (Figure 3).

One can similarly analyse other standard macroeconmic policies. Consider a bond
financed government expenditure, where the government raises the revenue to make its
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f /p.l
LM
LM’
IS
Yo
FIGURE 2
An increase in M

r./p,

Po/Py LM=LM

Is
Yo

FIGURE 3
Liquidity trap

interest payment in period 1 by taxing the young born in period 1. This shifts out the
IS curve, leaving the LM curve in place, in period 0. The new IS equation is s+ 5m -
M/po=k+AG, where AG is the increment to gmrernment expenditure. If we subtract
the LM equation, we arrive at the correct IB equation s*=k+AG. As a result, y, goes
up, r/p, goes up, crowding out some private investment, so that k, is lower than in the
original equilibrium, as is next period output y,.

It is sensible in this model to consider the effect of a pure change in expectations,
say of po/ p,. 1f investors expect the rate of growth of prices to drop (i.e. po/p; to increase),
then according to the GSP assumption, both monetary savings and aggregate savings will
increase, and the IS and ‘LM curves will shift back. The 1B curve will also shift since
s*( ) is a function of py/p,. Period 0 output will decline, and the economy will be moved
onto a path in which investors’ pessimism is justfied. Hence this economy can grow or
shrink merely due to the changing state of expectations. This captures the Keynesian
idea that the economy is intrinsically volatile (see Figure 4). In order to give a completely
Keynesian account of an economy receiving an expectations shock and the government
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n/p,
LM
LM

L po/ P, exogenous

1B’
I8

IS’IS

FIGURE 4
A rise in py/p,

policies that can remedy the change, we will treat w, as exogenous rather than p,. As
we mentioned earlier, this will merely make the IS and LM curves more steep, but it will
not change their orientation.

The analysis of the last paragraph still applies. One of Keynes’ central arguments
was that although a fall in w, could return y, to its original level (by shifting out the IS
and LM curves), it is extremely unlikely to occur. It is more feasible to engage in
government monetary and fiscal policy. We have seen that the twao policies of bond
financed government spending and open market operations can move the IS and LM
curves independently. Therefore, with w, fixed, stabilization policy can move the economy
to the pre-shock levels of r,/p,, ¥, and y,. Notice that wage-cutting cannot achieve this
dual objective, since the 1B equation, s,{ )=k{ ), is not affected by wage cutting, and
therefore wage cutting can only choose among the pairs (y,, r,/p;) on the new IB curve
(see Figure 5). If the IB curve is downward sloping, then the original level of output y,
can be achieved by cuts in w, alone only at the expense of a higher level of real interest
rates r,/ p,, and hence uitimately with lower output y,.

n/P,

LM
LMH

Wo: Po/P, €XOgenous

s’
. IS’ 18”
y:; y{;‘=y° Yo
FIGURE 5

A fall in wy
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One last interesting case to consider is a balanced budget increase G in government
spending and taxes, with p, and po/p, (or w, and py/p,) held fixed. Let us suppose that
the taxes G are raised in a lump sum way from the old and the young in proportion to
their share of total income y,. Suppose for simplicity that the income shares do not
depend on output, i.e. that F(k, I})=k"I'" is Cobb-Douglas. The textbook Keynesian
analysis suggests that if the LM curve is horizontal, then output rises by G, but if the
LM curve is upward sloping, then the interest rate rises with the shift in the IS curve,
crowding out some investment, and reducing the balanced budget multiplier. However,
in our model, where money demand has a portfolio explanation, as it does in theories
of liquidity preference as behaviour towards risk, government spending and taxation affect
wealth and so shift the EM curve as well as the IS curve. In fact, one can easily check
that under the simplifying hypotheses we have adopted, the LM curve will shift out just
far enough, with p, and po/p, (or w, and py/p,) held fixed, so that output y, goes up by
G! The balanced budget multiplier is still one.

