ON CORES AND INDIVISIBILITY*

Lloyd Shapley
and
Herbert Scarf

1. inrnopucrion

This paper has two purposes. To the reader interested in the
mathematics of optimization, it offers an clementary introduction
to n-person games, balaneed sets, and the core, applying them to a
simple but nontrivial trading model. To the reader interested in
cconomics, it offers what may be a new way of looking at the dif-
ficulties that afllict the smooth functlioning of an economy in the
presence of comumnoditics that come in large diserele units.

The core of an economic model, or of any multilateral competi-
tive situation, may be deseribed as the set of oulcomes that are

* This research was supported by Nntionnl Science Foundalion grant GS-
31253. The authors are indebted to Professors David Gale and Bezalel Peleg
for several helpful comments.
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“conlition optimal,’” in the sense that they eannot be profitubly
upset by the collusive action of any subset of the parlicipants, act-
ing by themselves. There is no reason, a priort, that sucli outcomes
ruust exist; the core may well be empty. But it has been shown that
important classes of economic models do have nonempty cores.
In fact, whenever o systemn of compefilive prices exists (prices
under which individual oplimization decisions will lead to a bal-
ance of supply nnd demand), the resulling cuteotue is in the core.*
‘The core may also exist in the absence of competitive prices. 1t is of
some interest, therefore, to relax one or more of the clussical
“regularity’ assumptions that, taken together, ensure the existence
of eompetitive prices—such ns convexity of preferences, perfect
divisibility of comunodities, constant returns to scale in produc-
tion, and absence of externalities—and to ask under what condi-
tions the resulting systemi will have n core. There is already a
considerable literature in this area.**

We stress that the core is & general game-theoretic coneept, de-
finable without refercnee to any market model.*** Moreover, its
existence for the classical exchange economies can be established,
il we wish, withoub making use of the idea of competitive prices. ¥***

In this paper we consider the case of & commodity that is in-
herently indivisible, like a liouse. We formulate a class of markets
in which a consumer never wants more than one ilem, but has
ordinal preferences siong the items available. We then prove that
o core always exists for this model, making use of the concept of
“balanced sets.” The competitive prices for this model are next
determined by a separate argument, providing an alternative and
more constructive proof of the existence.

A counterexample is then considered, showing that if more com-
plex scheines of preferences among the indivisible goods are al-

* See [5).

** Jlor nonconvexity, see [12, 19, 25]; for indivisibility, see [11, 12, 22,
24); for nonconstant returns, see (14, 16); for externalities, see (7, 21). Not
all of these refer directly to the core.

*** See [1, 3, 15, 17, 18).
*** See {15, 18, 20).
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lowed, the core may disappear, even though all of the classical
conditions except perfect divisibility are satisfied.

In the final section, for perspective, we review a series of other
models involving indivisible commodities that have been discussed
in the literature from the viewpoint of the core.

2. THE MODEL

Let there be n traders in the market, each with an indivisible
good to offer in trade (e.g., & house), The goods are freely trans-
ferable, but we shall assume-that a trader never lias use for more
than oneitem. There being no money or other medium of exchange,
the only effeet of the market netivity is to redistribute the owner-
ship of tho indivisible goods, in nccordance with tha (purely ordi-
nnl) preferences of the traders, We shall deseribe these preferences
with the aid of & square mntrix: A = (ay), where ¢y > 4 menns
that teader ¢ prefers item j to item k, and ¢y = aqp means that he
is indilferent.* Owning no ilems, we assume, is ranked below all
else, and owning several items is ranked only equal to the maximum
of their separate ranks. Although only ordinal comparisons are
involved in the model, it will be convenient to think of A as a
matrix of real numbers.

The final effect of any sequence of transfers ean be deseribed by
another matrix P = (py), called an allocation, in which p;; = 1
if trader 7 holds item j at the end of trading, and p;; = 0 otherwise.
In the interesting cases, P will be a permutation matrix, ie., a
zero-one matrix with row-sums and column-sums all equal to 1.
In any case, the column-sums of P will be equal to 1.