It is important to understand that the description of Keynesian dynamics above
hinges on the adoption of Keynesian expectations and institutional assumptions. Imagine
that we fix the ratio wy/ p, instead of either w, or py. This embodies the monetarist notion
that workers are not willing to accept a cut in real wages in order to gain greater
employment. Further suppose agents still expect p,/p, to be fixed. Notice that the IB
equation, s*(r,/p\, yo, Po/ P1) = k(ry/ p1), is unaltered by the new institutional assumption.
Now consider an expansion of the money supply. Since wy/p, is fixed, the level of output
¥, is fixed. Since the IB equation has not changed, we can then conclude that r,/p, also
cannot change. With r,/p, and y, unchanged, and p,/p, fixed, the demand for real
balances, s™(r,/p1, Pof P1, Vo), cannot change and therefore in equilibrium the real money
supply cannot change either. The monetarist model, properly specified with the correct
institutional assumptions, yields the monetarist result that monetary expansion is inflation-
ary, even though the labour market is not required to clear. It is tempting to believe that
if we require the labour market to clear that there is in fact only one equilibrium wy/ pq.
If labour supply enters the utility function, however, we shall see that this is not the case.

2.4. Elastic labour supply, Walrasian indeterminacy, and Keynesian macroeconomics

Keynesian policy analysis is most naturally represented in a model with two dimensions
of indeterminacy. We saw that we could gain the second dimension of indeterminacy in
our production model simply by allowing the labour market not to clear in period 0.
This made output and employment variable in period 0, and gave unemployment an
involuntary character.

It is a general property of overlapping generations economies (as explained in Kehoe
and Levine (1985), Geanakoplos and Brown (1982, 1985)) that the greater are the number
of endogenous variables per period, the higher is the dimension of possible indeterminacy
of Walrasian equilibria. Thus in this section we make labour supply endogenous, letting
the labour-leisure choice affect marginal utility, and we thereby obtain a second dimension
of indeterminacy while maintaining labour market clearing in ¢very period. We find that
there is a continuum of levels of equilibrium employment and unemployment. Of course
now the unemployment is all voluntary, in the sense that at the going wages, any worker
who wants a job can find one. Recall, however, one definition of unemployment that
Keynes gave. He wrote that it occurred at a given real wage wy/ po if a rise in the nominal
price level p, (presumably with w, held fixed) would lead to higher actual employment.
This is precisely the phenomenon we shall now investigate.
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The analysis of government policy interventions and comparative statics in models
where the labour market always clears can also be undertaken through the IS-LM
apparatus. In Section 2.1 there were four independent prices, pg, wg, p,, 1, that affected
behaviour at = 0. Since firms could predict [, with certainty, they did not need a quantity
signal at ¢ = 0. Now, with I, endogenous, firms need some quantity signal, which we take
to be y;. In this section we will hold both w, and y{ fixed, which is the most natural
interpretation of the General Theory's institutional assumptions. Assuming that the price
of future consumption affects the young's labour-leisure choice, we can always adjust
Po/ p\ to maintain labour market clearing, and so we can conduct the IS-LM analysis in
the same (y,, r,/p,} space as before, adjusting the curves to take into account the
fluctuations in p,/p,. Moreover, we find that Keynes’ policy predictions will then be
borne out.

Let us consider a concrete example for which we can derive closed form formulae.”
Accordingly, let

13

m 1 1
u(’n ch Ca+1,_)=__lf+_C?+1, Bél, 7<1, y;éo
p B v

We have left real money balances out of the utility, in order to make our model as
classical as possible; we shall say more about this shortly. The absence of ¢, from the
utility function is of no importance—it makes more dramatic the difference between the
marginal propensities to consume of the young and the old. Of crucial importance is the
inclusion of labour as a choice variable; its presence in the utility function means that
market clearing can be consistent with a range of different levels of employment.

Let the production function F be Cobb-Douglas:

y:=F(anr)=k':l:_a, 0<a<t~-a<l.

Clearly the production function satisfies Assumption (A2}; in particular, the share of
output y that goes to labour, {3F(k, 1)/al=(1—a)y, is increasing in y, for any k

A Walrasian equilibrium (given u, F, ko and M) is a price system (p,, w;, ¢} =0 Such
that there exists a consumption allocation ¢ = (¢}, ¢1,1).:zoand a production plane {k,, 1,),z,
such that for all tr=0

(i) (I, k) maximizes p,F(k, I)—wl - rk;
(i) (1, ¢1, ¢4, M/ p,)} maximizes u(l, ¢,, ¢, m/p,) subject to the budget constraints
potm+pk o Ewland pocEmtraakay
(iii) Pe=Ton
(iv) A—a)Flk,L)-M/p,=k.,.

Conditions (i) and (ii) represent firm profit maximization and agent utility maximiz-
ation. Condition {iii), an LM relationship, is required for clearing the money market,
since money and capital are perfect substitutes. (We encountered the same condition
when we considered the liquidity trap in Section 2.2.) Condition (iv) is the IS relationship
which assures clearance of the goods market. Savings by the young, s( ) in the previous
sections, are now (1—«a)F(k,, I,), given that the young do not consume in the first period
of life, and that the production function is Cobb-Douglas. Conditions (i} and (ii) imply
labour market clearing.

Let us consider the market clearing conditions for the initial period alone. As we
know, there are three independent markets. The money and goods market clearing
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equations, (iii} and (iv) above, we now repeat for period 0.
LM: r/pi=pi/p
1S: (A—a)yo— M/py=k(ri/p1, ¥7).

We have replaced F(k,, ;) by y, and given k, the appropriate functional notation. Lastly
we consider the labour market. The demand for labour, given ko, is I§=
(1—a)"“ko(wy/po)”""*. The supply of labour, derived from utility maximization is /j=
(wo/ p1)"/ P =[{wo/ po) - {po/ P)1”’*~ 7. Equilibrium in the labour market is obtained
when po/ p, = A{wy/ po) @Y 872 where A> 0 is a constant depending on k,, a, 8 and
v. For fixed ko, wo/ po is 2 decreasing function of y,. Using this and combining LM and
the labour market clearing equation above, we can calculate:

LML: rl/pl = Byg.ﬂﬂ‘:xvva)/')/(l—a)

where again B> 0. We now have a simple system of three equations, IS, LM, and LML,
in five unknowns, py, p,, wo, 1, V1, that describe a static equilibrium for period 0. The
next proposition assures us, however, that any static equilibrium is part of a dynamic
Walrasian equilibrium involving full optimization and market clearing in the complete
intertemporal model described above.

Proposition 3. Let ky>0 and let M >0 be given. Then there is a nontrivial 5-
dimensional rectangle R such that any choice of the variables (wy, po, v, p1, ¥1) in R that
elears the IS, LM, and LML markets can be extended to a Walrasian equilibrium for the
economy E = (u, F, ko, M). Moreover, the same is true after any policy perturbation at time
0.

Proof. See Appendix. ||

Proposition 3 demonstrates once again that the effects of policy are indeterminate
unless one knows the institutional arrangements which shape the expectational responses
of rational agents. We make the Keynesian hypotheses that w, and y{ are fixed. We
shall show that these Keynesian institutional hypotheses lead to Keynesian policy predic-
tions, while other assumptions can led to monetarist or “new classical” policy predictions.

For fixed w, and »}, we can think of p, as an increasing function of y,, calculated
to maintain wy/p,=34F/al Then the IS equation describes a downward sloping curve in
{yo, 1/ 1= Po/ p1) space. For as y, increases, wy/p, decreases, and with wy held fixed,
that means p, must increase. Thus both terms on the left of the IS equation increase with
¥ and so ry/ p; must decrease to maintain the balance. The LML equation describes an
upward sloping curve in (yp, r/p1 = po/ p1) space, if 0<-y<<1. We draw both in Figure 6.

At the intersection of the two curves all three markets, output, labour, and money,
must clear.

Consider an increase in “animal spirits” y]. That increases the firm’s investment
demand at any r,/p,, and hence shifts out the IS curve. Current output y, rises, as does
the real interest rate r;/p, in order to maintain market clearing in period 0. According
to Proposition 3 the increased optimism on the part of investors can be entirely validated
in a new equilibrium, in which of course the higher expectations y; will be confirmed.
Animal spirits ¢can be whimsical and rational.