Let ¥ denote the set of all traders, and let 'S © N. By nn S-
allocation Pg, we shall mean an n-by-n zero-one matrix containing
one 1 in each column indexed by & member of S, but containing
only zeros in the rows and eolumns indexed by members of N — S.
An S-allocation describes a distribution of goods that the “sub-
market’” S could elfect. An S-allocation witl no row-sum greater

* By “item j”* we medn the good brought to the market by trader ;.
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than 1 is called an S-permutation. It is clear that for every S-
allocation that is not an S-permutation, there is an S-permutation
that is at least as desirable to every member of S, and more de-
sirable Lo at least one member of S.

An alloeation will be said Lo be a core allocation if there is no
subimarket S that could have done better for all i1ts members. A
core allocation, therefore, is one that cannot be improved upon by
“recontracting’” in the sense of Edgeworth [6]. Our aim is to show
thot every market of the kind described possesses al least one core al-
location.

3. GAMES AND CORES

First, let us reeast tho problem in o game-thcoretic form. Let
EN denote the n-dimensional Iuelidean spnce with coordinates in-
dexed by the elements of the seb N, and similarly IS for 8 C N.
Iorz,y € E¥Y and S C N, wedefine y =5« to mean that y; = =,
all 7 € 8. The notations >g and =g are defined similarly.

A “cooperative game without side payments” [1, 3, 15, 18]
will be identified with its “characteristic function.” This is a func-
tion V from the nonemnpty subsets of the “player space,” N, to the
subsets of the ‘“payoff space,”’ E¥, satis{lying the following condi-
tions for each S, ) C S S N:

(a) V(S) is closed.
(b) iz € V(S) and x =gy, then y € V(S).
(e) [V(S) — Uiesint V({7})] n ES is bounded and nonempty.

Here “int’” denotes “interior of.”* Note that property (b) implies
that each V(S) is a cylinder (i.c., the Cartesian product of E¥-3
with a subset of ES). Intuitively, the projection of V(S) on E3 is
supposed to represent the payofls that the members of S, acting
cooperatively, can achieve (or exceed) without outside help.

This interpretation suggests a fourth property, namely, super-

* Condition (c) implies, in particular, that none of the V{S) is either empty
or equal to E¥,
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additivity, whieh may be expressed as
(d) V(SuT) 2V(S) nV(T) if SnT = ¢h.

Although this condition often holds in practice, it will not be re-
quired in the definition of n game,

Of particular interest is a clnss of games in which the V(S) are
generated by finde sets V(S) € E¥, as follows:

V(S) = [z:y =gz forsome y € Y(S)].

Assuming that there are no superfluous generators, cach payoff
y € Y(8) identiftes what might be called a "corner” of the cylin-
drical set V(8).* Finitely generated games arise often in npplica-
tions; they also figure prominently in the proof of the main theorem
of [157].**

The core of Llie game may be defined ns the set

V(S) -—¢C§J§N int V(8).

In other words, the core is the intersection of V(N) wilh the
closures of the complements of all of the V(S), including V(N)
itself, The coreis a closed subset of the boundary of V(N), possibly
empty but certainly bounded, and every point in the core is
(weakly) Pareto optimal.

Intuitively, the core consists of those outcomes of the game that
are feasible (i.e., arcin V(N)), and that cannot be improved upon
by any individual or coalition of individuals (i.e., are not intcrior
to any V(8)). It is of considerable interest in the analysis of any
cooperative game to determine whether its core is noncmpty.

Finally, we need the notion of a “balanced” gaine. Let us enll a
family T of nonempty subsets of N balanced if the syslem of equa-

* That is, a vertex of the projection of V(S) on E9,

A glance ahead to Figs. 1, 2, or 4 may aid the reader in visualizing the defini-
tions of this section.

** But not in the alternative proof given in [18].
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Ltions
2e=1JEN,
5168
has o nonnegntive solution with 8g = 0 for all S not in T".* A par-
tition of N is a simple example of a balanced family. The numbers
g are-called balaneing werghts for T'; it has been shown [12] that
Jhey are unique for 1" if and only if no proper subfamily of T is
balaneed.
The game V13 said to be balanced if the [ollowing inclusion state-

mcnb;

(e) Nser V(S) S V(N),

Liolds for all balanced families T'. Property (e) is obviously related
Lo property (d) via the partitions of N, but neither condition
dircetly implies the other. A fundamentnl theorem states that the
core of a balameed game is not ciply.** Weshall apply this theorem
to the mnrket deseribed in Sec. 2.