Suppose that new money AM is printed and given to the old at time 0. This is
precisely the policy experiment analysed by Lucas (1972) in an overlapping generations
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economy. As more money chases the same number of goods, p, will presumably tend to
rise. Lucas argued that if the increase in the stock of money is public knowledge, then
a rational young consumer must understand that the rise in p, does not signal a change
in relative prices, but only a rise in the general price level. He will not be tempted to
alter the amount he works or his consumptien. It is only, Lucas suggested, if the rise in
price p, cannot be entirely attributed to a rise in M (if, for instance, the agent is not
informed of changes in the money stock and if there are other influences on p,) that the
agent may suspect a change in relative prices p,/p, and alter his behaviour. Indeed in
our model, if p,/p; and y} are held fixed, then p, will rise proportionately to AM/M
and real output will remain the same. A Keynesian however, can maintain that even an
agent perfectly informed about the money supply could rationally suspect that his wages
would not keep pace with the increase in prices, and that he would therefore alter his
spending and labour supply. Firms expecting the same thing would try to hire more
workers, and output would rise. Indeed if we hold y; and w, fixed in our model, the
increase AM shifts out the IS, curve, giving a higher period 0 market clearing output
vy and real interest rate r,/p,. Workers are willing to work more at the lower real wage
since they know that their savings are earning a higher rate of return; in fact their utility
rises. By Proposition 3 this effect can be fully validated in equilibrium.

One can similarly analyse other policy changes. Balanced budget spending increases
(where the tax is raised from the young) are similar to the money financed spending
above; they both move out the IS curve, with w, and y{ held fixed. Both policies have
persistent consequences, since they affect the rate of capital accumulation. In fact it is
easy to see that both policies increase employment [, in the medium run. For with y{
held fixed and r;/ p; higher, it must be that I, is higher too. Alternatively, if in addition
to yi{ we hold either wy/p, or r,/p, fixed (the two natural choices for monetarist assump-
tions) then both have neutral effects in period 0 (though not necessarily for period 1};
their potency is sapped by an increase in current prices p,. A balanced budget increase
in G and T shifts the IS curve out; but the LML curve is unaffected, and with wy/p,
(hence y,) or ri/p, fixed, output cannot rise. Hence prices rise, reducing the wealth and
consumption of the old, to bring the IS curve back to its original position. The result is
that government spending has crowded out exactly the same amount of consumption by
the old. It also reduces the real money stock and the real value of savings of the young.
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In period 1 output is the same, but with lower real balances, k,=(1—a)y,— M/p, will
increase.

The fact that we have not permitted money to enter the utility function in our example
limits the analysis somewhat by restricting the government to fiscal policy. Substituting
money for bonds obviously can have no effect, since at the prevailing r,/ p, = po/ p, savers
are willing to change the composition of their portfolios. As a result, any intervention
that raises output y, must also raise the real interest rate r,/p, (if 0<<y<1). If we had
let money enter the utility function, then we could still have shown that there are two
dimensions of indeterminacy. In that model, with w, and y] held fixed, both monetary
and fiscal policy would be effective.

There is, nonetheless, a potentialiy significant difference (beyond the voluntary vs.
involuntary nature of unemployment) between the Keynesian policy analysis of Section
2.2, in which the period 0 [abour market was permitted not to clear, and the elastic labour
supply model of the present section. When the IS and LM curves in {r,/p,, ¥o} space
are combined with the labour market clearing equation, making p,/p, an endogenous
variable, adjusting to clear the labour market, with w, and y} fixed, the resulting LML,
IS curves may not have the natural Keynesian slopes. Thus in the simple example of
this section, if we had chosen the utility parameter ¥ to be less than —1, instead of between
0 and 1, then the LML curve would have been downward sloping. We would still have
found that market clearing, rational expectations, and full optimization are compatible
with the volatile character of animal spirits. Moreover, if the nominal wages w, and
animal spirits y; do not change when government policy changes, then that policy will
have nonneutral effects, and if LML is less steep than IS, the multipliers giving the effects
of policy on output still have the Keynesian sign.”

3. CONCLUSION

Expectations matter. And they are not, in the short run, constrained by the hypotheses
of rationality or market clearing (or lack of market clearing). No short run policy analysis
can be sensible, even with complete knowledge of all the preferences and technologies
of every agent and firm in the economy, if it is not based on some explicit understanding
of how those agents expect the economy to respond to the policy.

Throughout, we have restricted our attention to the four fundamental macroeconomic
quantities: money, output, capital, and labour. In the last section we made labour supply
elastic and noted that when we counted equations and unknowns in the initial period,
there were two degrees of freedom. Propaosition 3 stated that there were then two degrees
of freedom in the full intertemporal model. We then specified institutional hypotheses
and considered the eflect of those assumptions on government policy.

Clearly we can reverse this procedure. If we are concerned exclusively with the
effects of policy on just two variables, say the short run interest rate r)/p, and current
output y,, and if labour supply is endogenous and if money is not a perfect substitute
for bonds, then one can imagine in our model institutional and psychological rigidities
to justify any policy prediction. This refutes the claim that, as a matter of pure logic, the
methodological axioms of full optimization, market clearing, and rational expectations
lead inexorably to a view of government policy interventions as neutral or ineffectual.
Of course it is equally true, as a matter of logic, that it is possible to conceive of rational
agents in the economy who form their expectations in a way that does render policy
neutral. We have shown from this point of view, however, that Keynesian analysis has
an important unity; if one follows Keynesian assumptions about the short run stickiness
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of money wages, and the exogenous volatility of animal spirits, then one can be led to
Keynesian policy predictions.

In Keynesian analysis the assumption that the labour market need not clear has at
least a three-fold significance, which it is perhaps important to sort out. Lack of labour
market clearing makes it possible to conceive of (Keynesian) equilibria with different
levels of output and employment. It makes the system of demand and supply underdeter-
mined, so that endogenous variables like animal spirits (i.e. expectations) which are
normally fixed by the equilibrium conditions can be volatile. It creates unemployment
that is involuntary, We have tried to argue here that one need not rely on what has
seemed to many an ad hoc assumption about the labour market in order to get at least
the first two desiderata of Keynesian analysis.

Evidently if both the supply and demand for labour are elastic, then it is logically
possible to conceive of differing levels of equilibrium employment and unemployment,
unless the equilibrium condition itself determines the outcome uniquely. In our example,
workers are concerned about their purchasing power in the future, as well as their real
wage in terms of current commodities, and thus labour market clearing does not determine
a unique wo/pe. In general, when labour supply is dependent on a vector of prices,
indeterminacy of equilibrium, and hence indeterminacy of equilibrium output and employ-
ment will arise if any market is allowed not to clear.

The indeterminacy and Pareto suboptimality of Walrasian equilibria in overlapping
generations economies can indeed be attributed to a lack of market clearing—not of the
initial period labour market—but of the markets “at infinity.”” Let us reconsider our
static one-period model. Indeterminacy arises there because market clearing is period 0
is affected by prices in period 1, corresponding to markets we do not worry about clearing
in the static model. To extend the static model to periods zero and one, we would have to
specify prices through to period two. Again there would be prices in period 2 influencing
the model, corresponding to markets that need not be cleared in the model. As we extend
the static model further, we push further back the period during which we do not require
market clearing; in the limit, it is the market at infinity that need not clear. Thus we have
explained how the overlapping generations model maintains the strictly Walrasian
hypotheses of agent optimization, market clearing, and rational expectations, and at the
same time allows for the sub-optimality and indeterminacy of equilibrium that Keynesian
analysis achieved by dropping the requirement that the labour market clear in the initial
period. Note that the introduction of eiastic labour supply in period zero alone does not
by itself increase the dimension of indeterminacy. It is the elastic supply of labour in
periods 1,2, ... that allows the labour market not to clear “at infinity” which accounts
for the extra dimension of indeterminacy.