4. THE CORE OF THE MARKET

We now return to the market model of Sec. 2. First, we must
determine the characteristic funclion, The sets V(S) are finitely
gencrated by the S-permutations, since all other S-allocations are
dominated by S-permutations in the sense of (b) above. It will be
convenient to express V(S) with the aid of a zero-one matrix
Bs(x), defined for cach z € E¥ as follows:

1 if ay = 2 and 1 €5,

bsiij(x) =
0 if aiy <y or t ¢ S.

Thus, Bs(z) tells us, for each trader 7 in S, exaclly which items
he ranks al or above his utility level z;. We can then define the

* See (10, 13, 17, 18].
** See |4, 15, 17, 18] or the survey article [3].
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game V as follows:
V(S) = [z:Bs(z) = Ps for some S-permutation Ps}.

Tusonem: V 43 a balanced game; hence the markel in question has
a nonemply core.

Proof: 1t is unmediately evident that V satisfics conditions
(a), (b), and (e) of Sec. 3. (We could also show without difliculty
that V satisfies (d).) It remains to be shown that V satisfics (e).

Let T be any balanced faimnily of coalitions, and let z € Mger
V(8). Let {s) be balancing weights for 7" Then we have

By(x) = 3 6sBs(x).
8er
By definition of V(8), there exists an S-permutation Pg, for each
S € T, such that Bs(z) = Pg, and so
D 8sBs(x) 2 3 85l

BET SET

Call the matrix on the right D; then we have
BN(J:) = D,

The crucial fact about D is that it is doubly stochastic; that is, it is
nonnegative and has all row- and column-sums equal to 1. This
follows direetly from the definition of balancing weights; thus, the
tth row sum is

D D 8spsiis = D85 2 Pag

ItN SET 8€T JEN
1 if s€ 8
= Eﬁs = Z g =1,
SET 0 if i$ S BiES

and the argument for the column sums is the same.

The next step will be to change D into a permutation matrix
Py, that is, to eliminate any fractional entries without changing
the row or column sums—and to do so without disturbing any
entries that are alrecady 0 or 1. Since all entries of By (z) are O or 1,
we will thereby cnsure that By(z) = Py.
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Since a fraction eannot occur alone in a row or column, cither D
- is already a permutation matrix or there is a closed loop of frac-
tional entries:

i1 = digy

d(;ig—’ dl’lis
!

oe e ¢ e e0

$

dlpil —— dl'yip

Alternately adding and subtracting a fixed number e to the ele-
ments of this loop will clearly preserve row and column sums. If
¢ is too large, then negative entries will be created, but making e as
large ns possible consistent with nonnegativity will produce a new
doubly stochastic matrix D’ that has at least one more zero than
D, and hence fewer {ractional entries. If D’ is not yet doubly sto-
chnslic, we can repeat the operation. Eventually we must obtain
what we want—a permutation matrix Py such that By(z) = Pn.
Hence z is in V(). Hence Mger V(S) € V(N)}. Hence the game
is balanced. Q.IE.D.

5. AN BXAMPLE TO ILLUSTRATE THE TIIEOREM

Let n = 3, and let

010
A=11 01
010

This means that the first and third traders want only item 2, while
the second trader wants either item 1 or item 3, indifferently.
The characteristic function, being finitely generated, can be
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deseribed in terms of its “corners” as follows:*
V({1}): 0, — ),
viep: (=0 =),
vish: (=, =,0),
v, 2h: (1,1, =),
V({1,3])): 0, —,0),
vz s (=140,
V({1,2,3}): (1,1,0) and (0, 1, 1).

As shown in Fig. 1, this game has an L-shaped core, with successive
vertices (1, 1, 0), (0, 1, 0), (O, 1, 1).

It is & curious fact that all outcomes in the core of this examnple
arc “weakly” improvable, in the sense that one manber of an ¢f-
fective eoalition enn do better while the olher member does no
worse, The reader may verify that {2, 3} can weakly improve upon
any point in the core except (0, 1, 1), while {1, 2] can weakly
_ improve upon that point as well as any othier point in the core ex-
cept (1, 1, 0). This illustrates the fact that the “strict"” improva-
bility implicit in the definition of the core cannot be dispensed
with, unless we are willing to give up the existence theorem for
balanced games.