Through the introduction of elastic labour into the overlapping generations model,
we showed that the comparative statics of the Keynesian model of Section 2.2 and the
strictly Walrasian model of Section 2.3 were formally nearly identical. Each model allows
for changes in employment, has two dimensions of indeterminacy, and can be analysed
in an IS-LM diagram. There remains the difference, that in the former model unemploy-
ment is involuntary, and in the latter, voluntary.

APPENDIX
Proof of Proposition 2. Let k< k be chosen as in Assumption (A3) to satisfy:

sk(Lf,_i,l)zfz, sm(Lf,;,l)=A.:f>o
PPr PP P
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for  Ww/p=e(7/p)y=aF(k 1)/al, F/j=3aF(k 1)/ok and  s*(w/p, ¥/p, 0) =k
s™(w/p, F/p,0)=0 where w/p= @(F/p)=aF(k, 1)/al

We begin by proving a preliminary result about the range of money demand: Take
(p, L v/p) satisfying p=p, W/ p=I=w/p, F/p=<r/p=F/p. Then s™(I r/p, v} =M/p,
has a unique solution y <<1. Moreover the resulting function %(p, I, r/p) is continuous,
increasing in r/p, and decreasing in I To prove this, note that if y exists it must be
unique, since by Assumption (A1) s™ is increasing in y. If (I, (r/p)n, (P)n, ¥,) =
(L r/p,p, v} and s™ (L., (r/p}u, ¥a) = M/(p),, then by continuity of s™, s™(/, r/p, y)=
M/p. Thus if y always exists, the fact that it lies in a bounded set and is unique implies
that the function ¥ is continuous. The fact that ¥ is increasing in r/p and decreasing in
I follows immediately from the properties of s™. Finally, to show that v exists to solve
s™(Lr/p,y)=M/py for pz=p, w/p=I=w/j and F/p=r/p=F/p, observe that
s™(Lr/p0)-M/p=0=s"(W/pF/p1)—M/p=s"(Ir/p1)—M/p, so for some 0=
Y=L s"(Lr/p,y)-M/p=0.

We are now ready to prove the indeterminacy of the equlibrium. Let k, satisfy
k < ko< k, and let Po>p. We will construct an equilibrium with first period output price
Po. Let ro/po=aF(ky, ¥)/6k, let wy/py=0F(ky, 1)/8l, and consider the function
¥(Po, Wo/ Po, 1/ p1) derived in the last paragraph. No matter what real interest rate r,/p,
we choose, if we put po/p, = ¥( po, Wo/ Po, 1./ p:i) then we will clear the money market. All
that remains is to find the correct r,/p, to simultaneously clear the savings-investment
market.

Recall that the demand for new capital, k? = k%(r,/p,) satisfies r,/p, = aF(k* 1)/ ok,
and the function K¢ is continuous and decreasing in r/p,. Consider that
s*(wo/ Po, ¥/ B, ¥(Po, wol Po, ¥/ B)} — K*(F/ p) < s*(w/ p, r/p, 0)—k*(F/p)=0 since s* is
mcrcasmg m income and decreasmg in po/p, But s*(wo/po, 7/ B, ¥( po, wo/ Pa, F/ D)) —
K(Fip)zs “(w/p, 7B, 1)— K9 (F/§) =0, since s* is increasing in I and decreasing in po/p,
and ¥( Po, Wol Po, r/p)<1 Hence there is r\/p,, po/p1 with F/p=r/p, = F/ P such that
5 “(wo/ Po, rl/Pl,Po/Pl) k4 ("1/1’1) and s™(wo/po, 11/ P1, Po/ P1) = M/ py. It follows that
k=k =k and that P1 = po = p. Thus the whole process can be repeated with these starting
values. |

Proposition 3.  The economy E possesses a 2-dimensional family of equilibria indexed
by the price, p,, and the real wage, wy/ p, (or, equivalently, the real rate of interest, rof po)
at the initial period t =0. (Proposition 3 in the text can be immediately deduced from this.)