It should not be overlooked that what we are calling *'outeomes”’
of the game do not always correspond to actual trades in the
market. Indeed, there are only finitely many ways in which the
goods can be realloeated. Only if one allowed some sort of free
disposability, permitling the traders to diminish at will the value
of the goods,** would it be possible Lo realize an nrbitrary puyoff

* See See. 3. Here, for exnmple, (1, 1, —) menns the set {(1, 1, 73): xy arbi-
trary|. Note that since V() happens to require imore than one generntor in
thig example it is & nonconvex set.

** The reader with some experience in the paradoxes of bargnining will recog-
nize that it is not inconceivable that deliberately damaging one's goods might
change the overall pattern of trade in a way that returns an advantage to the
damager.
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veetor in the “feasible’” set V(). This observation does not af-
feet the existence of core allocations in the market when a core
exisls for the game, since every “unrealizable” point in V(N) is
majorized by n “realizable” point. In the present example, of
course, only the two tips of thé “L" represent actual trades in the
mnarket,

G. COMPELITIVE PRICES

After the proof in Sce. 4 had been discovered, David Gale
pointed out to the nuthors a stmple eoustructive method for find-
ing conpetitive prices in this market, and henee a point in its core.
The following is based on his idea.

Let B © N, and define a lop trading cycle for R to be any set
S, ¢ C 8 C R, whose s members can be indexed in a cyclie order:

S = [il) 1.2) tth 7, = 'iU}’
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in such a way that cach trader 7, likes the 7,4/t good at least as
well as any other good in R. It is evident that every nonemply
I © N has at least one top trading cycle, for we may start with any
trader in 12 and construct a chain of best-liked gooda that eventually
must come back to some earlier clement.*

Using this idea, we can partition N into a scquence of onc or
more disjoint scts:

N=38uSu-... U8

by taking S to be any top trading cycle for N, then taking S? 1o be
any top trading eycle for N — SY, then taking S? to be any top
trading cycle for N — (8! U §8?), and so-on until N has been cx-
hausted. We can now construct a payoff vector 2 by carrying out
‘the indicated trades within cach cycle. That is, if 1 = ¢/ € S/,
then z; is 7’s utility for the good of trader ifH. We assert (1) that
z, 80 construcled, is in the core, and (2) that a sct of competitive
prices exists for z.

To establish (1), let S be any coalition. Consider the first j
such that S n .S/ 5 ¢b. Then we have

SCSuSHU...u8 =N~ (StU-«. US~Y),

Let i € S n S/ Then 7 is alrcady getling in 2 the highest possible
payofl available to him in 8. No iinprovement is possible for hi,
unless he deals outside of 8. Ilence S caunot sirictly improve, and
it follows that 2z is in Lhe core.

To establish (2), we merely assigh arbitrary prices

W>SHI> e >ar >0

to the goods belonging to the respeelive cycles 8, 82, «+-, 8™
Then trader 7 in 87 can sell Lis own item for #/ *dollars.”’ Ile can-
not aflord any items from S, <+, 87, and so his utility is maxi-
mized if he buys the item of his eyclic successor in 8%, This, of
course, costs him precisely #f “dollars” and yields him the payoff
Xi.

Not surprisingly, given the discrctencss of the model, the condi-

* A top trading cycle may consist of a single trader!
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tions on the priees are purely ordinal. To the extent that there may
be dilferent ways of constructing top trading cycles, nonuniqueness
may oceur in the final outcome as well as in the price ordering. It
is casily scen, however, that there are no other competitive prices
beyond those constructed in the above fashion, except that when
two or more disjoint top trading cycles exist, at any stage of the
construction, they may be assigned cqual prices.

In the example of Sce. 5, either {1, 2} or {2, 3} will serve as the
first top trading cyele S!, g0 that we can use either m = m > m
or my = = > m for the competitive prices. The corresponding
competitive outcomes are the two tips of the L-shaped core (Tig.
1). Note that m1 = m2 = m would not be competitive, as the demand
for item 2 would then exceed the supply. Thus, we see {from this
example that the set of competitive prices is not necessarily closed.

7. ANOTIIER EXAMPLE

1t inay be wondered in models of this type whether the core is
really more general than the competitive solution. In the previous
example the core of the game contained many “outcomes” in ad-
dition to the competitive outcome, but none of them was realizable
in the market, given the indivisibility and undamageability of the
goods, One might suspect that eyery core allocation is neecssarily
competitive, alter all.