Proof. The initial capital stock is given and is equal to k,. Choose pj and wy/p,
arbitrarily but such that ko(1—a)"*(wo/po) ™" * = (1+8)M/p,, where § = a/(1—2a).
To show that there exists a Walrasian equilibrium price system (p, w, r) with p, and w,
exogenously specified, we proceed as follows. First we find values for p, and w,/p,, as
well as r,/p, and r,/p,, which guarantee that the period 0 markets clear; then we show
that the construction can be repeated ad infinirum.

From the factor price frontier equation ¢{w/p)=a(l1—a)' **(w/p) @~ the
real rate of interest ry/ p, is determined by we/p,.

Given the real wage or, equivalently, the real return to capital, the capital/labour
ratio desired by the firm is determined; since the supply of capital is given and equal to
ko, the demand for labour necessary for equilibrium in the capital market is 14 (w,, k) =
(1—a)" “ko(wo/ po)~*. The supply of labour is derived from the maximization of
u(lu, ¢o, €)= ~{1/B) I8+ (1/y)c] subject to the budget constraint p,c; = wgly; it is thus

*(Wo, Po» P1) = (wo/Po) "B~ (po/ p)** 7. Equilibrium in both the capital and labour
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markets in period 0 is thus obtained by setting
P= [(1 - a)(B—w)/avk%B—w)/1’wa(ﬂ+u‘r—1)/a*f]71p0_ (1)

The supply of period 1 capital is now determined as the difference between the real
savings of the young during period 0 and the amount carried over int real money balances.
The former are s(wo, po, p1) = (Wo/ po)I*(wa, po, P1) = (Wo/ P}/ (po/ 1)/ #77; equi-
librium in the money market requires that the latter equal M/p,. Substituting for p, we
obtain

ko= (1-a)"*ko(wo/ po)* ™"~ M/ py. (2)

To guarantee equilibrium in all period 0 markets, it only remains to make sure that
the returns to money and capital coincide. This is equivalent to r,/ p, = (po/p,). Substitut-
ing, we obtain

(3)

(ﬂ) = a7 - a)rwzwaw/y{a—nkg(ﬂ—v)/y(a—n(E‘i

)(ﬁwwawm—a}
20 Po

To complete the proof, it remains to demonstrate that the construction can be
repeated ad infinitum without violating the boundary positivity constraints; equivalently,
that if (1—a)"ko(wo/po)* "= (1+8)M/p,, it is also the case that (1-
)k, (w,/p) "= (1+8)M/p,. Substituting, we see that this is equivalent to
[(1— @)Y *ko(wof po) Y — M/ pl =[(a/{1— a})(1+8)M/p,]. But by the choice of p,
and w, it is sufficient that §=(a/(1—«a))(1+6), which in turn is equivalent to §=
a/(1—2a), which is indeed the case. |

Remark 1. The economy has a unique monetary stationary Walrasian equilibrium
with k=(1—@a)"/# Vgley*8=n-aE=v /15— 1 and M/j=Fk1-2a)/a

Remark 2. The economy has also a unique non-monetary stationary Walrasian
equilibrium with M/5=0, w/p={(1-a)"'™®) k=" E"Y(] - g)E-rrer/Q-aE=y)

Remark 3. 1In the definition of equilibrium we have not required that the level of
employment remain bounded. This is formally correct, since we have not assumed any
such lower bound on the individual consumption sets. On the other hand, the imposition
of a lower bound does not decrease the dimension of the set of equilibria, at least for
some values of the preference and technology parameters a and v, respectively. To see
this, consider the non-monetary stationary equilibrium. It is an equilibrium of the
non-linear dynamical system {p, k, w/p) defined by equations (1), (2), and (3). If we
rewrite {1) in terms of 1/p, instead of p,, and write the system in terms of {1/p,, &k, w/p)
near (0, k, W/ p), the eigenvalues of the linearized system at the non-monetary equilibrium
are A\;=a/{l1—a)and A;, A;=(p i\[ﬁz-—4a,8(1 —a)y)/ (2y(1—a)). Since 0<<a <1, for
vy« —f <0 all eigenvalues are less than 1 in absolute value, and the equilibrium is locally
asymptotically stable. It follows that if the initial values (1/py, ko, wo/ po) are sufficiently
close to (0, k, w/p), then the level of employment will stay bounded along all equilibrium
paths, converging to I, the moneyless steady state employment.

We can also check the slopes of the IS and LML curves near the moneyless steady
state. A simple calculation shows that the two curves are always defined (in the absence
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of policy), for fixed y{ and w,, by

IS: he 3
o (I—a)yo—M/p,

LML: e (1= o) ka8 (@1 Bray-n/vi-a)
D
It is clear that the IS curve is always negatively sloped. We claim that at the
moneyless steady state, when « is near 0 and y« 0, the LML curve is also negatively
sloped, but less steep than the IS curve,
At the Moneyless Steady State:

r__« k=aB-1(] — g)Brav=m/ii—akp—y) § =B YN - )/ B-7-a)
J 1-a’ ’
1S- d(r/p) _ had
dy() 7 l—a
d(r + -1
LM: (n/p)| _Bryla )(1 — )" kB ve 1) B2y )/ vl a)

dyy 5.k y(1-a)

waawm—wa—n(l — g )(aBBrar=)/(1=a) a1 7B =)
X @B=3A=aW(B=N=a) (| _ o) (~aB(B-23(1=a))/(1=a)a= V3B —Y)

=watuﬁ—mzwzawww)(a—1}(1 _ )" t2B-27 1200/ (x- 1B
¥
— (aB—B—-2y—2av)/(B—y)a-1)
Byl 1)( ad ) (1= a)#/(=~D1E=7
Y 1-a
For stability—at a =0—it is necessary and sufficient that y<—1.

1t follows that both the IS and LM curves are negatively sloped.
We want to guarantee that at their intersection the IS is steeper than the LM, i.e.

an

_ _dn
dy,

s dy,

LM

Equivalently,

@ >B—?(1—a)
1-«a -~y

a (aB~B+2y-2ay)/(B—y)Xa~1}
( ) (l_a)ﬁ/(u—l)(ﬁ“w

1-a
or
(L) ’“”‘”>w(l — )P/ DY)
l-« -
But this is indeed the case for @ ~ 0 and v« 0; the LH.S. tendstoccand the RH.S.to 1 —a.
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NOTES

1. A similar proposition has been established long ago by Gale (1973).

2. Let the representative consumer from generation ¢ have utility #'(x}, x',,) and endowment e’ =
(e/, e41), and suppose that there is some a > 1 with (3u’(e!, er.1)/ox)/(aule!, el,,)/8x,) 2 a. Then, if all the
second derivatives 3%u'{e', e’ ,,)/ax, ax, are uniformly bounded, exactly the same proof demonstrates the same
kind of indeterminacy.

3. This interpretation is due to Azariadis {1981).

4. We have derived every hypothesis in {Al) from GSP except for the condition that s=s"+s™ is
increasing in r,,/p,.,. The latter is assumed for the benefit of unambiguous comparative statics, and one
expects it to hold. Note that our indeterminacy results (e.g. the proof of Proposition 2) do nos depend on it.

5. In equilibrium a bond must sell at a price P, and we shall speak interchangeablyof the bond market
and the capital market.

6. Note that no matter how the government promises to dispose of its interest payments in period 1, as
long as it does not affect the budget constraint of the generation born at ¢ =0, the period 0 analysis will remain
the same, although economic activity after period 1 may be affected.

7. To demonstrate the existence of two dimensions of indeterminacy for a more general class of models
requires a technical apparatus, such as can be found in Kehoe and Levine {1985) or Geanakolpos and Brown
(1985), more advanced than we have introduced here.

8, One can verify this easily from the usual diagram. There is one appealing property the model has
when y« —1, namely that near the monetaryless steady state, equilibrium is completely stable, in the sense that
every policy change will put the economy on a path which converges back to the monetaryless steady state.
{See Appendix.) We also show in the Appendix that when a is small and y « —1, the IS curve is steeper than
the LML curve.

9. This is given a rigorous interpretation in Geanakoplos and Brown (1982).
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