A counterexample is provided, however, by the following prefer-
ence matrix:

goods
0 1 2
traders 1{ 0 -1
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1a. 2

The eharacteristic function is depicled in Fig. 2; the point marked
W i3 the unique “corner” of V(N). Ilerc there is a unique top
trading cycle, namely N itself, so the competitive prices are all
equal and the unique competitive payoff is (2, 1, 1), resulting from
the N-permutation

0 01
1 00
010

This is of course the point . The corc of the game evidently con-
sists of the three shaded rectangles grouped around that point, and
we see that it contaius the point @ = (1, 1, 0) that results from
the N-permutation

010
1 0 01},
0 01

which is not 8 compelitive alloeation,
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This example is not completely satisfying, since the noncompeti-
tive outcome @ in the core is weakly majorized by the competitive
outcome . Perhaps a better example exists, with more traders.
However, as we have already remarked, we cannot base the defini-
tion of the core on weak majorization without losing the funda-
mental existence thieorem.

8. MORE COMPLEX PREFERENCES: A COUNTEREXAMPLE

Let three traders have symmelric holdings in a tract of nine
liouses, as shown in Fig. 3. (Thus, trader 1 owns houses 1, 1’, and
1”7.) For reasons inserutable, each trader wants to pequire three
houses in a row, including exactly onc of his original set. Moreover,
cech prefers the long row that meets this condition Lo the short row.

Wo shall show that this example of a slightly more general trnd-
ing gnme than the preceding is not balanced, and indeed has no
core—thercby dispelling any idena that the core might prove a
universal remedy for market failure due to indivisibility.

Fi1a. 3
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The configuration of the tract is such that any two traders can
make a profitable exchange. For example, a swap of 1’ and 1/ for
2 and 2’ gives trader 1 his long row and trader 2 his short row. Let
us assign numerical values 2, 1, and 0 to the possession of the long
row,.the short row without the long row, and ncither row, respee-
tively. Then the two-person coalitions have single “coruers’:

V(“! 2’): (zslv—)r
V({1:3I): (11_)2))
V([2r3])' (—Izll)l

. agshown in IFig. 4. The three-person conlition eannol improve upon
these pairwisc exchanges; so its characteristic function is generated

! vii,2,3p)
/]
et
Corner of Vﬂl,?"—’——’"
r'd
¢ Corner of V(1,3
e
! |
; |
' 4 p * 2
i_d b,
7,
7,

Coemer of V(]2,3“

O - comea of VI1,2,3]}

Fia. 4
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by three “corncrs’:
(2,1,0),
V((1,23}): (1,0,2),
(0,2, 1),

as shown in the inset. Of course, the three singleton coalitions can
achieve only 0.

1t is casy to sce that this game is 2of balanced (condition (e) in
See. 3), since the point (1, 1, 1) is in V({1, 2}) n V([L, 3}) n
V ({2, 3]), but not V ({1, 2, 3}). It is cqually casy to sece that the
gane has no core,* since cach of the generators of V({1, 2, 3}) is
interior to one of the V ({7, j}). In other words, the set V ({1, 2, 3})
is completely hidden by the union of the V({1, j}), as suggested
by the broken lines in the main figure.

It might be asked whether the absence of a core in this exaniplo
might not arise from some intrinsic nonconvexity in the preferenco
sets themselves that has nothing to do with indivisibility, The
answer i8 no; to see this, define

U'(2) = min[2, min(x, 73, 22) + 2 min(2sr, 2300, 25) ],

with U?(2) and U?(z) similar. These utility functions are concave
in the nine real variables xy, »++, 73 (since taking a “min’ pre-
serves concavity), and so generate convex preference sets. More-
over, if we restrict the variables to be 0 or 1 we obtain just the
payoffs used above. Thus, the agtual preference sets are nonconvex
only beeause of indivisibility.

9. OTHER INDIVISIBILITY MODELS

Several otlier trading models with indivisible goods have been
considered in the literature from the point of view of the core.
They range from fairly general situations for which positive results
can be obtained to specific illustrative countercxamples,

* We remind the reader that balancedness is sufficient, but not necessary,
for & nonempty core,
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In the “marringe market” or “dance floor” of [0, there are two
types of traders. The members of each type rank those of the other
type in order of preference as partners; then they pair off. There
are generally many core allocations for this situation, that is, ar-
rangements into pairs such that no two individuals of opposite type
could do better. Curiously enough, it may be that none of these
core allocations gives anyone his (or her) first choice. (In conlrast,
the “top trading cycle” construction of Sce. 6 obviously ensures
that at least one Lrader gels his first choice.) A simiple “courtship”
algorithun is deseribed in {97 for reaching a point in the core.* In
fuct, two extremal core alloentions are renched: ane gives every
member of the first type the best ouleome possible within the core;
the other does the same for the second type. These two nlloentions
coincide only in the case of a one-point core**

1t does nol appear Lo be possilile Lo set up n conventional market
for this model, in such a way that a competitive price equilibrium
will exist and lead to an alloeation in the core,

A very similar model is the “problem of the roommates,” also
discussed in [9]. The dilferenee is that there are no types; cach
trader ranks all the others as potential partners before they pair
off. In this case, a very simple four-person example shows that
there need not be a core. ***

* The deferred acceptance algorithm of {9} is easily described: (1) Let each
boy prepose to his favorite girl; (2) let each proposed-to girl keep her best
suitor waiting and reject all others; (3) let each rejected boy propose to his
nexi-best girl; (4) repeat steps (2) and (3) until either there are no rejected
boys left or every rejected boy has exhausted the list of girls. ‘T'he resulting
pairing-off corresponds to a point in the core, and no Loy can do better at nny
other point in the core.

See also The New Yorker, Sept. 11, 1971, p. 4.

** Siimilar resulls hold for the more general “eollege admissions market," in
which ench trader of the first typo ean acconmodate a large nwber of tradera
of the second type; see [0]).

***JetArank B > C > D;let BrankC > A > D;letCrank A > B > D;
and let D rank arbitrarily. Then no pairing is stable, in the sense of the core.
IFor example, (A B) (CD) can Le improved upon by the coanlition {3, C}.
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In the “treasure hunt” of [23),* a party of explorers finds a
big cache of treasure chests in the desert, momentarily exposed
during a sandstorm, but so heavy that it takes two men to carry
cach chest to high ground. If we consider the bargaining game that
determines how the profits are to be divided, it is not difficult to
sce that the existence of a core depends on whether the size of the
party ia even or odd. Similarly, in the “Bridge game"” economy of
[21], an exact multiple of four players is required, if the card party
is to have a core.

In most of these examples, the real issue is the indivisibility of
the participanis themaelves, rather than the indivisibility of somo
moro or less tnngible economic commodity that is owned and is
transferable. The individual is required to participate fully and ex-
clusively in a single nclivity in order to have any effect. Thus, these
examples could also be regarded as instances of inercasing returns
to scale in the labor inputs Lo ceriain production processes, or even
as nonconvexilies in tho preferences for certain forms of consunp-
tion.**

In the “assignment game'’ of [227,*** there are again two types
of traders, namely, sellers and buyers. The first have houses, say,
and the sccond have money. Preferences are not merely ordinal, but
are expressed as monetary evaluations of the different houses. Since
money is fully transferable and infinitely divisible, the scts V (.S)
are not finitely gencrated; instead they are half-spaces, and the
market reduces to o “game with side payments.” Competitive
prices exist and are closely related to the linear-programming solu-
tion to the problem of maximizing the total monetary value of the
allocation, which turns out to be the familiar “optimal assignment”’
problem. These prices are usually not unique. The core in this case
is exactly the sct of competitive allocations, in contrast to what we

* Inspired by the Iuston-Traven clnssic Treasure of the Sierra Madre,
whose plot turzs on the conlitional instnbility of a party of three prospectors
in a rather similar predicament,

** Compare the “gin and tonic’ example in [19], where again the existence of
n core epends on the parity of the number of traders.
*** Seo also (8], pp. 160-162.
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found in Scc. 7 above. As in the marriage market, two cxtremal
allocations ean be distinguished in the corc: a “high-price’ corner,
which is best possible for every seller, and a “low-price’”’ corner,
which is best possible for every buyer, If the houses happen to be
all alike, then the core reduces to a line segment and at any given
point in the core all liouses have the same price.

It would be intcresting if a general framework could be found

that would unify some or all of these scattered results.

10.
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